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1. Introduction

The concepts of fuzzy sets and fuzzy set operations were firstly introduced by Zadeh [24], several
authors have discussed various aspects of the theory for applications of fuzzy logic control [21,22]
and more applications see [1,2,4,5,(13,23]. In 1986, Matloka [7]], given some basic theorems
for sequences of fuzzy numbers. Afterwards, Nanda [11] studied and discussed the sequences
of fuzzy numbers and showed that the set of all convergent sequences of fuzzy numbers
form a complete metric space. In 1993, Marouf [6] presented definitions for asymptotically
equivalence sequences and asymptotic regular matrices. Later, Patterson [14] extended by
present an asymptotical statistical equivalence analog of these definitions and natural regularity
conditions for nonnegative summability matrices. In 2006, Patterson and Savas [15] extended
the definitions of Patterson in [14] to lacunary sequences. In 2007, Savas [[16]] presented
the new concept which is a natural combination of the notion of asymptotically lacunary
statistical equivalence convergence of fuzzy numbers. On the other hand, the notion of double
sequences has been defined by Mursaleen and Edely [8,9]]. Further of this concept we can see
in [10,17-20]] and others. The subject of this paper is to presenting the asymptotically double
lacunary statistical equivalence, strongly asymptotically double lacunary statistical equivalence
of sequences of fuzzy numbers and give some relations among these new notions.

2. Preliminaries

In this section, we give some definitions and basic concept of them for the main results of this
paper. A fuzzy number is a function X from R” to [0, 1] satisfying

(1) X is normal, i.e. there exists an xg € R"” such that X (x¢) =1;
(i1) X is fuzzy convex,i.e. forany x,y e R* and 0 <A1 <1, X(Ax+(1—-A)y) = min{X (x), X (y)};
(iii)) X is upper semi-continuous;

(iv) The closure of {x € R" : X(x) > 0}, denoted by X?, is compact.

These properties imply that for each 0 < @ < 1, the a-level set X = {x e R" : X(x) = a} is a
nonempty compact convex, subset of R” as the support X°. Let L(R"™) denote the set of all fuzzy
numbers. The linear structure of L(R") induces addition [X + Y] and scalar multiplication 1X,
A €R, in terms of a-level sets by

[X+Y1*=[X1*+[Y]* and [AX]*=A[X]* (X,Y e L([R"), LeR)

for each 0 < @ < 1. Define for each 0 < ¢ < oo,

1 1/q
dq(X,Y) = (f 600(X“,Y“)q)
0

and do, = sup 0,o(X%,Y %) where d, is Hausdorff metric.
O<a<l1

Clearly do(X,Y) = lim d4(X,Y) with d, < d,, if ¢ <r. Moreover d, is a complete, separable
q—00

and locally compact metric space (for more details see [3]). Throughout the paper, d will denote
dq with 1< g <oo.
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Definition 2.1 ( [16]). A sequence X =(X}) of fuzzy numbers is a function X from the set N of
natural numbers into L(R"). The fuzzy number X, denotes the value of the function at n e N
and is called the nth term of the sequence.

Definition 2.2 ( [16]). A sequence X = (X}) of fuzzy numbers is said to be convergent to a fuzzy
number X, written as klim X = X, if for every € > 0 there exists a positive integer Ny such

that d(X};,X) < € for all_l:ao; No.

Definition 2.3 ( [16]). A sequence X = (X}) of fuzzy numbers is said to to be bounded if the set
{X}1 : k €N} of fuzzy numbers is bounded.

We denote by w(F') the set of all sequences X = (X},) of fuzzy numbers, c(F) the set of all
convergent sequences of fuzzy numbers and [,,(F) the set of all bounded sequences of fuzzy
numbers. It is straightforward to see that c(F') c [o(F) c w(F'). Furthermore, ¢(F) and [ (F)
are complete metric spaces (see also [11]]).

3. Definitions and Notations

Definition 3.1. Two sequences X = (X;) and Y = (Yz) of fuzzy numbers are said to be
asymptotically statistical equivalence if
X
lim d (—k, 1) =0  (denoted by X £Y).
k—o0 Y:

Nuray and Savas [13] defined the concept of statistically convergence of a sequence of fuzzy
numbers as follows:

Definition 3.2. A sequence X = (X}) of fuzzy numbers is said to be statistical convergent to a
fuzzy number L if for every € > 0,
1
lim — |{the number ofk <n :d(X,L)} =¢|=0.
n—oon
By combining the notion of asymptotically equivalence and statistical convergence, we can
write the following definition:

Definition 3.3. Two sequences X = (X;) and Y = (Y) of fuzzy numbers are said to be
asymptotically statistical equivalent of multiple L if provided that for every € > 0,

1
lim — =0

n—oopn

SL(F)

X
{the number ofk <n:d (?k,L) > 8}
k

(denoted by X
support Y does not contain 0.

Y and simply asymptotically statistical equivalent if L = 1.) Note that

By a lacunary sequence 6 = (k,), where kg = 0, we will mean an increasing sequence of
nonneqative integers with 2, —k,_1 — oo as r — co.
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The intervals determined by 6 will be denoted by I, =(k,-1,k,]. We write A, =k, —k,_1 and
the ratio &, /k,_1 will denoted by g

Nuray [12] introduced the concept of lacunary statistical convergence of fuzzy numbers as
follows:

Definition 3.4. A sequence X = (X}) of fuzzy numbers is said to be lacunary statistical
convergent to a fuzzy number Lif for every € >0,

1
lim >~ 1{k €1, :d (Xp, L) 2 £} = 0.

r—00
(denoted by Sg—lim X = L and the set of all lacunary statistical convergent sequences to a fuzzy
number L by Sy(X)).

Savas and Mursaleen [19] introduced the concept of statistically convergence of a double
sequence of fuzzy numbers as follows:

Definition 3.5. A sequence X = (X}, ;) of fuzzy numbers is said to be statistically convergent to
a fuzzy number X if for every € > 0,

lim iH(k,l);kSm and I <n:d(Xx;,Xo)=¢e}|=0.

m,n—o00 mn
In this case we write stg —lim X} ; = Xo and the set of all statistically convergent double
sequences is denoted by sto.

The double sequence 0, ; = {(k,,l;)} is called double lacunary if there exist two increasing
sequences (k,) and (I,) of integers such that

ko=0, h,=k,—k,_1—00
and
lo=0, h,=ls—1s_1— oo.
Notation. &, s =k,ls, h, 5= hhs, 0, s is determined by I, s ={(k,]):k,_1 <k <k, and
lso1<l<ls), qr= kk—l qr= ll—_l and qrs = qrqs-
Savas [17]] introduced the concept of lacunary statistically convergence of a double sequence

of fuzzy numbers as follows:

Definition 3.6. Let 0, ; be a double lacunary sequence. A sequence X = (X} ;) of fuzzy numbers
is said to double lacunary statistically convergent to a fuzzy number X if for every £ >0,

1
lim h_ |{(k;l) €Ir,s . d(Xk,l7X0) = £}| =0.
r,s

r,s—00

In this case we write Sy, —limX;; = Xo and the set of all double lacunary statistically
convergent double sequences is denoted by Sy,  (F).

From these result as above, we introduce the new concept by the following definitions:
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Definition 3.7. Let 0, ; be a double lacunary sequence and p = (pr;) be a bounded double
sequence of positive real numbers. Then, the two double sequences of fuzzy numbers X = (X} ;)
and Y = (Y} ;) are said to be strongly asymptotically double Cesaro statistical equivalent of
multiple Lprovided that,
lim — 3 Yd (@,L)pk’l =0.
mn—comn =1 i=3 \ Yk,

L
(denoted by X o ¥ Y and called strongly asymptotically double Cesaro statistical equivalent, if
L=1)

Definition 3.8. Let 0, ; be a double lacunary sequence. Then, the two double sequences of fuzzy
numbers X = (X} ;) and Y = (Y} ;) are said to be asymptotically double lacunary statistical
equivalent of multiple L provided that for every £ >0,

Xr
(kD) el s d|SH L]z
Y,

lim =0.
r,s—00

r,s
Sgr s(F)

(denoted by X "~ Y and called asymptotically double lacunary statistical equivalent, if

L=1).

Definition 3.9. Let 0, ; be a double lacunary sequence and p = (p ;) be a a bounded double
sequence of positive real numbers. Then, the two double sequences of fuzzy numbers X = (X} ;)
and Y = (Yy;) are said to be strongly asymptotically double lacunary statistical equivalent of
multiple L provided that,
lim 1 Z d (}ﬂ’ )Pk,l o
PETOO N s (ke

N @®

(denoted by X "2 Y and called strongly asymptotically double lacunary statistical equivalent,
ifL=1.)
NP (F)

L
From above definition, if we take pj; = p for all k,1, we write X 7 Py andX "2y

L(p)
L(p) Ny, o (F) .
instead X° ~FyandX "L Y (respectively).
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4. Main Result

Theorem 4.1. Let 0, s be a double lacunary sequence and let X = (X} ;) and Y =(Y} ;) be double
sequences of fuzzy numbers. Then

. Né‘:s (F) Sgr,s (F)
W IfX ~ YthenX ~ Y.
Sk (#) NP (F)

() IfFX,Y €l2(F)and X "2 YthenX "2 Y.
(i) S§ (F)nIZ(F)= Ng;s (F)nI2 (F).

Lp

Proof. () Lete>0and X ~*Y.Then we get

X p X p X p
Y d(ﬁ,L) = y d(ﬁ,L) + y d(—k’l,L)
kel \Yhi ), Yy .y Vi,
’ (k,l)EIr,s,d(m,L)ze (k,l)EIr,s,d(m,L)<£
X1 )p
> d(—’,L
2 Yy,

Gl d 2L 1 )se
B 7,8 Yk,l )=

Xr
(k,Del,s:d|=—,L|=¢
Y,

Xr
(k,D)el,s:d|=—,L|=¢€¢|=0.
Y,

>¢eP

it follows that

lim
r,s—00

r,s

L
Ser,s )

Hence X '~

L

SL (F)
(i) Let X,Y €12 (F) and X "2 Y. Then we can find M > 0 such that

X
d|{—=,L|<M for all £ and [.
Yii

Let € > 0 and N, € N such that
Xr 1
{(k,l) EIr,s :d (m,L)} = (5)

X 1
for all r,s > N,. Putting Ly := {(k,l) €l,s:d (%L) > (%)p } then for all 7,s > N, we have

1 X p 1 X p 1 X p
y d(—k’l,L) - y d(—k’l,L) 4 y d(—k’l,L)
hr,s (keI & Yk,l hr,s (k,1)eLy, Yk,l hr,s (k,1)¢Ly, Yk,l

1 (X €\p
{(k,l)ezr,s .d (mL) > (5) }

X £ %
I.:d|2E Ll<(=
{(k,l)e , d(Yk,l )<(2)}

r,

1 hrse 1 €

< MP.——— + chrs==¢.
hrs ' 2MP " Ry, T2 ¢

(]

hr,s

< -MP +

>

r,s

1

€
hrs 2
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p

Hence X ~"Y.
(iii) This follows directly from (i) and (ii). Hence the proof is completes. O

Theorem 4.2. Let 0, s be a double lacunary sequence and let X = (X}, ;) and Y = (Y} ;) be double
sequences of fuzzy numbers. Suppose that 0 <h =infp; < pp; =H <1. Then

L(p) L
. NQY'S (F) SGT‘S(F)
Q) IfX '~ Y,thenX '~ Y.

L L
) IF X7 2Py then X7 “Py.

N{;‘(p) 7 N
Proof. () Lete>0and X "% Y. Putting Ly :={(k,D el :d (3, L)z e},
Since 0 < h =infp;,; < pp; = H < oo, we have ’

1 X PEr, 1 X Pri 1 X Pk,
y d(ﬂ,L) - y d(ﬂ,L) + Y d(ﬂ,L)
hrs e, \Yil Prs ery, \Yri hrs g ity \ Ykt

1 X Pk
> Y d (—k’l ,L)
hr,s (k,1)EL} Yk,l

1

>

min{e” , ey
Prs iheLy,

X
> {(k,l)el,,s;d(ﬂ,L) 28} min{e”, e}
rs Y,
which implies that
. Xp1
lim (k,D)el,s:d|=—,L|t=¢€|=0.
78— Ny o Yk,l
Sgrs

Hence X ~"Y.
(i1) By the same argument used in proving part (i), we can get this result. O

Theorem 4.3. Let 0, be a double lacunary sequence and let X = (X3 ;) and Y = (Yy;) be
bounded double sequences of fuzzy numbers. Suppose that 0 <h =infpp; < pp;=H <1. Then

@ IFX " Y, then X 1Y,

L L
) IFXT 2Py then X7 2Py,

Proof. (i) Let € >0. Since X = (X} ;) and Y = (Y} ) are bounded, then there exists an integer M
Xy,

such that d (W,;’L) <M. Putting L}, ; := {(k,l) €l s:d (%,L) > 6}, we have

1 Xk,l Pk, 1 Xk,l Pk, 1 Xk,l Pk,
) d(—,L) - ¥ d(Y—,L) ) d(—,L)
s (k,Del, s 8 (k,1)eLyp k.l 8 (k,)¢Lp
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1 1
< Y max{M",MP}+ — Y (e)PH!
hr,s (k,l)€Lk,l hr>s (k,l)eELk,l
1 X
< max{M", MH}— {(k,l) €l :d (ﬂL) > g}
hr,s Yk,l
+max{e” , et}
which implies that
1 X Pk,
lim y d(ﬂ,L) = 0.
IS0 Ry s (keI Y,
NGL(p)(F)
Therefore X =
(i1) By applying the argument used in the proof of part (i), we can get this result. O

Theorem 4.4. Let 0, s be a double lacunary sequence and let X = (X ;) and Y = (Y ;) be a

L
double sequences of fuzzy numbers. Suppose that li;n infq, >1and lign infg,>1. Then X ¢ LEy

L
NP
implies X '~

Proof. Since li;ninf qr>1and lign infg,s > 1, then there exist 6 >0 and §; >0 such that §+1 < q,
and 61 +1< g, for all r,s = 1. This implies that

h, 0 hs 01

k_r> 15 and Z> 1107
Then, we can write

1 X Prl 1 X Dkl
(] = (51
)3 Y h 3 Y,

Rrs (iel,
1 kr g Xk,l Prl k=1 I Xk,l Pkl
N o I

Prs |pm1iz1 \Yay p=1i=1 \YRi
Er ls—1 X5 Prl  k=1l-1 X Pk,
B e
k; 1:21 Yi,i k; 1:21 Y
_kels [ 1 kiid( Bl )p’”
hrs krls k=11=1 Yk,l ’
kr_1l, 1 k=1l X Pkl
- 5 ya(3e)
hr,s kr—lls k=11=1 Yk,l
_ krls—l 1 % ls_ld (Xk,l )Pk,l
hr,s krls—l k=11=1 Yk,l ’

k._ _ kr—11s—-1 X Dk,
n r 1ls 1 1 d( k,l ) .
hr,s k
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L
From the fact X ¢ D& Y, that the terms

1 kL (X Pkl 1 kz1ls (X Prl
T
krls k=11=1 Yk,l kr—lls k=11=1 Yk,l
1 ksl (X Pkl 1 kemllsml (X Pkl
d (—k’l, ) and ——— d (—k’l, )
krls—l k=11=1 Yk,l kr—lls—l k=1 l=1 Yk,l
converge to zero and thus
1 X Dk,
lim Y d (ﬂL) =0.
r,8§—00 hr,s (keI Y,
Ny
Therefore X ~" Y. O
Theorem 4.5. Let 0, s be a double lacunary sequence and let X = (X ;) and Y = (Y} ;) be double
L(p)
Ngrs (F)

sequences of fuzzy numbers. Suppose that limsupq, <oo and limsupgs <oo. X '~ Y implies
r S

Lp)
x7 <Py,

Proof. Since li;n supq, < oo and lign supgs < oo, then there exist B > 0 such that ¢, < B and

L
r,s

gs<Bforallr,s=1.Lete>0andsince X "~ Y, alsothereexist rg>0 and s¢ >0 such that
for every i =rg and j = sg
1 X Dk
gfi,j::—z Zd(ﬂ,L) <E.
hij kel;lel; Vi
Let M =max{a, s:1<r<rpand 1<s<so} and m, n suchthat k,_1<m <k, and l;_1 <n <l;.

So, we have

mnp_11=1
1 kr s d(Xk’l )Pk,l
T kel fmim \Yay
r,s X Dkl
1 ¥ ( y d(ﬁ,L) )
kr-1ls—1 pu=11\(k,Del,, Y
1 70,50 1
- > hpuput P Ppupu
r=1ts-1pu=1,1 r—=1ts-1 (ro<p<r)u(so<u<s)
M 10,80 1
= ﬁ hp,u + W hp,u%,u
r=1ts-1pu=1,1 r=1ts—1 (ro<p<r)u(so<u<s)
M 10,80 1
S MR (e o) -
r=1%s—1 pu=1,1 (p=ro)u(uzsg) r=1ts-1 (ro<p<r)u(so<u<s)
Mkr ls roso £
< 0 -0 Bl

kr—lls—l kr—lls—l
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< MkrolsorOSO

+eB?.
kr-1ls-1

Since %k, and /5 both approach to infinity as both m and n approach to infinity and ¢ is arbitrary,
which implies that

m Pri
lim —ZZd(—’, ) _o.
Y,
oL@V (F)
Therefore X © ~" Y. O

Corollary 4.6. Let 0, be a double lacunary sequence and let X = (X3 ;) and Y = (Y;) be
double sequences of fuzzy numbers. Suppose that 1 < 1i;n supq,<ooand 1< lign supqgs < oo, then

NL(m Loy
0 p
X yex? 20y,

Proof. The result follows immediately from Theorem [4.4) and Theorem O
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