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1. Introduction and Some Important Definitions

In the sequel, let K be a non-empty set. Throughout this paper, we use indifferently the notation
K2 to denote the product space K x K. < will denote a partial order on K, and 1 will be a metric
on K.

The existence of fixed points of nonlinear contraction mappings in metric spaces endowed
with a partial ordering has been considered recently by Ran and Reurings [17] to obtain a
solution of a matrix equation in 2004. Fixed point theorems in partially ordered metric spaces
have been studied by some authors since 2004 (see [11, [31, [8], [10], [15], [16], [18]). Nietto and
Lopez [15] extended the results in [17] by removing the continuity condition of the mapping.
They applied their results to get a solution of a boundary value problem. The efficiency of these
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kind of extensions of fixed point theorems in such kind of problems, as it is well known, is due
to the fact that most real valued function spaces are partially ordered metric spaces.

The work of coupled fixed points in partially ordered metric spaces was initiated by Guo and
Lakshmikantham [9]. Subsequently, Bhaskar and Lakshmikantham [5] introduced the concept
of the mixed monotone property as follows.

Definition 1 ([5]). Let (K, <) be a partially ordered set and F : K? — K be a mapping. Then a
map F is said to have the mixed monotone property if F(a,b) is monotone nondecreasing in
a and is monotone non-increasing in b; that is, for any a, b € K, a1, a2 € K, a1 < ag implies
F(ai,b)<F(ag,b) and b1, bo e K, b1 < bo implies F (a,b1) = F (a,bs).

Definition 2 ([5]). An element (a,b) € K2 is said to be a coupled fixed point of the mapping
F:K? - K if F(a,b)=a and F(b,a) = b.

Lakshmikantham and Ciri¢ [12] introduced concepts of a mixed g-monotone mapping and a
coupled coincidence point.

Definition 3 ([12]). Let (K,<) be a partially ordered set and F :K2 - K and g:K—K. We
say F has the mixed g-monotone property if for any a, b € K, a1, as € K, gai < gag implies
F(a1,b) <X F(agz,b) and b1, bs €K, gb1 < gbg implies F (a,b1) = F(a,by2).

Definition 4 ([12]). An element (a,b) € K? is said to be a coupled coincidence point of a mapping
F:K?-Kand g:K—K if F(a,b) = ga and F(b,a) = gb.

Definition 5 ([12]). Let K be a nonempty set and F: K2 - K and g: K — K. We say F and g
are commutative if gF (a,b) = F (ga,gb) for all a, be K.

Definition 6 ([7]). Let (K,n) be a metric space, F : K 2 . K a mapping and g a self mapping
on K. A hybrid pair F, g is compatible if n(g(F (a,,b,)), F(ga,,gb,)) — 0 as n — oo and
nEgF(b,,a,)), F(gb,,ga,)) — 0 as n — oo whenever (a,) and (b,) are sequences in K such
that ,}l_,m F(a,,b,)= ,}Lm ga, =a, ,}l_,m Fb,,a,)= ,}Lm gb,=bwitha, beK.
Definition 7 ([4]). Let ® denote the class of functions ¢ :[0,00) — [0,00) which satisfying

(i) ¢ is continuous and (strictly) increasing;

(pii) @(t) <t for all £>0;
(piil) @(t+s)<@(t)+@(s) for all ¢, s €[0,00).
Note that by (¢i) and (¢ii), we have ¢(¢) =0 if and only if £ = 0.

Definition 8 ([13]). Let ¥ denote the class of functions v : [0,00) — [0,00) which satisfying
(i) %imu/(t) >0 for all » >0 and tlir(r)l w(t)=0.
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Theorem 1 ([14]). Let (K,<) be a partially ordered set, and suppose there is a metric n on K
such that (K ,n) is a complete metric space. Let F: K? — K and g: K — K be two maps with F
having the mixed g-monotone property on K such that there exists two elements ag, bg € K
with gao < F (ag,bo) and gbg = F (bg,ap). Suppose there exists ¢ € ® and v € ¥ such that
@ (H(F(a,b),F(C,d)) +T](F(b,a),F(d,c)))
2

(ga,gc)+1(gb,gd) (ga,gc)+n(gb,gd)
S(p(ng gc)+n(gb,g )_w(ng gc)+n(gb,g

5 5 (1.1)

for all a, b, ¢, d € K with ga = gc and gb < gd.
Suppose F (K2) c g(K), g is continuous and the pair (F, g) is compatible.

Also suppose either
(a) F is continuous or;
(b) K has the following properties:

(b1) if a non-decreasing sequence {a,} — a, then ga, < ga for all n,

(b2) if a non-increasing sequence {b,} — b, then gb < b, for all n.

Then there exists a, b € K such that ga = F(a,b) and gb = F(b,a), that is, F and g have a
coupled coincidence point in K.

The concept of G-increasing and {F',G} generalized compatiblity has been established by
Hussain et al. [11]].

Definition 9 ([11]). Suppose that F, G : K2 — K are two mappings. F is said to be G-increasing
with respect to < if for all a, b, ¢, d € K, with G(a,b) < G(c,d) we have F(a,b) < F(c,d).

Definition 10 ([11]). An element (a,b) € K? is said to be a coupled coincidence point of a
mappings F, G : K2 — K if F(a,b) = G(a,b) and F(b,a) = G(b,a).

Definition 11 ([11]). Let F, G : K? — K. We say that pair {F,G} is generalized compatible if
nli_%lon(F(G(an,bn)aG(bnaan)),G(F(anabn),F(bnaan))) =0
{r}i_’l{.lon(F(G(bn,an),G(an,bn))’G(F(bnyan),F(an,bn))) =0,
whenever (a,) and (b,) are sequences in K such that
{Y}LI&F(an,bn) = lim G(an,by) =21,

lim F(b,,,a,) = li_)m G(b,,an) = xs.

n—o0

Definition 12 ([11). Let F, G : K? — K be two maps. We say that the pair {F,G} is commuting
if F(G(a,b),G(b,a))=GF(a,b),F(b,a)) forall a, be K.

Remark 1 ([11]). A commuting pair is a generalized compatible but not conversely in general.
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The aim of this paper is to stand for new approach of the results of Jain et al. [14] and
Berinde [4]. We utilize generalized compatibility of a pair {F,G}, of mapping F, G : K2 — K to
obtain coupled coincidence point results for such a pair of mappings involving (¢, 1) contractive
condition without mixed G-monotone property of F. Thus, the derived coupled fixed point
results do not have the mixed monotone property of F. An example are also given to confirm the

effectiveness of the presented work.

2. Main Results

Theorem 2. Let (K,<) be a partially ordered set, and suppose there is a metric n on K such
that (K,n) is a complete metric space. Assume that F, G : K? — K are two generalized compatible
mappings such that F is G-increasing with respect to <, G is continuous and has the mixed

monotone property, and there exists two elements ag, bg € K with
G(ao,b0) <X F(ao,bo) and G(bg,ap) = F (bo,ap).

Suppose there exists ¢ € ® and v € V¥ such that
0 (n(F(a,b),F(c,d))+17(F(b,a),F(d,c)))
2
- (p(n(G(a,b),G(c,d))+17(G(b,a),G(d,c)))

2
_u/(n(G(a,b),G(c,d))+17(G(b,a),G(d,c)))
2

forall a, b, c, d € K with G(a,b) < G(c,d) and G(b,a) = G(d,c). Suppose that for any a, b e K,
there exists ¢, d € K such that

F(a,b)=G(c,d),

{F(b,a) =G(d,o).

Also suppose that either

(2.1)

(2.2)

(a) F is continuous or;

(b) K has the following properties:

(b1) if a non-decreasing sequence {a,} — a, then a, < a for all n,
(b2) if a non-increasing sequence {b,} — b, then b < b, for all n.

Then F and G have a coupled coincidence point in K.

Proof. Let ag, by € K be such that G(ag,bo) < F(ag,bo) and G (bg,a) = F (bg,ap). By (2.2),
there exists (a1,b1) € K2 such that F (ag,bo) =G (a1,b1) and F (bg,a) =G (b1,a1). Continuing
in the same way, we can easly construct sequences {a,} and {b,} in K such that

F(an,b,)=G(ans+1,bn41) and F(b,,a,) =G (bpi1,an41) foralln €N, (2.3)
First, we show that for all n € N, we have

G(an, bn) < G(an+1, bn+1) and G(bn+1,an+1) < G(bn,an) (2.4)
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Since G(ag,bg) < F(ag,bg) and F(bg,a0) < G(bg,ag) and since F(ag,bg) = G(a1,b1) and
F(by,a0)=G(b1,a1), we get G(ag,b9) <G (a1,b1) and G(b1,a1) <X G (bgo,ap). Hence (2.4) holds
for n = 0. Assume that (2.4) holds for some fixed n € N. As F is G-increasing with respect to <,

we get

G(@n+1,bn+1) =F (an,by) S F(an+1,0n4+1) = G(an+2,bn+2)
and

G (bp+2,an+2) =F (by+1,an+1) S F(by,an) =G (bn+1,an+1).

Thus holds for all n € N. Denote
£, = n(G(an, bn),G(an+1,bn+1));'n(G(bn7an),G(bn+1,an+1))
for all n € N. Since G(a,,b,) < G(an+1,bn+1) and G(b,,a,) = G(byi1,0,+1), from and
(2.3), we have
(p(n(G(an+1, bn+1),G(an+2,bn+2))+n(G(bn+1,an+1),G(bn+2,an+2)))
2
(n(F(an,bn),F(an+1,bn+1))+17(F(bn,an),F(bn+1,an+1)))
2
(n(G(an,bn),G(an+1,bn+1))+n(G(bn,an),G(bn+1,an+1)))
2
_w(U(G(an,bn),G(arwl,bn+1))+W(G(bn,an),G(bn+1,an+1))).
2

4

IA

@

(2.5)

Similarly, we have
(p(n(G(bn+2>an+2)>G(bn+1’an+1))+77(G(an+2,bn+2),G(an+1, bn+1)))
2
(p(n(F(bn+1,an+1),F(bn,an))+n(F(an+1,bn+1),F(an,bn)))
2
(U(G(bn+1,an+1),G(bn,an))+U(G(an+1,bn+1),G(an,bn)))
2

—y (n(G(bn+laan+1)aG(bn,an))+77(G(an+1, bn+1)aG(anabn)))
5 .

IA

4

(2.6)

Adding and (2.6)), we have
20(tn+1) =29 (n) -2y (2n)
or equivalently,
Pnr1) = @En)—y(ty). (2.7

Since v is non-negative and the monotonicity of ¢, it follows that the sequence {¢,} is monotone

decreasing. Hence, there is some ¢ = 0 such that ’}im t, =t. We claim that ¢ = 0. Suppose, to the
—00

contrary, that ¢ > 0. Taking limit as n — oo on both sides of (2.7) and using the property of ¢
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and v, we have
p®)= lm @(t,)< Hm [@(tn-1) -y (tn-1)]
= (P(t)_tl_i?ltu/(tn—l) <()

a contradiction. Hence ¢ = 0, that is
lim T](G (anabn)yG(an+17 bn+1))+n(G(bn>an)>G(bn+laan+1))

n—+o0 2

= lim ¢(¢,)=0. (2.8)
n—+oo

Now, we show that (G (an,b,),G (b,,a,)) is Cauchy sequence in K? endowed with the metric Y
defined by

Y ((a,d),(c,d)) =n(a,c)+n(b,d) (2.9)
for all (a,b), (c,d) € K2. If (G(an,bn),G(by,,a,)) is not a Cauchy sequence in (K2,Y). Then

there exists € > 0 for which we can find two sequences of positive integers (m (k)) and (n(k))
such that for all positive integer k& with n(k) > m (k) >k, we have

Y (G (@m) b)) G (Bmik)s @mk)) > (G (@niiys briiy) » G (Briry» @ni))) o,
2 b

(2.10)
Y ((G (@m@e) bmaa) , G (Bmwy, @mw)) » (G (@ni)-1,bn-1) G (bniir-1,3nckr-1))) _
5 <
By (2.9), we get
iy = NG (@m0, bmp) G (@ncey, b)) '2H7 (G (brmry amd) G (bnity, anw)) _ (2.11)
and
1(G (@mk), bmw) s G (@n)-1,0n0)-1)) ;”7 (G (bt @m) G (bny-1,n0-1)) _ (2.12)
By (2.11), and using triangle inequality, for £ = 0, we have
E<TNE
_ (G (@m@,bmw) G (@n)-1,0nt)-1)) + 1 (G (2nk)-1,0nk)-1) , G (@nck), briy))
- 2
o G (brh), @), G (buy-1,ntr-1)) +11 (G (bnih)-1,@n)-1) G (Oncky, @)
2
SE+Ink)-1-
Letting £ — oo and using in the last inequality, we obtain
nh_g)lonk =¢. (2.13)
Again, from the triangle inequality,
i = MG (@m0, bmt) .G (@ntty, i) + 1 (G (Brmity, Em) , G (B, 2n))
2
N (G (am@), bm)) s G (@m@E)+1,bmy+1)) + 1 (G (@m@)+1, Om)+1) G (@nii)+1, Oniiy+1))

2
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(G (ank)+1,0nk)+1) G (@n), buy)) + 1 (G (b, @mk)) » G (Bmik)+1,Emky+1))
2

(G (bmky+1,@mk)+1) s G (Bay+1,any+1)) + 1 (G (Briy+1,@nky+1) s G (bnky @n))
2

(G (@mk), bm@)) sG (@mt)+1,bmiy+1)) + 1 (G (bmk)s @m)) s G (bmi)+1,Cmk)+1))
2

N (G (@mpy+1,0mt)+1) G (@nty+1,Oniiy+1)) + 1 (G (Bmky+15@mk)+1) s G (Briey+1,Unik)+1))

+

+

+

2

(G (ank)+1,0nt)+1) G (@nii), bniy)) + 1 (G (bny+1,nk)+1) s G (Onkys @ney))

+
2

=tmk) T tnk)

N 1 (G (@m@)+1,0mt)+1) G (@nty+1,bniiy+1)) + 1 (G (Bmky+1,@mky+1) » G (bngey+1,Gnik)+1))

2
From the monotonicity of ¢ and (¢iii), we get

(G (@mp)+1,0mek)+1) G (@n)+1,bnk)+1))

2
@ (k) < @ (tmmw) + @ (tnw) + o . (2.14)
1 (G (bm)+1,amE)1) G (Ba)+1,nk)+1))

2

Then by and (2.4), we have
(77 (G (@mk)+1,0m)+1) G (@niy+1:0nky+1)) + 1(G (O mk)+1,8my+1) G (bn(k)+1,an(k)+1)))

2

:(p(n(F (@mik), bmet)) , F (@nie, bnii)) +7 (F (bm<k),am(k)),F(bnae),an(k))))
2

0 (17 (G (@m@, bm@) G (2nk); Oniy)) + 1 (G (B, amew) , G (bn(k),an(k))))
B 2

. (77 (G (am@); bmy) s G (@nieys b)) +1 (G (Bmcty, amep) , G (bn<k>,an<k>)))

2
=@ () — v (ne). (2.15)
From (2.14) and (2.15), we have
@ (k) < @ (tme) + ¢ (tncw) + @ (1) = (1) - (2.16)

Letting £ — oo and by (2.8), (2.13) and the properties of ¢ and v in (2.16), we get
pe)= w(0)+¢(0)+¢(e)—]311£10w(nk)

=(e) _7112218W(nk) <¢(e)

which is a contradiction. Therefore, (G(a,,b,),G(b,,a,)) is Cauchy sequence in (K 2,Y) which
implies that (G (a,,b,)) and (G(b,,a,)) are Cauchy sequence in (K ,n). Since K is a complete
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metric space, there exists a, b € K such that

r}irgG(an,bn) = JLI&F(an,bn) =a, ,}i_,%loG(b"’an) = ,}LIEOF(b”’a”) =b. (2.17)
Since the pair {F,G} satisfies the generalized compatibility, by (2.17), we have

NF(G(@n,07),G(br,a1)),GF (an,bp),F(bn,az))—0asn— oo (2.18)

NF (G(bp,ar),G(@n,b,)),G(F(by,an),F (@n,br))— 0 as n — oco. (2.19)

Suppose the assumption (a) holds. For all n € N, we get
n(G(a,b),F(G(an,b,),G(by,a,)))
=1n(G(a,0),G(F(an,br),F(bn,ar))
+10(G(F (@n,bn),F (bn,an)),F(G(an,br),G(bn,ar)).
Letting n — oo, by (2.17) and (2.19), and since F' and G are continuous, we have
G(a,b)=F(a,b). (2.20)

Similarly, we show that
G(b,a)=F(b,a). (2.21)
Hence (a, b) is a coupled coincidence point of F and G.

Next, suppose the assumption (b) holds. From (2.4) and (2.17), we obtain (G (a,,b,)) is
non-decreasing sequence, G(a,,b,) — a as n — oo and (G(b,,a,)) is non-increasing sequence,

G(b,,a,)— b as n — co. Hence, we obtain

G(any,b,)<aand G(b,,a,)=b. (2.22)
Since the pair {F,G} satisfies the generalized compatibility and G is continuous, from (2.19), we
get
nli_.IEoG(G(a”’b”)’G(b”’a”)) =G(a,bd)
= lim G (F(an,bn),F (bn,an))
= lim F(G(@r,b,),G(bn,a,)) (2.23)
and

lim G(G(bn,an),G (an,bn)) =G(b,a)

= lim G(F(by,a,),F (a,,b,))

n—oo

n—oo

Next, we have

n(G(a, b),F(a, b)) = I}LIEOTI(G(F(an, bn),F(bnyan)),F(aa b))

= r}i_{gon(F(G (an,b,),G(b,,a,)),F(a,b)).
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Since G has the mixed monotone property, it follows from (2.22) that G (G (a,,b,),G(b,,a,)) <
G(a,b) and G(G(b,,a,),G(a,,b,)) = G(b,a). By (2.1), (2.23) and (2.24), we have
(p(17(F(a,b),G(a,b)+17(F(b,a),G(b,a)))

2
. (77(F(a,b),F(G(an:bn)yG(bn,an))+n(F(b,a),F(G(bn,an),G(an,bn)))))
= Jim >
. (n(G(a,b),G(G(an,bn),G(bn,an))+n(G(b,a),G(G(bn,an),G(an,bn)))))
=0 >
_ l1m w(T](G(a,b)yG(G(an,bn)yG(bn,an))+n(G(b,a),G(G(bn,an),G(an,bn)))))
n—o0 2 )
By lim y(¢) =0, we have
t—0+
(n(F(a,b),G(a,b)+n(F(b,a),G(b,a)))
4 2
. 77(G(a,b),G(G(ambn),G(bn,an))+n(G(b,a),G(G(bn,an),G(an,bn))))
= jim o 2 |
=¢(0)=0.

As ¢ is nonnegative and ¢ (0) =0, we get
n(F(a,b),G(a,b))=0 and nF(b,a),G(b,a))=0;
that is;
F(a,b)=G(a,b) and F(b,a)=G(b,a).

This completes the proof. O

The commuting maps {F',G} are generalized compatible. Therefore, we have the following
Corollary.

Corollary 1. Let (K,<) be a partially ordered set, and suppose there is a metric n on K such
that (K,n) is a complete metric space. Assume that F, G : K 2 _ K are two commuting mappings
such that F is G—increasing with respect to <, G is continuous and has the mixed monotone

property, and there exists two elements ag, bg € K with
G(ao,b0) < F(ap,b0) and G(bo,ap) = F(bo,ao).
Suppose that the inequalities and hold and either
(a) F is continuous or;

(b) K has the following properties:

(b1) if a non-decreasing sequence {a,} — a, then a, <a for all n,

(b2) if a non-increasing sequence {b,} — b, then b < b, for all n.

Then F and G have a coupled coincidence point in K.
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Definition 13 ([11]). Let (K, <) be a partially ordered set and F: K2 - K and g: K — K. We
say that F is g-increasing with respect to < if for any a, b € K,

ga1 < gag implies F(a1,b)<F(az,b)
and

gb1<gby implies F(a,b1)<F(a,bs).

Next, we infer an analogous result to Theorem 2.1 of Jain et al. [14, Theorem [1]] without
g—mixed monotone property of F' as follows.

Corollary 2. Let (K,<) be a partially ordered set, and suppose there is a metric n on K such
that (K,n) is a complete metric space. Let F :K? > K and g : K — K be two maps with F is
g—increasing with respect to <, and there exists ¢ € ® and v € ¥ such that
0 (n(F(a,b),F(C,d))+T}(F(b,a),F(d,C)))
2
(n(ga,gc)m(gb,gd)) _w(n(ga,gc)m(gb,gd)
2 2

forall a, b, c, d € K with ga < gc and gb = gd. Suppose F(KQ) c g(K), g is continuous and

<

monotone increasing with respect to <, and the pair {F, g} is compatible. Also suppose that either
(a) F is continuous or;

(b) K has the following properties:

(b1) if a non-decreasing sequence {a,}— a, then ga, < ga for all n,
(b2) if a non-increasing sequence {b,} — b, then gb < gb,, for all n.

If there exists two elements agy, bg € K with gag < F (ag,bo) and gbgy = F (by,ap). F and g have
a coupled coincidence point in K.

Corollary 3. Let (K,<) be a partially ordered set, and suppose there is a metric n on K such
that (K,n) is a complete metric space. Let F : K> — K and g : K — K be two maps with F is
g—increasing with respect to <, and there exists ¢ € ® and v € V¥ such that
0 (n(F(a,b),F(c,d))+17(F(b,a),F(d,C)))
2
(n(ga,gc)m(gb,gd)) _w(n(ga,gc)m(gb,gd))
2 2

forall a, b, ¢, d € K with ga < gc and gb = gd. Suppose F (K?) < g(K), g is continuous and

%

monotone increasing with respect to <, and the pair {F,g} is commuting. Also suppose that

either
(a) F is continuous or;

(b) K has the following properties:

(b1) if a non-decreasing sequence {a,} — a, then ga, < ga for all n,

(b2) if a non-increasing sequence {b,} — b, then gb < gb,, for all n.
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If there exists two elements ag, bg € K with gag < F (ag,bg) and gbg = F (bg,ap). F and g have

a coupled coincidence point.

Definition 14 ([11]). Let (K,<) be a partially ordered set and F : K2 — K. We say that F is
increasing with respect to < if for any a, b e K,

a1 <ag implies F(ai,b)<F(ag,b)
and

b1 <bs implies F(a,b1)xF(a,bs).

Corollary 4 ([4]]). Let (K,<) be a partially ordered set, and suppose there is a metric n on K
such that (K ,n) is a complete metric space. Let F : K% — K is an increasing map with respect
to <X and there exists two elements ag, bg € K with ag < F (ag,bo) and by = F (bg,aq). Suppose
there exists ¢ € ® and v €V such that
n(F(a,b),F(c,d))+nF(b,a),F(d,c)) n(a,c)+n(b,d) n(a,c)+n(b,d)
% =@ -V
2 2 2
forall a, b, ¢, d € K with a <c and b = d. Also suppose that either

(a) F is continuous or;
(b) K has the following properties:

(b1) if a non-decreasing sequence {a,} — a, then a, < a for all n,

(b2) if a non-increasing sequence {b,} — b, then b < b, for all n.

Then F has a coupled fixed point.

Remark 2. (i) Theorem [2|generalized and improved Theorem 15 in [11].

(i1)) Theorem 2 generalized and improved Theorem 3.1 of Alotaibi and Alsulami [2] without
g-mixed monotone property of F'.

(iii) Theorem [2| generalized and improved Luong and Thuan [13] and Bhaskar and
Lakshmikantham [5] without the mixed monotone property of the concerned mapping F'.

Now, we shall prove the uniqueness of coupled fixed point. Note that if (K, <) is a partially
ordered set, then we endow the product K2 with the following partial order relation:

(a,b) < (c,d) ¢ G(a,b)<G(c,d) and G(b,a)=G(d,c),

where G : K2 — K2 is one-one.

Theorem 3. In addition to the hypotheses of Theorem 2| suppose that for every (a,b), (m,n) € K2,
there exists another (c,d) € K2 which is comparable to (a,b) and (m,n). Then F and G have a
unique coupled coincidence point.
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Proof. By virtue of Theorem |2, the set of coupled coincidence points of F' and G is non-empty.
Suppose (a,b) and (m,n) are coupled coincidence points of F and G, that is,

F(a,b)=G(a,b), and F(m,n)=G(m,n),
F(b,a)=G(b,a) Fn,m)=G((n,m).

By assumption, there exists (c,d) € K2 such that (c,d) is comparable to (a,b) and (m,n). We
define sequences {c,}, {d,} as follows

co=c,do=d,F(cp,d,)=G(cpt1,dn+1) and F(d,,cn) =G (dpi1,¢n41) forallneN.

Since (c,d) is comparable with (a,b), we assume that (a,b) < (¢,d) = (¢co,dy) which implies
G(a,b) < G(co,dg) and G(b,a) = G(dy,co). We assume that (a,d) < (c,,d,) for some n e N. We
prove that

(a,b)<(cps1,dn+1) for all n e N.

Since F' is G increasing, we have G(a,b) < G(c,,d,) implies F(a,b) <X F(c,,d,) and G(b,a) =
G(d,,c,) implies F(b,a) < F(d,,c,). Then, we have

G(a, b) =F(a, b) < F(Crwdn) = G(Cn+1> dn+1)
and
G(b,a)=F(b,a) =F(d,,cn)=G(dn+1,Cn+1)-

Hence we obtain

(a,b) < (cp,d,) for all n e N. (2.25)
Denote
A, — n(G(a,b),G(cmdn))+T](G(b,a)7G(dn,cn))
" 2
for all n e N.

Using (2.I) and (2.25), we have
0 (n(G(a,b),G(cn+1,dn+1));n(G(b,a),G(dnﬂ,cnu)))
:(p(n(F(a,b),F(cn,dn));rn(F(b,a),F(dn,cn)))
- (p(TI(G(a,b),G(cn,dn));n(G(b,a),G(dn,cn)))
_w(TI(G(a,b),G(Cn,dn));‘U(G(b,a),G(dn,cn))).

(2.26)

Similarly, we obtain
(p(n(G(dn+lycn+1)>G(b,a))+n(G(cn+1,dn+1),G(a,b)))
2
_ (p(U(F(dn,cn),F(b,a))+17(F(Cn,dn),F(a,b)))
2
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a 2
_w(n(G(dn,cn),G(b,a))+n(G(Cn,dn),G(a,b)))

2 (2.27)

Adding (2.26) and (2.27), we have
or equivalently,

PAns) = @A) —w(Ay). (2.28)

Since v is non-negative and the monotonicity of ¢, it follows that the sequence {1,} is monotone

decreasing.Thus, there is some A, =0 such that ’}LIEO An = A. We claim that A = 0. Suppose, to

the contrary, that A > 0. Taking limit as n — oo on both sides of and using the property of

¢ and v, we have

n(G(a,b),G(cn,dn))+1n(G(b,a),G(d,,cn)) -
2

PV =)~ lim v o)

which is a contradiction. Therefore A =0, i.e.,
T](G(a, b)yG(Cna dn)) + T](G(b;a)9G (dn7 Cn)) _

lim A, = lim 0. (2.29)
n—oo n—oo 2
Hence, it follows that
lim n(G(a,b),G(cn,dy)) = lim n(G(b,a),G(d,,c,))=0. (2.30)
n—00 n—-oo
Similarly
lim 7(G (m,n),G (cn,dp)) = lim (G (n,m),G (dn,cy)) =0. (2.31)
From (2.29) and (2.31), we have G(a,b) = G(m,n) and G(b,a) = G(n,m). This completes the
proof. O

Example 1. Let K =[0,1] endowed with the natural ordering of real numbers. Let n(a,b) =
la —bl, for all @, b € K. Then (K,n) is a complete metric space. Let F, G : K — K be defined by

a?-b2

— ifa=bd
Fa,b)={ 16 =%

0 ifa<bd

and

2_b2 ifa=b
Ga,b) = a Ta> ,

0 ifa <b.

Clearly, G is continuous. Also, F' is G—increasing.
Now, we prove that for any a, b € K, there exists ¢, d € K such that F(a,b) = G(c,d) and
F(b,a)=G(d,c). Let (a,b) € K? be fixed. It is easy to see the following cases.

Case 1: If a = b, then we have F(a,b) =0=G(a,b) and F(b,a)=0=G(b,a).
a?-b2 _G(a b

2: If h h F = - =
Case a > b, then we have F(a,b) 16 o

b a
) and F(b,a)—O—G(Z,Z).
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a b b2 —a? b a
: If h h F =0=G|—-,— F = =G|—=,—].
Case 3 a < b, then we have F(a,b)=0 G(4,4) and F(b,a) 16 G(4,4)
Now, we show that the pair {F',G} satisfies the generalized compatibility hypothesis. Let (a,)
and (b,) be two sequences in K such that

{ lim F(a,,b,) = lim G(an,by) =21,

nle F(b,,a,)= 7}1_)m G(b,,a,) = xs.

Then we must have x; = 0 = x9 and one can easily prove that
T](F(G(anabn)>G(bn,an)),G(F(an,bn)aF(bnaan))) —0 asn— +00,
U(F(G(bn,an),G(an,bn)),G(F(bn,an),F(an,bn))) —0 asn — +oo.

Let ¢,y : [0,00) — [0,00) be defined by ¢(¢) = %, w(t) = % for all £ = 0. Now, we verify the

contraction forall a, b, ¢, d € K, with G(a,b) < G(c,d) and G(d,c) < G(b,a). We have the

following cases.

Casel:a=b,c=d. Then
(p(n(F(a,b),F(c,d))+17(F(b,a),F(d,c)))

2
3 (n(F(a,b),F(c,d))+1(0,0)
:Z( 2 )
3 (a2-b2 ¢2-d?\ 3|a2-b% (2-d?
=§n( 16 16 ):§ 16 16
<§|(a2—b2)—(02—d2)|+|(0L2—b2)—(c2—d2)|
8 16
_3l@®-b%—(c?-d?)[ +|@® - b*) - (c? - d?)|
8 2
3|(a2—b2)—(02—d2)|+|—1||[b2—a2)—(d2—cz)|
~2 2
3|(a2—b2)—(02—d2)|+|—1||(b2—a2)—(d2—02)|
8 2
:(p(n(G(a,b),G(c,d))+n(G(b,a),G(d,c)))
2
_w(n(G(a,b),G(c,d))+17(G(b,a),G(d,c))).
2

Case2: a=b,c<d. Then
(p(n(F(a,b),F(c,d))+n(F(b,a),F(d,c)))

2
§(n(F(a,b),F(c,d))+n(F(b,a),F(d,C)))
4 2

3 a? - b2 d? - c?
‘é{"( 16 ’0)“7(0’ 16 )}
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_3{a2_b2+d2_02}_3 (a2—b2)—(02—d2)
8| 16 16 | 8 16

- §{(a2 _ b2)_(c2 —d2)} + {((12 _ b2)_ (02 —d2)}

8 16
- 3 {(a®-b%)—(c?2-d?)} +{(a® - b?) — (2 - d?)}

8 2
3 {(@®-b%) - (c?-d?)} +{(d® - c®) — (-a® + b?)}

8 2
_3{@®-bH)—(?-d?)} +{(d® - ) - (-a® + b?)}

4 2

3{(a?-b%)—(c?2-d?)} +{(d?-c?) - (-a? +b?)}

8 2

:(p(n(G(a,b),G(c,d))+n(G(d,c),G(b,a)))
2
_w(n(G(a,b),G(c,d)Hn(G(d,c),G(b,a))).
2

Case 3: a<b, c=d. Then
(p(n(F(a,b),F(C,d))+n(F(b,a),F(d,C)))
2

n(F(a,b),F(C,d))+n(F(b,a),F(d,C)))
2

3
4

3 c2 —d>? b2 g2 3(c2-d? b%2-a?
8 "(O’ 16 )+"( 16 ’O)}:§{ 16 16 }
3{(c2-d?)+ (b2 -a?)} +{(c2-d?) + (b2 -a?)}

8 16
3
8
3
4

—_— A T

o (n(G(C,d),G(a, b)) +n(G(b,a),G(d, C)))
2
_y (n(G(C,d),G(a,b)Hn(G(b,a),G(d,C)))
5 .

Case 4: a<b,c<d. Then
(p(n(F(a,b),F(c,d))+17(F(b,a),F(d,c)))

2
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3 (1n(0,0)+n(F(b,a),F(d,c))
:Z( 2 )

3 (b%2-qa? d%2-c2 3|b%2-a? d2%-c?
=§n( 16 ° 16 ):§ 16 16
_3[(6*-a®) - (d*-c?)| +|(b* - a?) - (¢* - 7|

8 16
_3|(*-a?) —(d?-c?)| +|(b* - a®) - (d* - )|

8 2

31-1l|(a®-b%) = (c* = d?)| +|(b* - a®) - (d* - ?)|
"1 2

31-1|(a® - %) - (¢* - d?)| +| (6 - a®) - (d* - )|

8 2

:(p(n(G(a,b),G(c,d))+n(G(b,a),G(d,c)))
2
_w(n(G(a,b),G(c,d))+n(G(b,a),G(d,c)))'
2

Thus, the inequality (2.1) of Theorem 2| holds.
Therefore, all the conditions of Theorem |2/ are satisfied and (0,0) is a coupled coincidence
point of F' and G.

3. Conclusion

Our theorems and corollaries improve the coupled common fixed point theorems for a generalized
compatible pair of mappings in Jain et. (2012), Hussain et al. (2014), Alotaibi and Alsulami
(2011), Luong and Thuan (2011) and Bhaskar and Lakshmikantham (2006). Farther, we deduce
coupled fixed point results without mixed monotone property of F'. Within the future scope of
the idea, reader may indicate
(1) the existence of a coupled coincidence point theorem for a -((p, w) -contractive mapping in
partially metric spaces via the notion of M-invariant set (for the definition of this notion,
see [6]),
(2) some existence and uniqueness results for coupled coincidence point and common fixed
point of ((p,w) -contractive mappings in complete metric spaces involving a graph.
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