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1. Introduction

Let S be a semigroup and A a subset of S. Recall that the Cayley digraph Cay(S,A) of S
with the connection set A is defined as the digraph with a vertex set S and an arc set
E(Cay(S,A)) = {(x,xa) | x € S,a € A} (see [7]]). Clearly, if A is an empty set, then Cay(S,A)
is an empty graph.
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Arthur Cayley (1821-1895) introduced Cayley graphs of groups in 1878. Cayley graphs of
groups have been extensively studied and many interesting results have been obtained (see for
examples, [11, [12], [13]], and [14]). Also, the Cayley graphs of semigroups have been considered
by many authors. Many new interesting results on Cayley graphs of semigroups have recently
appeared in various journals (see for examples, [4], [8l, [91, [101, [121, [15], [16], [17], [18], and
[19]). Furthermore, some properties of the Cayley digraphs of left groups and right groups are
obtained by some authors (see for examples, [11l, [16], [17], [18], and [21]).

The concept of domination for Cayley graphs has been studied by various authors (see
for examples, [31, [5], [221, [24], and [25]). The total domination in graphs was introduced by
Cockayne, Dawes, and Hedetniemi (see [3]) and is now well studied in graph theory. Tamizh
Chelvam and Rani (see for examples, [24], [25], and [26]) have obtained bounds for various
domination parameters for a class of Circulant graphs. Here we shall study some domination
parameters of Cayley digraphs of right groups and left groups. All graphs considered in this
paper are finite directed graphs. The terminologies and notations which related to our paper
will be defined in the next section.

2. Preliminaries and Notations

In this section, we give some preliminaries needed in what follows on digraphs, semigroups,
Cayley graphs of semigroups, domination number, and total domination number. For more
information on digraphs, we refer to [2], and for semigroups see [6]]. All sets in this paper are
assumed to be finite.

A semigroup S is said to be a right (left) zero semigroup if xy = y(xy = x) for all x,y € S.
A semigroup S is called a right (left) group if it is isomorphic to the direct product G xR,,,(G x L ,)
of a group G and an m-element right (left) zero semigroup R,,(L,,). If m =1, then we can
consider a Cayley digraph of a right (left) group G x R,,,(G x L,,) as a Cayley digraph of a group
GG. So in this paper, we will consider in the case where m = 2.

Let D =(V,E) be a digraph. A set X €V of vertices in a digraph D is called a dominating set
if every vertex v € V \ X, there exists x € X such that (x,v) € E and we call that x dominates v or
v is dominated by x. The domination number y(D) of a digraph D is the minimum cardinality
of a dominating set in D and the corresponding dominating set is called a y-set. A set X €V is
called a total dominating set if every vertex v € V, there exists x € X such that (x,v) € E. The
total domination number y;(D) equals the minimum cardinality among all total dominating
sets in D and the corresponding total dominating set is called a y;-set.

For any family of nonempty sets {X;|i € I}, we write U;c1 X; := Ujer X; if X; NX; =@ for all
i #j.Let (V,E1),(Vg,E»),...,(Vy,E,) be digraphs such that V;nV; = @ for all i # j. The disjoint
union of (V1,E1),(Vo,E>),...,(V,,E,) is defined as U?:l(Vi,Ei) = (U?ZIV,-,U?ZIEL-). It is easy to
verify that y(U;_{(V;,E;)) = i Y(Vi,E), vi(Ui-1(Vi,E))) = f Y:(Vi,E;), and if for each i,j €1
with (V;,E;) = (V;,E}), thenl}_f%Vi,Ei) =vy(V;,E;) and yt(ViiEIi) =74V}, E;). From now on, |A]
denotes the cardinality of A where A is any finite set and p; denotes the projection map on the
ith coordinate of a triple where i € {1,2,3}. A subdigraph F of a digraph G is called a strong
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subdigraph of G if and only if whenever u and v are vertices of F' and («,v) is an arc in G, then
(u,v) is an arc in F as well. Moreover, we denote by G a finite group and G, a group of order
k, and let R,,(L,,) denote a right (left) zero semigroup with m elements. Now, we recall some
results which are needed in the sequel as below for further references.

Lemma 2.1 ([20]). Let S = G x R,, be a right group, A a nonempty subset of S such that
pZ(A) :Rm,G/<p1(A)> = {g1<p1(A)>ag2<p1(A)>79gk<p1(A)>}; and let I = {192,)k} Then

(1) S/A) ={gi(p1(A)) xRypli€l}and S = _UI(gi<p1(A)> xRom),

(2) Cay(S,A)=Uicr((gi{p1(A)) x Rp),E;) where (g;{(p1(A)) x R,),E;) is a strong subdigraph
of Cay(S,A) with (gi{p1(A)) xRy,),E;) = Cay({A),A) forall i € I.

Lemma 2.2 ([20]). Let S = G x R,, be a right group and A a nonempty subset of S. Then
(A) =(p1(A)) x pa(A) is a right group contained in S.

Lemma 2.3 ([16l). Let S =G x L,, be a left group and A a nonempty subset of S. Then the
following conditions hold :

(1) foreach l€L,,, Cay(G x{l},p1(A) x{l}) = Cay(G,p1(A)),
(2) Cay(S,A) = ZELLJM Cay(G x {1}, p1(A) x {1}).
Lemma 2.4 ([20]). Let S = G x L,, be a left group, A a nonempty subset of S, G/{p1(A)) =
{g1(p1(A)),g2(p1(A)),...,gr{p1(AN}, and let I ={1,2,...,k}. Then
(1) SKAY={gi(p1(A) x{I}li € I,l € Ly} and S =Ujer seL,,(8i{p1(A)) x {I}),
(2) Cay(S,A) = Uierser,, (8i{p1(A)) x U1, E;;) where ((gi{p1(A)) x {I}),E|) is a strong sub-
digraph of Cay(S,A) with (g;{p1(A)) x{I}),E;;) = Cay({pi1(A)),p1(A)) forall iel, l€L,,.

The following lemmas give the results for the domination number and the total domination
number of Cayley graphs of the group Z, with respect to the specific connection sets.

Lemma 2.5 ([23]). Let n = 3 be an odd integer, m = ”T_l and A={m,n—-m,m—-1,n—(m—

D,....m—(k-1),n—(m—-(k-1))}<Z, where 1<k <m. Then y(Cay(Z,,A)) = [%1.

Lemma 2.6 ([23]). Let n =3 be an even integer, m = L"’T_lj and A={%,m,n—-m,m-1,n—(m-—
D,....,m—=(k=1),n—(m—(k—-1D)} S Z, where 1 <k <m. Then y{(Cay(Z,,A)) = [g5=7].

3. Main Results

In this section, we give some results for the domination parameters of Cayley digraphs of right
groups and left groups related to the according connection sets such as the domination number
and total domination number. We divide this section into two parts. The first part gives some
results for the domination in Cayley digraphs of right groups and the second part for left groups.
Hereafter, we will denote by D the Cayley digraph Cay(S,A) of a semigroup S with a connection
set A.
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3.1 The domination parameters of Cayley digraphs of right groups

In this part, we study the domination parameters of Cayley digraphs of right groups related
to the appropriate connection sets. We start with the theorem which describes the domination
number in Cayley digraphs of right groups with arbitrary connection sets A where |ps(A)| #
IRl

Theorem 3.1. Let S =G x R, be a right group and A a nonempty subset of S. If |pa(A)| # |R 1,
then y(D) = (IR | —|p2(A)) x |G|.

Proof. Suppose that |po(A)| # |R,,|, we have |p2(A)| < |R,,|. Let Y ={(x,a) € Sla ¢ p2(A)}. We
will show that Y is a dominating set of D. Let (b,c)€ S\Y. Then b € G and c € pa(A), that is,
there exists d € p1(A) € G such that (d,c) € A. Since G is a group, there exists y € G such that
b=yd. From |R,,| > |p2(A)|, we get that there exists r € R,, \ p2(A) which leads to (y,r) €Y.
Thus (b,c) = (yd,c) = (y,r)(d,c). Therefore, Y is a dominating set of D. Hence y(D) < |Y| =
(IR —Ip2(A)]) x |G|. Now, we assume in the contrary that y(D) < (|IR,,| — |p2(A)]) x |G|. Let
X < S be a dominating set of D such that X is a y-set, that is, | X|=y(D) < (IR, — |p2(A)]) x |G|.
We have

IS\X|=1S|-|X]
>nm—[(IRn|—Ip2(A)) x |GI]
=nm—[(m —|p2(A)]) x n]
=nm—nm+n(|pa(A)])
=n(|p2(A)))
=G x pa(A)l.

Thus there exists at least one element (a,b) € (S\ X)\ (G x pa(A)), that is, (a,b) €e S\ X
and (a,b) ¢ G x pa(A). Since a € G, we obtain that b ¢ ps(A). From (a,b) € S\ X and X
is the dominating set of D, there exists (x,y) € X such that ((x,y),(a,b)) € E(D). Thus
(a,b)=(x,y)c,d) =(xc,yd) = (xc,d) for some (c,d) € A. We conclude that b =d € p2(A) which is
a contradiction. Therefore, y(D) £ (IR,,| — |p2(A)]) x |G|, that is, y(D) = (IR,| — |p2(A)]) x |G|, as
required. O

The next theorem gives the bounds of the domination number in Cayley digraphs of right
groups with arbitrary connection sets A where |p2(A)| = |R,|.

Theorem 3.2. Let S =G x R,,, be a right group and A a nonempty subset of S. If |p2(A)| = |R ],

then If{ﬂl <y(D) <Gl

Proof. Assume that |p2(A)| = |R,,|. We first prove the right inequality, that is, y(D) < |G|. For
eachreR,,,let Y ={(x,r)lx € G} = G x {r}. We will show that Y is a dominating set of D. Let
(a,b)e S\Y.Then a €G and b € R,, such that b # r. Since |p2(A)|=|R,,| and pa(A) < R,,, we
get that R,, = po(A) and then b € p2(A). Thus there exists c € p1(A) € G such that (¢,b) € A.
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Since G is a group, there exists g € G such that a = gc. We obtain that (a,b) =(gc,b) =(g,r)(c,b)
where (g,r) €Y. Hence Y is the dominating set of D. Therefore, y(D)<|Y|=1G x {r}| =|G|.

Now, we will prove the left inequality. Let X be the dominating set of D such that X is a
v-set, that is, | X| = y(D). Then for each (a,b) € S\ X, we get that (a,b) = (x,y)(s,t) for some
(x,y) € X and (s,t) € A which implies that S\X € X A. Hence |[S\X| < |XA|. Since every element
of X has the same out-degree |A|, we obtain that

Y(D)IA| = XAl = |XA|=|S\X]|=IS|-|X[=|S|-y(D).
Then y(D)|A| = |S|—y(D) which leads to |S| < y(D)|A| +y(D) = y(D)(|A| +1). Hence y(D) =

S|
[Al+1° O

In the following example, we present the sharpness of the bounds given in Theorem

Example 3.3. Let Z3 x Ro be a right group where Z3 is a group of integers modulo 3 under the
addition and Ry = {r1,rs} is a right zero semigroup.

(1) Consider the Cayley digraph Cay(Z3 x R2,{(2,7r1),(2,r2)}).

Figure 1. Cay(Z3 x R2,{(2,r1),(2,r2)}).

We have X ={(0,r1),(1,71),(2,r1)} is a y-set of Cay(Zs x R2,{(2,r1),(2,r2)}) and y(Cay(Z3 x
R, {(2,r1),(2,r2)}) = |X| =3 = |Z3|. Similarly, y(Cay(Z, x R2,{(2,71),(2,r2)})) = |Z,| where
neN.

(2) Consider the Cayley digraph Cay(Z4 x R2,{(0,71),(1,7r1),(1,r2)}).

Figure 2. Cay(Z4 x R2,{(0,71),(1,71),(1,72)}).

We have Y ={(0,72),(2,r2)} is a y-set of Cay(Z4 x R2,{(0,r1),(1,r1),(1,r2)}) and y(Cay(Z4 x

5. ) (170 (0 Vi—9— 1Z4xRo)|
B2, 10,r0),(Lr1), (Lrad) = Y11= 2= g 5 G
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Similarly, we also obtain y(Cay(Zas x B, (0,r1),(1,r1),(Lrp)) = & = % = ol
with a y-set {(0,72),(2,72),(4,r2),...,(2k —2,r9)} where k € N.

The following theorems show the values for the domination number in Cayley digraphs of
right groups according to the specific connection sets. We begin with two lemmas which are
referred in the proofs of theorems.

Lemma 3.4. Let S =G x R, be a right group and A a nonempty subset of S such that p1(A) =
G, po(A)=R,,, and |A| = |R,|. For each (x1,r1),(x9,r2) €S, if (x1,r1)(y1,51) = (x2,r2)(y2,s2) for
some (y1,51),(y2,82) € A, then x1 = xo.

Proof. Let (x1,r1),(x2,r2) € S be such that (x1,r1)(y1,s1) = (x2,72)(y2,s2) for some (y1,s1),
(y2,89) € A. Thus (x1y1,7r151) = (x9y9,res2), that is, (x1y1,s1) = (x2y2,82). Then x1y1 = x2y2 and
s1 = Ssg. Since we know that p1(A)=G, p2(A)=R,,, and |A|=|R,,|, these imply y; = y2. From
x1y1 = x2y2 where x1,x2,y1,y2 are elements of a group G and y; = y2, we can conclude that
x1 = x2 by the cancellation law. O

Lemma 3.5. Let S = G xR,, be a right group and A a nonempty subset of S such that
A ={a} xR,, where a € G. Let Y be a dominating set of D. If there exists x € G such that
x¢ p1(Y), then (xa,r)eY forall re R,,.

Proof. Let Y be a dominating set of D. Suppose that there exists x € G such that x ¢ p;(Y) and
assume in the contrary that there exists r € R,, such that (xa,r) ¢ Y. Since Y is a dominating
set of D, there exists (y,r') € Y such that ((y,7'),(xa,r)) € E(D), that is, (xa,r) = (y,r')a,r) where
(a,r)€e A. Hence xa = ya which implies that x = y € p1(Y’) which contradicts to our supposition.
Therefore, (xa,r)eY forall re R,,. O

Theorem 3.6. Let S = G xR, be a right group and A a nonempty subset of S such that
p1(A) =G, p2(A)=R,,, and |A| = |R,|. Then y(D) =G|

Proof. Assume that the conditions hold. Since |p2(A)| = |[R,,|, we obtain that y(D) < |G| by
Theorem Now, suppose that there exists a dominating set Y such that |Y| < |G|. Then
there exists g € G such that g ¢ p1(Y). We first prove that for each r e R,,, (g,r)A Y. Let
reR,, and (x,y) € (g,r)A. Then (x,y) =(g,r)(g1,r1) for some (g1,r1)€ A. If (x,y) ¢ Y, then there
exists (g',r") € Y such that (x,y) =(g’,7")(ga,r2) for some (g2,72) € A since Y is a dominating
set of D. Thus (g,r)(g1,r1) = (x,y) = (g',r')(g2,r2) where (g1,71),(g2,72) € A. By Lemma
we can conclude that g = g’ € p1(Y) which is a contradiction. Hence (x,y) € Y which leads to
(g,r)A CY. Since p1(A) = G, we obtain that the identity element e of G lies in p1(A). Then
there exists s € pa(A) such that (e,s) € A and (g,s) =(g,r)(e,s)e(g,r)A <Y . Whence g€ p1(Y)
which contradicts to the above supposition. Therefore, we can conclude that y(D) = |G]. O

Theorem 3.7. Let S = G xR, be a right group and A a nonempty subset of S such that
A ={a} xR,, where a € G. Then y(D) =1G|.
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Proof. Let S =G xR, be a right group and A a nonempty subset of S such that A ={a} xR,
where a € G. Then |ps(A)| = |R,,|. By Theorem we obtain that y(D) < |G|. Assume that
there exists a dominating set Y of D such that |Y| < |G| =n. Then there exists x € G such that
x¢p1(Y). Let U ={ueGlu¢ pi(Y)}. Assume that [U| =k where 1<k<n-1. ForeachueU,
we obtain by Lemma that (ua,r)eY for all r € R,,. Hence there exists at least one element
q € p1(Y) such that (¢q,r) €Y forallreR,,. Let V ={v e p1(Y)|(v,r) €Y for all r € R,,}. Assume
that |V| =1 where 1 <! <n—*k. By Lemma|3.5|again, we get that |Y|=ml+[(n—-k)-1]1+(k—-1)=
ml+n—-2l =n+(m—2)]. Since m =2, we obtain that |Y|=n+(m —2)] = n, a contradiction.
Therefore, y(D) = |G|, as required. O

Theorem 3.8. Let S =G xR, be a right group and A =K x R,, a nonempty subset of S where
G|

K is any subgroup of G. Then y(D) = &

Proof. Let S =G xR, be a right group and A = K x R,, a nonempty subset of S where K is a
subgroup of a group GG. Consider the set of all left cosets of K in G, G/K ={g1K,g9K,...,g:K},
we obtain that the index of K in G equals ¢, that is, [G : K] =¢. Let I ={1,2,...,t} be an
index set. By Lemma we have S/(A) = {g;K x R,,|i € I} such that S = U(giK x R,;) and

el

Cay(S,A) = U ((giK xR,,),E;) where ((g;K xR,,),E;) is a strong subdigraph of Cay(S,A) with
((g;K xRy,), E ;)= Cay({A),A) for all i € I. Thus

YD) = y(Cay(S,A))
=y(U@K x Bp).E)))
el
=Y y((g;K xRp),E;)
el
= I|[y(Cay({A),A))]
=t[y(Cay({A),A))].

By Lemma [2.2] we can conclude that (A) = (p1(A)) x pa(A) =(K) xR, =K x R,,, = A. Further-
more, we can prove that y(Cay((A),A)) =1 which implies that y(D)=t =[G :K]= :% O

The next theorem gives the necessary and sufficient conditions for the existence of the total
dominating set in Cayley digraphs of right groups with connection sets.

Theorem 3.9. Let S =G x R, be a right group and A a nonempty subset of S. Then the total
dominating set of D exists if and only if po(A) =R,,.

Proof. We first prove the necessary condition by assuming that the total dominating set of D
exists, say T'. We will show that po(A) = R,,. By the definition of the connection set A, we know
that po(A)< R,,. Let r € R,,. Then for each a € G, we get that (a,r) is dominated by a vertex
(x,y) for some (x,y) € T since T is the total dominating set of D. Thus there exists (a’,7') € A
such that (a,r) = (x,y)a',r") = (xa', yr') = (xa',r’) which implies that r = 7/, that is, r € pa(A).
Therefore, po(A) =R,,.
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Conversely, we prove the sufficient condition by supposing that p2(A) = R,,. We will
prove that every vertex has an in-degree in D. Let (g,r) € G xR,,. Then r € R,, =
p2(A). Thus there exists a € p1(A) such that (a,r) € A. We obtain that ((ga™1,r),(g,r)) =
((ga~L,r),(ga"1,r')a,r) € E(D), that is, (g,r) is dominated by (ga~!,7’). So we can conclude
that every vertex of D always has an in-degree in D. If we take T'=V (D) = S, then we can
see that T is a total dominating set of D since for each (x,y) € S, (x,y) is dominated by some
vertices in T'. Hence the total dominating set of D always exists if pa(A) =R,,. O

Theorem 3.10. Let S = G x R,, be a right group and A a nonempty subset of S such that
pa(A)=Rpy. Then 5l < y(D)<|GI.

Proof. Let A be a connection set of D such that ps(A) = R,,. We know that the total dominating
set of D exists by Theorem For each re R,,, let T ={(g,r)lg € G} = G x {r}. We will show
that T is a total dominating set of D. Let (x,y) € S =G x R,,. Since ps(A) = R,,, we get that
y € po(A) which implies that there exists z € p1(A) such that (z,y) € A. Since G is a group and
x,z € G, we obtain that x = Az for some A € G.

Thus there exists (h,r) € T such that (x,y) = (hz,y)=(h,r)(z,y). Hence (x, y) is dominated by
the vertex (h,r) in T'. We can conclude that 7T is the total dominating set of D which leads to
(D)< |T|=1G x{r}| = 1G|.

Next, we will show that y/(D) = Il%ll' Assume in the contrary that there exists a total
dominating set T" such that |T"| < %. Thus |T'A| < |T'||A| < |S| which implies that there exists
at least one element (p,q) € S but (p,q) ¢ T'A. Hence there is no an element in 7" which
dominates (p, q), this contradicts to the property of the total dominating set 7'. Consequently,
YD) = ||§T||’ as required. O

In the following example, we present the sharpness of the bounds given in Theorem [3.10

Example 3.11. Let Z3 x Ry be a right group where Z3 is a group of integers modulo 3 under
the addition and R9 = {ry,r2} is a right zero semigroup.

(1) Consider the Cayley digraph Cay(Z3 x R2,{(2,r1),(0,r2),(2,72)}).

Figure 3. Cay(Z3 x Rs,{(2,71),(0,72),(2,r2)}).

We have X = {(0,r1),(1,71),(2,r1)} is a y;-set of Cay(Z3 x R2,{(2,71),(0,72),(2,r2)}) and
Y+(Cay(Zs x R2,{(2,71),(0,7r2),(2,r2)}) = |X| =3 = |Z3].
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Similarly, we can get that y;(Cay(Z, x Rg,{(2,r1),(0,72),(2,r2)})) = |Z,| with a y;-set
Z, x{r1} where n e N.

(2) CODSider Cay(z3 XR2,{(0,7"1),(1,7"1), (2,7‘1),((),7'2),(1,7”2),(2,7’2)}).

Figure 4. Cay(Zs x R2,{(0,r1),(1,r1),(2,71),(0,7r2),(1,r2),(2,r2)}).

We obtain that Y = {(0,r1)} is a 7ys-set of Cay(Z3 x Rs,{(0,r1),(1,r1),(2,r1),

((_),rz),(i,rz),(i,m)})land g(lcay(@ x R,{(0,71),(1,71),(2,71),(0,72),(1,r2), (2,r2)}) = Y | =
Z3 xRy

1=— = = = = = .
1{(0,71),(1,71),(2,71),(0,r2),(1,r2),(2,r2)}|
Similarly, y;(Cay(Zs, x R2,{(0,7r1),(1,71),(2,71),(0,72),(1,r2),(2,r2)})) =

_ - _|Z3k X{%2| - - with the y;-set {(0,71),(3,71),(6,71),..., 8k —3,r1)}
1{(0,71),(1,71),(2,r1),(0,r2),(1,72),(2,r2)}|
where k € N.

3.2 The domination parameters of Cayley digraphs of left groups

The following result gives us the domination number of a Cayley digraph of a left group G x L,,
with a connection set A in the term of a domination number of a Cayley digraph of the subgroup
(p1(A)) of G.

Theorem 3.12. Let S =G x L, be a left group, A a nonempty subset of S, and G/{p1(A)) =
{g1(p1(A)),g2(p1(A)),...,8r{P1(AN}. Then y(D)=m k- y(Cay((p1(A)), p1(A))).

Proof. LetI=1{1,2,...,k}. By Lemma we have D =Ujez er, ((8i(p1(A)) x {1}),E;;) such that
a digraph ((g;{(p1(A)) x {l}),E;;) is the strong subdigraph of D with ((g;{(p1(A)) x{I}),E;;) =

k m

Cay({(p1(A)),p1(A)) for all i e I, € L,,. Therefore, y(D)= Y Y y((g;{(p1(A)) x{l}),E;;) and we
i=11=1

can conclude that y(D)=m -k -y(Cay({p1(A)), p1(A))). O

Sometimes, it is not easy to find y(Cay({p1(A)),p1(A))), so we can not find y(D) actually.
However, we can know the bound of y(D) which is not depend on y(Cay({p1(A)), p1(A))).

The next theorem gives the bounds of the domination number in Cayley digraphs of left
groups with the according connection sets.

Theorem 3.13. Let S =G x L,, be a left group and A a nonempty subset of S such that the
identity of G lies in p1(A). If H is a subgroup of G with a maximum cardinality and contained

in p1(A), then |p|16(i!{)| < % <[G :H] where [G : H] is the index of H in G.
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Proof. Suppose that H is the subgroup of G with a maximum cardinality such that H < p;(A).
We will show that y(D) < [G : Hl|L,,|. Let [G : H] = k for some k € N. Consider the set of
all left cosets of H in G, {g1H,g2H,...,grH}. Choose only one element from each left coset
g1H,goH,...,gpH, say g1h1,82ho, ...,grh}, respectively. Let D; = Cay(G x {l;},p1(A) x {I;})
and Y; ={g1h1,82h2,...,grhi} x{l;} G x{l;}. We prove that Y; is a dominating set of D;. Let

k
(g,1;)e(Gx{l;D\Y;. Since ge G = U g:H, we get that g € g;H for some 1< j<k.Then g=g;h
t=1

for some h € H. Thus (g;h;,l;) € Y; and hj_.lh € H c p1(A). So there exists [, € p2(A) such
that (h;'h,l4) € A and we have (g,1;) = (g;h,1:) = (g;h)h; h),1;) = (g h . 1) (R R, L) € VA,
Hence Y; is the dominating set of D; and then y(D;) <1|Y;| =k =[G : H]. By Lemma [2.3|
we can conclude that y(D) = Z v(D;) = y(D;)ILy| <G : Hl|L,,|. Now, we will prove that

y(D) = |plc(ﬂt)| |L,,|. By Lemma [2.3(1), we have

Cay(G x {1}, p1(A) x {1;}) = Cay(G x {1}, p1(A) x {I;}) for all I;,1; € Ly,

For each 1 <i <m, we will consider the domination number of D; and let X; be the dominating
set of D; such that X; is a y-set. Since the identity of G lies in p1(A) and X; is the dominating
set of D;, we get that (X;)(p1(A) x{l;}) = G x{l;}. Hence |G| = |G x {I;}| = [(X;)(p1(A) x{[;})] <
1X;11p1(A) x {I;}] = IX;[lp1(A)]. Thus ¥(D;) = |X;| = lp'?f'm By Lemma [2.3(2), we obtain that
D= U D;. Then we conclude that y(D) = y( U D;)= Z Y(D;)=y(D)|Lyl= |plc(;1|{)| Lyl O
l<i<m l<i<m

Corollary 3.14. Let S =G x L,, be a left group and A =K x L,, a nonempty subset of S where
K is any subgroup of G. Then y(D) =[G : K1|Lp,|.

Proof. Since A =K x L,, where K is any subgroup of G, we obtain that the identity e of G lies
in K = p1(A). Moreover, we get that K is the subgroup of G with a maximum cardinality that
contained in p1(A). By Theorem 3 13| we obtain that Illcéll Lyl <y(D)=<I[G:KIIL,,|. Therefore,

YD) =[G :K]|L,| since [G : K] = |K| O

The following example gives the sharpness of bounds given in Theorem (3.13

Example 3.15. Let Zg x Lo be a left group where Zg is a group of integers modulo 6 under the
addition and Lo = {l1,l9} is a left zero semigroup.

(1) Consider the Cayley digraph Cay(Zg x L2,{(0,11),(2,11),(4,11)}).

NS
(EY ¢
> D O © H O

Figure 5. Cay(Zg x L,{(0,11),(2,11),(4,11)}).
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We have X ={(0,11),(0,12),(1,11),(1,12)} is a y-set of Cay(Z¢ x L2,{(0,11),

(2,11),(4,11)}). Thus y(Cay(Ze x L,{(0,11),(2,11),(4,11)1) = |1X| = 4 = 2(2) = [Zg : H]|Lo|
where H = {0,2,4} is the subgroup with a maximum cardinality of Zg that contained in
p1{(0,11),(2,11),(4,11)}).

Similarly, if A = {(0,11),(2,11),(4,11),...,(2k—2,11)} is a nonempty subset of Zg; x Lg
where & € N, then {(0,l1),(0,12),(1,11),(1,l5)} is a y-set of Cay(Zg, x La,A). Hence
Y(Cay(Zop x Lo, A)) = 4 =[Zgy, : H1|Lo| where H =1{0,2,4,...,2k — 2} is the subgroup with a
maximum cardinality of Zy;, that contained in p1(A).

(2) Consider the Cayley digraph Cay(Zg x L2,{(0,11),(3,12)}).

Figure 6. Cay(Zg x L2,1(0,11),(3,12)}).

We have Y =1{(0,11),(1,11),(2,11),(0,12),(1,12),(2,12)} is a y-set of Cay(ZexL2,{(0,11),(3,12)})

and y(Cay(Ze x L3,{(0,11),(3,12))) = Y| =6 = g x2= m x |La].

Similarly, if A = {(0,71),(k,l2)} is a nonempty subset of Zg; x Ly where k € N, then
{0,1,2,...,k — 1} x {l1,19} is a y-set of Cay(Zg, x Lo,A). Hence y(Cay(Zgp, x Lo, A)) =2k =

9% o |Zg
2 X 2=y < el

Now, we show other results of the domination number of Cayley digraphs of Z,,, the group of
integers modulo 7, with a connection set {1,#} < Z, in order to apply to the domination number
of Cayley digraphs of left groups Z, x L where L is a left zero semigroup. Furthermore, let
(V,E) be a digraph and for each x € V', let N(x) ={y € V|(x, y) € E} be the set of all neighbours of
x and let N[x]=N(x) U {x}.

In general, it is easy to verify that [%] <y(Cay(Z,,{1,1})) < {%1.

Proposition 3.16. Let n = 2 be a positive integer.
Then y(Cay(Z,,{1,2}) = [%].

Proof. We will consider the case n =1 (mod3).
It is easy to see that {1,4,7,...,n — 3,7} is a dominating set of Cay(Z,,{1,2}).
Hence y(Cay(Z,,{1,2) <1{1,4,7,...,n - 3,A}| = 52 = [%].

3
Suppose that there exists a dominating set X such that |X| < ’%2, that is, | X| < nT_l Since
IN[x]] <3 for all x € X, we obtain that | U N[x]| < 3|X| <n—-1<n which is a contradiction.
xeX
Therefore, y(Cay(Z,,{1,2})) = [%1 and we can prove other cases similarly. O

Lemma 3.17. Let n = 3 be a positive integer and X a dominating set of Cay(Z,,{1,3}). For each
x € X,IN[x]InN[v]| =1 for some v e X \{x}.
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Proof. Let X be a dominating set of Cay(Z,,{1,3}) and x€ X.

Then Nlx]={x,x+1,x+3}. Since x+2 ¢ N[x] and x + 2 has to be dominated, we can conclude
that x+2€ X or x +2 € N[y] for some ye X.

If x+2€ X, then N[x+2]={x+2,x+3,x+5}, that is, x + 3 € N[x]n N[x + 2] which implies that
IN[x]InN[x+2] =1.

Ifx+2eN[yl,theny=x+1or y=x—1.

Ify=x+1,then x+1€X. Thus x+ 1€ N[x]n N[x+ 1] which leads to |IN[x]nN[x+1]| = 1.

If y=x—-1,then x—1€ X. Thus x € N[x]n N[x — 1] which implies that [N[x]nN[x-1]|=1. O

Proposition 3.18. Let n = 3 be a positive integer.

- 2[21-1 ifn=1,2(modb),
Th Cay(Z,,{1,3)=<"_5
en ¥(Cay(2,,11,3D) {2[@ if n.=0,3,4 (mod5).

Proof. We will consider the case n = 1 (mod5). In this case, we can conclude that T =
{1,2,6,7,11,12,...,n —5,n — 4,7} is a dominating set which implies that y(Cay(Z,,{1,3)) < |T| =

2n+3 _

e = 2[%] — 1. Next, suppose that there exists a dominating set X such that |X| < 2[%1 -2=

%. For each x € X, we have by Lemma 3.17|that N[x]Nn N[yl =1 for some y € X \ {x}. Since

IN[x]l < 3, we have | U NIxll<3|X|-E1 <X <n-1<n, thatis, U Nlx]C Z,. Hence X
xeX xeX
does not dominate Z, which is a contradiction. Therefore, y(Cay(Z,,{1,3}) = |T|=2[£]1-1.

Similarly, we can prove the case n =2 (mod5).
Now, we will consider the case n = 3 (mod5). We can obtain that T =

{1,2,6,7,11,12,...,n—2,n—1} is a dominating set. Then y(Cay(Z,,{1,3})) < |T| = 2ot = 2[%1.

5
Assume in the contrary that there exists a dominating set X such that | X| < 2[%1 -1= 2n5'1.

Again by Lemma[3.17, we have | U Nlx]| < %X' < 2"2—_1 < 27” =n. Whence X does not dominate

xeX
Z, which contradicts to the property of the dominating set X. So we can conclude that

y(Cay(Z,,{1,31))=T| = 2[%1. For the cases n = 0,4 (mod5), we can prove them similarly. O

Proposition 3.19. Let n =4 be a positive integer.
3 [%1 ifn=0,6 (mod7),
Then y(Cay(Z,,{1,4))<{ 3[%1-1 ifn=4,5 (mod7),
3[21-2 ifn=1,2,3 (mod7).

Proof. Let n =4 be a positive integer.

For n =0 (mod7), we obtain that X is a dominating set where
X0=1{1,8,15,22,...,n—6}U{3,10,17,24,...,n —4}uU{6,13,20,27,...,n — 1}
which implies that y(Cay(Z,,{1,4})) < |Xo| = 3[%1.

For n =1 (mod 7), we obtain that X; is a dominating set where
X1=1{1,8,15,22,...,7}u{3,10,17,24,...,n - 5} U{6,13,20,27,...,n — 2}

which implies that y(Cay(Z,,{1,4})) <X = 3[%] - 2.

For n =2 (mod7), we obtain that X5 is a dominating set where
X.=11,8,15,22,...,n—1}u{3,10,17,24,...,n -6} U {6,13,20,27,...,n — 3}
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which implies that y(Cay(Z,,{1,4})) < |Xs| = 3[%1 - 2.

For n =3 (mod7), we obtain that X3 is a dominating set where
X3=1{1,8,15,22,...,n—2}uU{3,10,17,24,...,n - 7} U{6,13,20,27,...,n — 4}
which implies that y(Cay(Z,,{1,4}))) < |X3|=3[%] -2.

For n =4 (mod7), we obtain that X4 is a dominating set where
X4=1{1,8,15,22,...,n-3}uU{3,10,17,24,...,n — 1}U{6,13,20,27,...,n — 5}
which implies that y(Cay(Z,,{1,4})) < |X4| =321 - 1.

For n =5 (mod7), we obtain that X5 is a dominating set where
X5=11,8,15,22,...,n—4}u{3,10,17,24,...,n - 2} U {6,13,20,27,...,n — 6}
which implies that y(Cay(Z,,{1,4}))) < |X5|=3[2]1 - 1.

For n =6 (mod 7), we obtain that Xg is a dominating set where
Xs=1138,15,22,...,n 51U (3,10,17,24,...,n —3} U {6,13,20,27,...,7)
which implies that y(Cay(Z,,{1,4})) < |X¢| = 3[%1. 0

Proposition 3.20. Let n =5 be a positive integer. Then y(Cay(Z,,{1,5})) < [§]+1.

Proof. Let n =5 be a positive integer.

For n = 0 (mod3), we obtain that X, ={1,2,4,7,10,13,...,n — 2} is a dominating set which leads

For n =1 (mod3), we obtain that X; =(1,2,4,7,10,13,...,n} is a dominating set which leads to

For n =2 (mod3), we obtain that Xs ={1,2,4,7,10,13,...,n—1}is a dominating set which leads
to y(Cay(Z,,{1,5) < | Xl = [51+1. O

Since a Cayley digraph of a left group can be considered as the disjoint union of Cayley
digraphs of groups as shown in Lemma [2.3] we can directly obtain some results for the
domination number of Cayley digraphs of left groups as follows.

Theorem 3.21. Let n =2 be a positive integer. If p1(A) = {1,2}, then y(Cay(Z, x L,A)) = |L| [51.

Theorem 3.22. Let n = 3 be a positive integer.
ILI2[§1-1 ifn=1,2(mod5),

I A = ig,th C Zn L7A =
fpl( )=1{1,3} en Y( ay( X ) {2|L||’%‘| lfn50’3,4(m0d5)

Theorem 3.23. Let n =4 be a positive integer.
3ILIT71 if n=0,6 (mod?7),
If p1(A) = (1,4}, then y(Cay(Z, x L,A)) < { ILI(3[%1-1) if n=4,5 (mod7),
|L|(3f%] -2) ifn=1,2,3 (mod7).

Theorem 3.24. Let n = 5 be a positive integer. If p1(A) = {1,5}, then y(Cay(Z, x L,A)) <
ILI(T2] + 1),
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Next, we give some results of the total domination number in Cayley digraphs of left groups
with connection sets. We start with the lemma which gives the condition for the existence of the
total dominating set in Cayley digraphs of left groups.

Lemma 3.25. Let S =G x L, be a left group and A a nonempty subset of S. Then the total
dominating set of D exists if and only if A # @.

Proof. Suppose that the total dominating set of D exists, say 7. By the definition of 7', we
obtain that for each (g,l) € S, (g,l) is dominated by (g1,/1) for some (g1,/1) € T, that is,
((g1,11),(g,1)) e E(D). Then (g,l) =(g1,l1)a1,l2) where (a1,l2) € A which implies that A # @.
Conversely, assume that the connection set A # @, that is, there exists (a,/) € A. Hence
for each (g1,11) € S, we have (g1,11) = (g1a71,11)(a,]) where (g1a71,11) € S. Thus (g1,11) is
dominated by (gia~%,11) in S. If we take T = S, then we can conclude that T is a total
dominating set of D, that is, the total dominating set of D always exists when A # @. O

The following result gives us the total domination number of a Cayley digraph of a left group
G x L, with a connection set A in the term of a total domination number of a Cayley digraph of
the subgroup (p1(A)) of G.

Theorem 3.26. Let S = G x L, be a left group, A a nonempty subset of S, and G/{p1(A)) =
{g1(p1(A)),g2(p1(A)),...,gr{p1(AN}. Then y«(D)=m k-y(Cay((p1(A)), p1(A))).

Proof. The proof of this theorem is similar to the proof of Theorem (3.12 O

Proposition 3.27. Let n = 3 be an odd integer and ¢ = "T_l Let S =7, x Ly, be a left group and
A a nonempty subset of S such that p1(A)={c,n—c,c—1,n—(c—1),...,c—(k—1),n—(c—(k—1))}
where 1<k <c. Then y{(D)=m [%1.

Proof. The result of this proposition follows from Lemma [2.3]and Lemma directly. O

Proposition 3.28. Let n = 3 be an even integer and ¢ = L”T_lj. Let S =7, %Ly, be aleft group and
A a nonempty subset of S such that p1(A)=1{%,c,n—c,c—1,n—(c—1),...,c—(k—1),n—(c—(k—1))}
where 1<k <c. Then y{(D)=m [ﬁ].

Proof. This proposition follows from Lemma [2.3|and Lemma directly. O

Before we give the next lemmas, we will define some notations which are used in the proof.
Let I =[a,b] be an interval of consecutive integers x such that a <x < b. Recall that N(u) is

the set of all neighbours of a vertex u and N(A)= U N(a) where A is a nonempty subset of a
a€A
vertex set of any digraph.

Lemma 3.29. Let n = 3 be an odd integer. Let m = ”T_l and k be a fixed number such that
l<sksm.IfA={m,m-1,m-2,...,m—(k—1)} S Z,, then y(Cay(Z,,A)) = [}].
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Proof. Assume that A={m,m-1,m—-2,....m—(k—1)} andlet /= [%]. Since every vertex in
D has an out-degree k, from the definition of the total domination number, it follows that
Ye(Cay(Z,,A))=l. Let x=m+k+1and X; ={x,x+k,x+2k,...,x+(l —1)k}. Note that | X;| =1.
Since [ = [71, we get that n = (I — 1)k + j for some j €N with 1< j <k. Thus V(Cay(Z,,A)) can
be partitioned into / intervals as follows:

Ii =[LR], Io=[k+1,2k], I3=[2k +1,3k],....];_1 =[(0{-2)k+1,(I-DEk],and I; = [( - Dk +1,n].

Note that |I;| =k for all i with 1<i</—-1and 1<|I;|<k. For any 0<i<1[-2, we have
x+ikeX;and I;,1=[ik+1,(i +1)k]. Since (x+ik)+(m—(k—1))=ik+1 (modn) and A is a set
of & consecutive integers with the least element m —(k — 1), we have N(x+ik) =I;1. Therefore,

(x+(-DE)+m—-(k-1)=(-1)k+1 (modn) and so I; = N(x+ (I —1)&).
Consequently,
V(Cay(Z,,A)=11ulu...ul;_1UI
SNx)UN@E+RU...UN@+({(-2)k)UNx+(-1)k)
= J N

yeXy
=N(Xy).

Thus X; is a total dominating set of Cay(Z,,A). Hence y/(Cay(Z,,A)) < |X;| = and then
Ye(Cay(Z,,A) =1 =21 O

Lemma 3.30. Let n = 3 be an even integer. Let m = LnT_lj and k be a fixed number such that
l<k<sm. IfA={5,mm-1,....m—(k-1D}<cZ,, then y(Cay(Z,,A)) = [;17].

Proof. Supposethat A ={3,m,m~1,...,m—(k—1)}. Then |A|=k+1andlet/ = [knﬁl Since every
vertex of Cay(Z,,A) has an out-degree & + 1, we also have y;(Cay(Z,,A))=1. Let x=m +k +2
and X; ={x,x+(k+1),x+2(k+1),...,x+( —1)(k +1)}. By partitioning the set of all vertices in
Cay(Z,,A) into [ intervals as follows:

I1=[Lk+1L,Io=[(k+1)+1,2(k+D],....];_1 =[1 -2k +1)+1,( —1)(k + 1)], and
I =l -1)k+1)+1,n],

we can prove the remaining part of this lemma by applying the proof of the previous lemma,
similarly. We also have y/(Cay(Z,,A)) < |X;| =1. Thus y4(Cay(Z,,A)) =1 = [;75]. O

Now, we apply the above two lemmas to obtain the results for the total domination number
of Cayley digraphs of left groups Z, x L,, with respect to according connection sets.

Theorem 3.31. Let n = 3 be an odd integer. Let ¢ = ”T_l and k be a fixed number such
that 1<k <c. Let S =7, xL,, be a left group and A a nonempty subset of S. If p1(A) =

{c,c=1,c-2,...,c = (k= 1)}, then y(D)=m[%].

Proof. This theorem is a direct result from Lemma [2.3[and Lemma (3.29 O
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Theorem 3.32. Let n = 3 be an even integer. Let ¢ = L"T_IJ and k be a fixed number such
that 1<k <c. Let S =7, xL,, be a left group and A a nonempty subset of S. If p1(A) =
{g,c,c—1,...,c— (k= 1)}, then y,(D) = m[; 71

Proof. This theorem follows from Lemma [2.3]and Lemma [3.30] O

4. Conclusion

In this paper, we give the backgrounds of the research and some preliminaries together with
the notations in Section [1|and Section [2, respectively. In the third section, some results of the
domination number and total domination number of Cayley digraphs of right groups and left
groups with appropriate connection sets are obtained. In addition, we have the conditions for
the existence of the total dominating sets of Cayley digraphs of right groups and left groups.
Moreover, the sharpness of bounds for domination parameters in Cayley digraphs of right
groups and left groups are also shown.
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