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1. Introduction

In the existence of the solutions of various problems in the field of mathematics, medicines
engineering and social sciences fixed point theory plays a fundamental role. After the first
publication of Zadeh [13]] about fuzzy sets a lot of work has been conducted on the generalizations
of the concept of a fuzzy set. The idea about fuzzy mappings was investigated by Weiss [[12]] and
Butnariu [2]. Later on Heilpern [4] proved a fixed point theorem for fuzzy mapping which was
the generalization of Nadler’s result [6]. Afterwards in 1967 Goguen [3] generalized the idea of
fuzzy sets in form of another notion of L-fuzzy sets. The concept of fuzzy sets is a special case
of L-fuzzy sets when L =[0,1]. Then, the several results were achieved by various authors for
L-fuzzy mappings [[7-9].
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In this paper we obtained fixed point results for L-fuzzy mappings via a rational inequality.
An example is also given which supports the proved result.

2. Preliminaries
Let (X,d) be a metric space and denote
P(X)={A:A is a subset of X}
C(X)=1{A € 2% : A is nonempty and compact}
CB(X)={A€2X:Ais nonempty closed and bounded}.
For A,B e CB(X)
d(x,A)= ;ggd(x,y)

d(A,B)= inf d(x,y)
x€A, yeB

Definition 2.1 ([9]]). A partially ordered set (L,=;,) is called :
(1) alattice,ifavbeL,anbelL,foranya,belL ;
(i1) a complete lattice, if vVAeL,and AA €L, forany AcL ;

(iii) distributiveifav(bAc)=(avb)Aa(ave),an(bve)=(aAb)Vv(aAnc), foranya,b,ceL.

Definition 2.2 ([9]]). Let L be a lattice with top element 17, and bottom element 0z, for a,b € L.
Then, b is called a complement of a, if avb =17, and a Ab € 0r,. If a € L, has a complement
element then it is unique. It is denoted by a’'.

Definition 2.3 ([9]]). An L-fuzzy set A on a nonempty set X is a function A : X — L, where L is
complete distributive lattice with 17, and Op,.

Remark 2.4 ([9]]). The class of L-fuzzy sets is larger than the class of fuzzy set. An L-fuzzy set
is a fuzzy set if L = [0,1], LX is collection of all L-fuzzy sets in X. The ar.-level set of L-fuzzy
set A is denoted and defined as

Ay, ={x:ap < Ax)} if ar € L\{0r}

Ao, =cl({x:01 =1, A(x)}).
Here, cl(B) denotes the closure of the set B.
Definition 2.5 ([9]). Let X be an arbitrary set and Y be a metric space. A mapping 7' is called
L-fuzzy mapping if T is a mapping from X into LY. An L-fuzzy mapping T is an L-fuzzy subset

on X xY with membership function 7T'(x)(y). The function T'(x)(y) is the grade of membership of
y in T'(x).

Definition 2.6 ([7]]). Let (X,d) be a metric space and A, B be any two nonempty subsets of X.
Then the Hausdorff distance between the subsets A and B is defined as

H(A,B) = max{supd(a,B),supd(b,A)} .
acA beB
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Definition 2.7 ([7]]). Let (X,d) be a metric space and S,T be L-fuzzy mappings from X into
LX. A point x € X is called as an L-fuzzy fixed point of T if x € [Tx]aLT(x) where ar,,(x) € L\{0.}.
The point x is called as common L-fuzzy fixed point of S and T if x € [Sx]aLs(x) N [Tx]aLT(x)-

Lemma 2.8 ([[7]). Let A and B be nonempty closed and bounded subsets of a metric space (X,d).
If a€ A, then

d(a,B)<H(A,B).
Lemma 2.9 ([7]). Let A and B be nonempty closed and bounded subsets of a metric space (X,d)
and 0 < e €R. Then, for a € A, there exists b € B such that

d(a,b)<H(A,B)+e¢.

3. Main Results

Theorem 3.1. Let S, T — LX be two L-fuzzy mappings and for x € X, there exists aps(x), ar,(x) €
L\{0z} such that [Sxla;, (), [Tx)ay .)€ CB2%). If for all x,y € X

H([Sxlay 4w, [T Yy, () < @d(x, ) + B (x,[Sx]ay ) + YA, [TV lay )
6d(x,[Sxlay, (x)d(, [Tyl (1)

3.1
* 1+d(x,y) ©-D
and
5d(x,[8x] 4y, (x) 6d(y,[Tylay, (y)
Y+ Tt dx.y) <1, B+ T rdtey) < 3.2)

where a, B, y and 6 are non negative real numbers with a+ f+7y+08 < 1. Then, there exists u € X
such that u € [Su]aLS(u) N[Tula; @

Proof. We prove this theorem by considering the following three possible cases:
(i) a+p=0
(i) a+y=0
(iii) a+p#£0,a+y#0
Case I: If a + f = 0. Then for any x € X, there exists az (x) € L\{0} such that [Sx]aLS(x) is a

nonempty closed and bounded subset of X. Take y € [Sx]aLS (vand in the same way z € [T’ y]aLT(y)-
Then by above Lemma [2.8, we have

d(,[Tylay,(y) < HISXlay ), [T Y]y . (3)-
Now by (3.1I), we have
d(y,[Tylay, ) < ad(x,y)+ pd(x,[Sxla; ) +yd(y,[Tylay,)
6d(x,[Sxlas,  ()d ([T ylar,, ()
1+d(x,y)

+

using a + =0, we have
5d(x,[Sx]aLS(x))
1+d(x,y)

I-y- d(y,[Tyay,(y) < 0.
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Then by one of yields
d(y,[Tyla;,,(») <0
it follows that
y €[Tylay, -

Again by (3.1), we have
5d(y,[Sy]aLS(x))d(ya[Ty]aLT(y))

1+d(y,y)

(1-P)d(y,[Sy)ar () =AW, [Tylay, ;) +

(1-P)d(y,[Syla; () <0

1=Pd(,[Sylaz (y) =0
which implies that

ye [Sy]aLS(y))~
So, we get

¥ €1Sylar g NTYlay, -

Case II: If @ + y = 0. Then for any x € X, as in case (i), take y € [Sx]aLS(x) and z € [Tyla, (-
Then by above Lemma we have

d(z,[Szla;,, ) = HUT ylay,, (), [S2la; .(2)-
Now by (3.1I), we have
d(z,[Szla;, ) = ad(z,y) + Pd(2,[S2]a; () + Yd (¥, [TY]ay . (1)
6d(z,[S2la;  ()A(Y, [Tyl ()
1+d(z,y)

+

using a +y =0, we have
6d(y,[Tylay, ()
- 1+d(x,y)
Then one of yields
d(z,[Sz]aLS(z)) <0
it follows that

1-

d(z, [SZ]aLS(Z)) <0.

A [SZ]OCLS(Z)'

Again by (3.1), we have
5d(27[SZ]aLS(z))d(Za[Tz]a’LT(z))

1+d(z,z2)

(A-7)d(z,[Tzla; () < Bd(2,[S2]a; () +

(1-1)d(z,[T2la;, ) < O

(1- Y)d(Z,[TZ]aLT(z)) =0
which implies that

ZE€E [Tz]aLT(z)'
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So, we get that

S [Sz]aLS(Z) N [TZ]GLT(Z) .

Case III: Let
ma{ (12555 (5755} =7
1-p-6) \1-y-6

Then by a+vy, a+B#0 and a+ B+7y+0d <1, it follows that 0 < A < 1. Take x, € X. Then
by hypotheses, there exists ar(x,) € L\{0z} such that [Sxo]aLS(xo) is a nonempty closed and
bounded subset of X. For convenience, we denote ar¢(x,) by ar,,. Let, x1 € [Sxo]ocL1 , for this x;
there exists ar,,(x1) € L\{Oz} such that [Txl]aLT(xl) € CB(X). Denote ar,,(x1) by ar,. By above
Lemma there exists x9 € [Tx;l],)[L2 such that

d(x1,x2) < H([Sxo]aLl ) [Tx1]aL2 )+ A1 -y -9). (3.3)
By the same argument, we can find a7, € L\{0.} and x3 € [ng]otL3 such that
d(xg,23) < H([Sx2)ay,,[Tx1lay,) + A*(1= - 6). (3.4)

By induction we can get a sequence {x,} of points of X,
Xop+1 € [Sxoplar,,

Xor+92 € [Tx2k+1]06L2k+2 where k& = 0,1,2,...,
such as

d(xop+1,%9k+2) < H(Sxtlay,, [Txopi1lay,, )+ A A -y-6)

d(xap+2, %k +3) < H(Sxop+2lay,, [ Txops1lay,, )+ A 2(1-p-0)
By (3.1) and (3.3), we get
d(x1,x2) < ad(x,,x1)+ Bd(x,, [Soco]ocL1 )+ vd(xq, [Txl]aLQ)

6d(xo,[Sxo]0¢L1 )d(xl,[Txl]aL2) A 5
" 1+ d(xg,%1) ALY

the above inequality implies that

d(x1,%2) < (1?;535
Using inequalities (3.1) and (3.4), we get
d(x2,x3) < ad(x2,x1) + fd(x2,[Sx2la; ) +yd(x1,[Tx1]ay,)

5d(x2,[Sx2]aL3 )d(xl,[Txl]aL2) 9
" 1+d(x9,x1) FA=F=0)

)d(xo,x1)+/1.

thus,

_atry
1-5-6
d(x2,x3) < Ad(x1,%9) + A2.

This implies that

d(xz,xs)i( )d(xl,x2)+/12

d(xp,%n+1) < Ad(xp-1,2%0) + A"
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< MAd (xp—2,25-1) + A" 11+ A"
< A2d(xp—2,%5-1) + 27"
d(xp, % 1) < A°d(x-3,20n-2) + 31"
It follows that for each n =1,2,3,...
d(x,,xn41) < A"d(x,,x1) +nA".
Now, for each positive integer m,n with n > m, we have
d(Xm, %) < d (X, Xm+1) + A(Xm41,Xm42) + ... d(Xp—1,%5)
< A™d(x,,%1) + mA™ + A" d (x5, 21) + (m + DA™

oo+ A My, x1) + (= DAL

n-1 n-1
< Z Ad(xy,x1) + Z Al
i1=m i1=m
/lm n .
< ﬂd(xo,x1)+Sn_1 -8S,,-1, where S,, = ZML.
- i=1

Since, A < 1 it follows from Cauchy’s root test that Y iA! is convergent and hence {x,} is a
Cauchy sequence in X. As X is complete, there exists u € X such that x,, — u. Now by above
lemma implies that

d(u, [Su]aLS(u)) < d(u,xzn) + d(xzn, [Su]aLS(u))
d(ua [Su]aLS(u)) = d(ua x2n) + H([TxQn—l]aL2n ’ [Su]aLS(u))
So, the above inequality implies that

1
d(x2n-1,%2n)

1+d(u,x2,-1) (d(u,x2,) + ad(u,x2,-1) + yd(x2n-1,%2,))
’ n—

d(u,[Su]aLS(u)) <|1- ,3 -0

Letting n — oo, we have
dw,[Sule; ) =0
d(u,[Sula; @) =0.
This implies that
u € [Sula; w-
Similarly, by using
dw,[Tula; ) < du,x2n11) + d(Xon+1,[Tula;, W)
we can prove that
u€lTula;,w
which shows that
u€[Suley @ NITulay,w- -

Example 3.2. Let X =[0,1] and d(x,y) = |x — y|, whenever x,y € X, then (X,d) be a complete
metric space. Let L ={n,0,A,u} with n <7 0 <r p and n =<y A =g u, where 6 and A are not
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comparable, then (L, =<y ) is a complete distributive lattice. Let S and T be the L-fuzzy mappings
from X to LX defined as:

0 if0<st=<q;
S(x)(t)=<17 ifﬁ<tsl%

poif f5<t<3

A if’3—c<t51

and

n if0<st=<5
T(x)(t):<9 if%<ts%

poif f5<t<g

A ﬁ§<tsl

For all x € X, there exist az (x) =0 and ar,,(x) =7, such that
X X
[Sxly = [o,ﬂ] and [Txl,= [o,ﬁ].

1

1 -1 ., _1 _ 1
Moreover for a =z, f=15, y=1; and 6 =

50> We have

14
1+d(x,y) 15 201+ |[x—y|
Similarly, we have
d,[Tylag,.»)

<
1+d(x,y)

d(x,[Sxlay (x)) 13x
- s @) _ 1 1

and

H(Sx ,‘Z < —|x—v|+— __)4__‘ - |+ —
(a ]“Ls(x) [ y]“LT(y)) 5|x Y| 10 X 14 15 Y 12 20 1+]x—yl

Since, S and T satisfy all the conditions of Theorem [3.1] So, 0 € X is a common fixed point of S
and T

Corollary 3.3. Let S,T — F(X) be two fuzzy mappings and for x € X, there exists ag(x),ar(x) €
(0,1] such that [Sxlag), [Tx]apx) € CB2X). If forall x,ye X

H([Sxlag), [TYlapy) < ad(x,y) + Bd(x,[Sxlagx) + vd(y, [Tx]apx)

+ 6d(x, [Sx]as(x))d(y, [Tx]aT(x))
1+d(x,y)

and

od(x,[Sx]lag(x) <1, B+ od(y,[Tx]apx)
1+d(x,y) 1+d(x,y)

where a, B, y and 6 are non negative real numbers with a+f+y+06 < 1. Then, there exists u € X

such that u € [Sx]age) N[Tx]ap(x)-

<1

Y+
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Theorem 3.4. Let S,T : X — CB(X) be multivalued mappings and for all x,y € X,

H(Sx.Ty) < ad(x, y)+ fd(x,Sx) + yd(y, Ty) + 222504, ) (3.5)
1+d(x,y)

and

od(x,Sx) od(y,Ty)

Y+ ——<1, +—

1+d(x,y) 1+d(x,y)

where a, B, y and 6 are non negative real numbers with a+ f+7y+08 < 1. Then, there exists u € X
such that ue SunTu.

(3.6)

Proof. Consider a pair of any mappings A, B: X — L\{0z} and a pair of L-fuzzy mappings G,
H:X—L% as

Ax teSx
G(x)(t) =
(x)(e) {0 t¢Sx
and
Bx teTx
H(x)(t) =
(o)) {0 t¢Tx

Then for x € X, we have
[Gxlay,(x) = {t: G(x)(t) = ar,(x)} = Sx
and
[Hxlay, o= {t: H@x)t) = ap, ()} =Tx.
Thus, by applying Theorem we get z € X such as
zE [Gx]aLG(x) NIHxlay, () =SznTz.
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