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1. Introduction

The subject of fractional calculus achieve a significant popularity during last few decades,
due to its demonstrated applications in the fields of science and engineering. It provide
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several potentially useful tools for solving differential and integral equations. Now a days
the applications of fractional calculus include fluid flow, rheology, dynamical processes in
self-similar and porous structures, diffusive transport akin to diffusion, electrical networks,
probability and statistics, control theory of dynamical systems, Optics and signal processing,
and so on. Many mathematician originate Hardy-type inequalities for different fractional order
integrals and derivatives.

One of the most useful tools in the study of many quantitative as well as qualitative
properties of solutions of differential and integral equations is integral inequalities. Among
these, the so-called Opial inequality have attracted continual interest of researchers and have
proven to be very important in many situations. This inequality [13]] (see also [10, p. 114]) was
came into sight in 1960 and is stated as:

Theorem 1.1. Let f € C1[0,4] satisfies f(0) = f(h) =0 and f(x)>0 on (0,h), then

h h h
f If (x)f'(x)ldx < —f If'(x)2dx.
0 4 Jo

The constant % is the best choice.

It is one of the fundamental inequalities among integrals and an indispensable tool for the
study of L, spaces. It used to prove the Minkowski inequality, which is the triangle inequality
in the space L,(u) and also to establish that L (u) is the dual space of L, (u) for p €[1,00).

In recent years, Opial’s inequality has been further generalized to many different aspects,
for instance, to integral inequalities involving higher order derivatives of the given function [4]
and to integral inequalities involving many functions of multiple variables [6]] in which the
integrands are product of powers of the given functions and their derivatives. Agarwal, Alzer
and Pang [1-3] study the Opial-type inequalities involving ordinary derivatives and their
applications in differential and difference equations.

We say that a function g :[a,b] — R belongs to the class U(f, k) if it admits the representation

t
8] < f ke, DIf @l dr,

where [ is a continuous function and % a non-negative kernel, f(¢) >0 implies g(¢) > 0 for every
x €la,b]. We also assume that all integrals under consideration exist and that they are finite.
We start with the generalized L, space given in [12] defined as follows:

Definition 1.2. The space L, ,[a,b] is defined as a space of continuous real valued function
h(y) on [a,b], such that

1
b »
U Ih(t)lpt’dt) < 00,

where 1 < p <oo, and r = 0.

Next we give the well known definition of Riemann-Liouville fractional integrals (see [9]).
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Definition 1.3. Let [a, b] be a finite interval on R. The left and right sided Riemann-Liouville
fractional integrals I, f and I} f of order a > 0 are defined as:

Ig+f(t)—r( )f(t ) (1)dr, t>a,

and
a 1 b a-1
I f)= o= | -0 @, e<b,
respectively. Here I" represents usual Gamma function which is defined as:

()= f " lexp T dr.
0

Definition 1.4. If f € L1 ,[a,b], then the generalized Riemann-Liouville fractional integral I &

of order @ and r =0 is defined by

(r+1l-@
I'(a)

Following definition of k-fractional integral operator of Riemann-type is introduced in [11]

t
IS f(@) = f @t - Yl r(ndr, a> 0. (1.1)

and is defined as:

Definition 1.5. If f € L[a,b] and %k > 0, then Riemann-Liouville £-fractional integral I ]‘:a of
order a is defined by
t
I¢ f(t)= f t—1)i1f(r)dr, a>0,tela,bl, 1.2
ol @) PTa@) a( ) f(r)dT, «a [a,b] (1.2)

where I';, is the Gamma k-function which is defined as:

00 ik
Fk(x):f t*Lexp % dt.
0

Next (k,r) fractional integral operator given in [[14]] is defined as follows:

Definition 1.6. If f € L1 ;[a,b] and % >0, then the Riemann-Liouville (%,r)-fractional integral
I Z; of order @ and r =0, is defined as

G+ DUE
krk(a) a

Next definition is introduced in [5l].

Iy f(t) = — " YE L f()dT,a >0, tela,b). (1.3)

Definition 1.7. Let « >0, u> -1, §,n € R. Then the generalized fractional integral I fjf P of

order a, for a real-valued continuous function f is defined by:

-B-2u px t
aﬁ"”f(x)——f t”(x—t)“_lel a+pf+u,—na;1l——|f@)dt, xela,bl,
I'la) a X
where, the function oFi(-,-,;-) appearing in kernel of above operator is the Gaussian

hypergeometric function defined by

n b n
oF1(a,b;c;t) = Z (?))(n), t",
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and (a), is the Pochhammer symbol which is defined as:

(@),=ala+1)...(a+n-1),(a)y =1.
The following Opial-type inequality was given in [8]].

Theorem 1.8. Let g1 € U(f1,k), g2 € U(f2,k). Let ¢ >0, w =0 be measurable functions on [a,x],
and k a non-negative measurable kernel. Let s>1,s>q >0and p =0. Let f1,f2 € Lila,b], then
the following inequality holds:

[ wexigiorifen +igaor ipomar < 21 (p%q)s (@5 -27%)" ( i [h(t)]ﬁdt) s
<([Comin@r ipor)ar)
where
t . L 157 ,

h(t) = w(t) [f k(t, 1) Tp(1)Ts dT1 [p()] 5, (1.4)

and
{21_5, 0<p=<g;
dg = (1.5)
7 1, p=q.

The next result is the extreme case of Theorem

Theorem 1.9. Let g; € U(f1,k;), & € U(fo,k;), (i =1,2). Let w = 0 be measurable function on
[a,x] and p,q1,92 =0 and f1,f2 € Liola,bl, then the following inequality

f w(@®) [lg 11711822 f1(DIP + g2 7218117  f2(D)IP | dit

x t q1 t q2 1

< lwlloo f (f k1<t,r)dr) (f k2<t,r>dr) dt o (1A 4 A+ V2l + Il
a a a

holds.

The counter part of Theorem [1.8]is as follows:

Theorem 1.10. Let g; € U(fi,k), (i =1,2). Let ¢ >0, w =0 be measurable functions on [a,x]
and k a non-negative measurable kernel. Let s <0, g >0 and p =0. Let f1, 2 € Lsla,bl, each of
which is of fixed sign a.e. on [a,bl, with %, f—12 € Lgla,bl, then the following inequality holds:

f wO(g1OP 1201 + g2 P |11t

ptq
s

% N x s % x
221-%( : ) (cg—z‘E)sU [hu)mdt) (f PO |ADF +1fa0F dr|
p+q) 1« @ ¢

where h(t) is defined by (1.4) and
{ 1, O<sp=g;
cp =
q

1-2 (16)
2" ¢, p=gq.
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The rest of the paper is organized in the following way: In Section [2| we present the Opial-
type inequalities for the generalized Riemann-Liouville fractional integral operator. Section
deals with the results for the Riemann-Liouville k-fractional integral operator. Section d]includes
the consequences for the (k,r) fractional integral of the Riemann-type. Section [5| consists of
Opial-type inequalities for generalized fractional integral operator. Moreover, we deduce in
particular the results of [7] from our general results.

2. Opial-type Inequalities for the Generalized Riemann-Liouville
Fractional Integral Operator
This section consists of Opial-type inequalities for generalized Riemann-Liouvile fractional

integral operator defined by (1.1).
Our first main result is presented in the following theorem.

Theorem 2.1. Let r =0, I be the generalized Riemann-Liouville fractional integral operator
§>1,0<qg<sand p=0.If >0, w=0 are measurable function on [a,x] and f1,f2 € Ls ;[a,b],
then the inequality

f w I FLOP | f2D17 + I3 fa@IP1f1()19] dt

q » q x $—q x ptq
<2t (L) (a, -27) [morar) | [Co@nar sirora] e
p+q q a a
holds, where
. pG-1)
q t (r+ 1)1—a(tr+1 _ Tr+1)a—1.[r s-1 e s
h(D) = w(D)p(t) f ] O=dr| 2.2)
¢ ; T(a) ¢
and dp is defined by (1.5).
q
Proof. Applying Theorem [1.8|with g1(t) = IS f1(2), g2(t) = IS fo(t) and kernel
(r+1)- 1 1ya-1 .
ht1)= rr(a) (=™t a<T<¢ 2.3)
0, t<t<b,
we get the required inequality (2.I). O

The upcoming result is the extreme case of the Theorem

Theorem 2.2. Let I, be the generalized Riemann-Liouville fractional integral operator. Let
w = 0 be measurable function on [a,x], p,q1,92 =0 and fi1,f2 € Lla,bl, then the following
inequality holds:

f wt) (1157 AT fo 12| FLOIP + I3 FLOI2ITGT 2017 f2(2)IP ]

+1 1-a\911t92 Ly t q1+q2
< ”w”oo %) f (f (tr+1 _Tr+1)a—1TrdT) dt
(a) a a
1
x5 I IZDP) L £ 1292 4 )| £ 11292 + || fo | 292 HP) | (2.4)
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Proof. Applying Theorem with g1(t) = go(t) = IT" f1(8), 81(t) = 82(¢) = I>" fo(t) and kernel
E(¢,7) presented in (2.3), we get the required inequality (2.4). O

The counter part of Theorem for the case s <0 is given in the following result.

Theorem 2.3. Let r =0, s<0, g >0and p =0. If ¢ >0, w = 0 are measurable function on [a,x],

and f1,f2 € Ls,la,b] each of which is of fixed sign a.e on [a,b], with %, f_lz € L ;la,b], then the

following inequality holds:
f w®) [ F1@PfoO1 + I F20IP I f1(8)9] dt

ptq

L) (o -27) ([ morad) | [Co@naer o] L @
pt+q a a a

where cp and h(t) are defined in (1.6) and (2.2), respectively.
q

q
>9l-%

Proof. Applying Theorem with g1(¢) = IZ"f1() and ga(2) = I fo(t) and kernel E(¢,7)
presented in (2.3), we get inequality (2.5). O

Remark 2.4. In particular, if we select r = 0, in Theorems and we arrive at [7,
Corollary 3.10, Corollary 3.14 and Theorem 3.11].

3. Opial-type Inequalities for the Riemann-Liouville z-fractional
Integral Operator

This section deals Opial-type inequalities for the Riemann-Liouvile £-fractional integral defined
by (1.2). The first result for k-fractional integral operator of the Riemann-type is described in
the following theorem.

Theorem 3.1. Let k>0, s>1,0<qg<sand p=0. If p >0, w =0 are measurable function on
[a,x], and f1,f2 € Lsla,b], then the following inequality holds:

f WO[ILE , FOP @1 + 118, foOIP (D19 de

<2 (L) (ap-27F)" (o) T | [Coonaorcporia L @
ptq a a a
where
a ¢ _\%-1]s1 s
h(t) =w(@®)pt)" s [f % <p(r)l_lsdr , (3.2)

and d 2 is defined by |D

Proof. Applying Theorem [1.8|with g1(t) = I} f1(?), g2(t) = I}  f2(¢) and kernel

1 a_1
- Tt —T)F °, a<T1T=<t;
k(t, 1) =4 @7 (3.3)
0, t<tT<b,
we get the required inequality (3.1). O
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The extreme case of Theorem [3.1]is as follows:

Theorem 3.2. Let & > 0, Igafi e U(f1,k;), f}‘:afi eU(fo,k;), (i =1,2). Let w =0 be measurable
function on [a,x], p,q1,q92 =0 and f1,f2 € Loola,bl, then the following inequality holds:

f w(® |11, AT, FAOI2 O + 1§ @I TE @1 a0

1 q1+tq2 px t a_q q1+q2
< _— t—1) -d dt
<"w”°°(krk<a)) f (f( 2 T)

2( 2 2 2
||f1 IZ914P) 11292 4 || £ 1292 + | o] 291 4P) | (3.4)

Proof. Applying Theoremwith g81)=g2() =1} f1(?), 81(1) = 82(8) = f,‘:af2(t), and kernel
ki(t,T) = kao(t,7) = k(t,T) given in (3.3), we get inequality (3.4). OJ

The counter part of Theorem for the case s <0 is given in the following result.

Theorem 3.3. Let k>0, s<0, g>0and p=0. If ¢ >0, w =0 are measurable function on [a,x].
Let f1,f2 € Lgla,b] each of which is of fixed sign a.e. on [a,bl, with %,f—lz € Lila,bl, then the
following inequality holds:

f wO[II AP0 +IE O f1(D19] dt

> 21 (<L) (e —275) ([t th) [ oonner +inerar|
btq q
where cp and h(t) are defined in (1.6) and (3.2), respectively.

ptgq

Proof. Applying Theorem with g1(6)=I¢ f1(¢) and go(t) =19 fa(t) and kernel k(t,7) given
in (3.3), we get the required result. 0

Remark 3.4. In particular, if we choose & = 1 in Theorems and we turn up [7,
Corollary 3.10, Corollary 3.14 and Theorem 3.11].

4. Opial-type Inequalities for the Generalized Riemann-Liouville
(k,r)-fractional Integral Operator

The first result for the generalized the Riemann-Liouville (%, r)-fractional integral operator (1.3)
is as follows:

Theorem 4.1. Let r =0, £ >0,s>1,0<qg <sand p=0. If ¢ >0, w =0 are measurable function
on [a,x] and f1,f2 € Ls la,b], then the following inequality holds:

| wonzg v 111 e

521‘%( n )s(df—’ U [h(t)]”dt) U eOUADP+If@Plr| ~, @D
p+q) Vs @
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where
s p(s—1)
+1 1-7 tr+1_.rr+1 %—lTr -1 §
(r+1) ) (p(‘l,')l_lsd‘[ , (4.2)

k()

|t
(o) = wper* | [
and dp is defined by (1.5).
q

Proof. Applying Theorem (1.8 with g1(2) = I} f1(t) and g2(t) = I, f2(¢) and kernel

(r+1)1_%(tr+1_rr+1)%—1.[r a<T<t
R(t,7)={ F+@ ’ ’ (4.3)
0, t<1<b,

we get the required inequality (4.1). O

Example 4.2. For k=1,r=0, w(¢)=1, p(¢)=1, s =2 and a =0 we have
2a-1

P
2

(T(a))?(2a - 1)]

where 0 <g <2 and p = 0. If f1,f2 € L9[0,b], then for all x € [0,5] we obtain

fo (112 1O Ifo0)19 + 112, foOP F1(D19] d

Z q x
521—%( q )2 (dg—z‘f)z (f
btq q 0

The extreme case of Theorem is as follows:

h(t) =

2—q

%
dt) [ fo Uf1(D)2 + I f2(0)121dT

t2a—1
T(a)?(2a-1)

ptq
2

Theorem 4.3. Let r =0,k >0, I Zg be the (k,r) fractional integral of Riemann-type. Let w =0

be measurable function on [a,x], p,q1,92 =0 and f1, fe € Lola, bl, then the following inequality
holds:

f w(t) [|I,f;;f1<t>|q1 L P2 F1@OIP + 1T Fr@1 2T Fo(dI T o)

DLI-E\F2 o . q1+q2
snwum(%) f (f (t”l—r”l)rlrrdr) dt

1 2 2 2 2
< S | IAIE P+ 1A+ U232 + 1 2. (4.4)

Proof. Applying Theorem [1.9|with g1(t) = g2(t) = I} f1(£), §1(t) = §2(t) = I (£)f2, and kernel
k1(t,7) = ko(t,7) = k(¢,7) given by [@.3), we get inequality (@.4). d

The counter part of Theorem [4.1]is given by the following result

Theorem 4.4. Let r =0, k>0, s<0, g >0and p=0. If ¢ >0, w =0 are measurable function on

[a,x]. Let f1,f2 € Ls la,b] each of which is of fixed sign a.e. on [a,b], with f_ll’ f—12 €L la,b], then

the following inequality holds:
X
[ w T AP T P e
a
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ptq
s

221—%(L)8(c£—2-%’)§(f [h(t)]ﬁdt) ) U P@OUA@E +1@FldT|
ptq q a a

where cp and h(t) are defined by (1.6) and (4.2), respectively.
q

Proof. Applying Theorem|1.10|with g1() = I, f1(t) and g2(¢) = I, f2(¢) and kernel k(t,7) given
in (4.3), we get the required result. OJ

Remark 4.5. In particular, corresponding to 2 = 1 and r = 0, Theorems and
becomes [7, Corollary 3.10, Corollary 3.14 and Theorem 3.11], respectively.

5. Opial-type Inequalities for Generalized Fractional Integral Operator
involving Gauss hypergeometric Function
This section includes generalized Opial-type inequalities for the fractional integral operator
with a particular kernel involving Gauss Hypergeometric function.
The Opial-type inequality for generalized fractional integral operator is given as follows:

Theorem 5.1. Let I, ﬁ T be the generalized fractional integral operator and let s>1, 0< g <s
and p=0.If >0, w 2 0 are measurable function on [a,x] and f1,fs € Lsla,bl, then the following
inequality holds:

f w7 PR £ ()P | f2(0)] 7 + 115 PR £ )P | F1(0)] ] dt

<9l=5 (L) (dg s (f [A()]5 th) [[ eI 1D + | fo() 1dT , (5.1)
pbtq q a
where
. ps-1)
t[ ¢a-p-2u N T S R
h(t) =w(t) f —r“(t—r)“‘lel(a+ﬁ+u,—n;a;1——)] p(1)T=dT p@) s, (6.2)
a I'(a) t

and dp is defined by (1.5).
q

Proof. Applying Theoremw1th g1®)=1 aﬁ"”fl(t) go(t)=1 aﬁn”fz(t) and kernel

y M Bt —-1) L9F (a+ B+ 1- <7<t
heny=] T@ 1A t{a+prp-—mal-3), astst; (5.3)

0, t<t<b,
we get inequality (5.1). O

Example 5.2. For w(t)=1, (t)=1, = —a, 1 =0,a =0 and s =2, we have 9F1 (0,-n;a;1-7)=1
and

b
t2a—1 2

C(a)?(2a-1)
where 0 < g <2, p=0. If f1, fo € L2[0,b], then we obtain

[ (175 22 reowr oo + 1232 oo o a

h(t) =
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2z -2 ( I

The extreme case of Opial-type inequality presented in Theorem is as follows:

2—q

2
dt) [ fo A2 + I fo(D21dT

p

t2a’—1 2-¢
T(a)?(2a-1)

ptq
2

q
521‘%( q )2
ptq

Theorem 5.3. Let 1 thﬁ T be the generalized fractional integral operator involving Gauss
Hypergeometric function in its kernel. Let w = 0 be measurable function on la,x], p,q1,q92=0
and f1,fe € Loola,bl, then the following inequality holds:

[ [ i T o 0P + 1T T o1 o0 |

—a—f-2u\91%t92 ,yx ¢ ) T gi+qe

= —_— Ft—-1)*  oF1|la+B+pu,—ma;1——

<||w||oo( @ ) fa(far t—-1)"""9g 1(05 B+u,—n;a; t)dT) dt
2P L FLIZE 1201222 + 1 foll 8P (5.4)

Proof. Applying Theorem [1.9 with g1(¢) = g2(t) = ISP £1(8), §1(8) = §o(8) = TP fo(t) and
kernel k1(¢,7) = ko2, 1) = k(t 7) given in (5.3), we get 1nequality (5.4). d

The counter part of Theorem [5.1| for the case s <0 is given in the following result.

Theorem 5.4. Let s<0, g >0and p=0. If >0, w=0 are measurable functions on [a,x], and
f1,f2 € Lsla, bl each of which is of fixed sign a.e on [a,b], wlth % € Lla,b], then the following
inequality holds:

f w®O[IEPM £ O | o1 + TP 1P| F1 (019 dit

ptq

)E(Cp-z ) ( f [h(t)]sth) [ f oOUA@F +1f@rldt| ,  (.5)

q

>9l-%

ptq
where c;_z and h(t) are defined by N) and , respectively.

Proof. Applying Theorem |1.10|with g1(¢) = aﬁn”fl(t) go(t) = aﬁn”fg(t) and kernel given in
(5.3), we get inequality (5.5). d

Remark 5.5. In Particular, for § = —a and u = 0, in Theorems and we arrive
at [7, Corollary 3.10, Corollary 3.14 and Theorem 3.11].

6. Conclusion

This article includes more general results on Opial-type integral inequalities for fractional
calculus operators. Our outcomes in special cases yields some of the recent results on Opial-type
inequalities presented in [7]].
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