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1. Introduction and preliminaries

Frames for Hilbert spaces were first introduced by Duffin and Schaeffer in 1952 to study some
deep questions in non-harmonic Fourier series. Today, frame theory is a central tool in many
areas such as function space and signal analysis. For an introduction to frame theory (see
(4, 12]).

g-frame, introduced by W. Sun in [18]], is a generalization of frame which covers many
extensions of frames, e.g. pseudo-frames, outer frames, oblique frames, continuous frames, and
fusion frames. Recently, g-frames in Hilbert spaces have been studied intensively.

Since the investigation of Bessel sequences (g-Bessel sequences) is essential for study of
frames (g-frames), in literature there are many studies about Bessel sequences (g-Bessel
sequences). For instance, the authors in [3], have studied finite extensions of Bessel sequences
in infinite dimensional Hilbert spaces. The authors in [16], have investigated some equalities
and inequalities for g-Bessel sequences in Hilbert spaces with pseudo-inverse operators. In the
references [2, 6], the authors showed that the set of all Bessel sequences for H is a Banach
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space and obtained important results. Also, in [7]], the authors gave a C*-algebra structure to
the set of all Bessel sequences for H.

Let H be a separable Hilbert space. Let g8, g.%, g%, and g0 be the set of all g-Bessel
sequences, g-frames, g-Riesz bases, g-orthonormal bases for H, respectively. In this paper, we
show that g8 is a C*-algebra isometrically isomorphic to L(H) (the algebra of all bounded
linear operators of H). Also, we classify g-Bessel sequences for H in terms of different kinds
of operators in L(H). Using a bijection between the set g8 and L(H) we obtain interesting
results in g-frames. Using operator theory tools, we investigate geometry of g-Bessel sequences.
More precisely, we show that g.% is a disconnected open subset of g8, and we characterize the
connected components of g.% . Also, we show that g is arcwise connected and open in g8, and
the set g0 is a both open and closed and arcwise connected.

By using this geometric properties, we get some results, e.g. since g8, g.% are open sets, we
can say that they are stable under small perturbations and since g% is arcwise connected, we
can get some results for the sum of two g-Riesz bases and so on.

Throughout this paper H denotes a separable Hilbert space with inner product (:,-) and
{H; :i € N} is a sequence of separable Hilbert spaces. Also, for every i e N, L(H,H;) is the set
of all bounded linear operators from H to H; and L(H) is the algebra of all bounded linear
operators on H. For an operator T € L(H) we write T* for its adjoint, ker(T) for its kernel, and
R(T) for its range.

In the rest of this section we review several well-known definitions and results. The new
results are stated in Section [2

For every sequence {H;};cn, the space
(Z EBHz) = {(fi)iel\l fieHiieN, Y NIfill? <OO}
ieN 02 ieN
with pointwise operations and the following inner product is a Hilbert space

(f)ien, (8 ieny = Y _{fi,81)-

1eN
A sequence A ={A; e L(H,H;):i €N} is called a g-frame for H with respect to {H; :1 e N} if
there exist A,B > 0 such that for every f e H

AlfIZ < Y IAFIP < BIFIP,
ieN
A,B are called g-frame bounds. We call A a tight g-frame if A =B and a Parseval g-frame if
A =B =1. If only the right hand side inequality is required, A is called a g-Bessel sequence.

If A is a g-Bessel sequence, then the synthesis operator for A is the linear operator,
Z@Hl) —H  Ta(fiien=)_ Alfi.
1eN 02 1eN

We call the adjoint of the synthesis operator, the analysis operator. The analysis operator is

TAZ

the linear operator,

T\:H— (Z @Hl) Trf =Aif)ien-
02

1eN
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We call Sy =TT the g-frame operator of A and Sxf = X AJA;f (f € H).
1eN

If A =(A;)en is a g-frame with lower and upper g-frame bounds A, B, respectively, then the
g-frame operator of A is a bounded, positive and invertible operator on H and

Ay =(SAF ) =B ) (feH)

SO
A-I<Sp<B-I.

The canonical dual g-frame for A = (A;);en is defined by A = (A))jen, where A; = AiS/'\1
which is also a g-frame for H with lower and upper g-frame bounds % and +, respectively. Also
for every f € H, we have

f=2 MAif =) AAS.
1eN 1eN

We say that A = {A; € L(H,H;) : i € N} is a g-frame sequence if it is a g-frame for
span{A’(H;)}ien. A sequence A ={A; € L(H,H;) :1 € N} is g-complete if {f : A;f = 0, for all

*

i € N} = {0}. We note that the g-Bessel sequence A is g-complete if and only if 7', is injective.

We say A is a g-orthonormal basis for H, if
(A;kfl7A‘;kf‘]>:6l,J<fl)f,]>? VfiEHi,fj€Hj,i,j€N
and

Y INFIZP=1FI2 (f e H).

ieN
A sequence A ={A; e L(H,H;):i €N} is a g-Riesz sequence if there exist A,B > 0 such that
for every finite subset FcN, g, € H;,and i € F

2
AY lgil*<| Y Afgi| <BY lgil® 1.1)
el ieF

el
g-Riesz sequence A ={A; e L(H,H;):i €N} is called a g-Riesz basis if it is g-complete, too.

Clearly, every g-orthonormal basis is a g-Riesz basis.
Let A={A; e L(H,H;):ieN} and ©® ={0; € L(H,H;) : i € N} be g-Bessel sequences with
g-Bessel bounds B and C, respectively. The operator Sg : H — H defined by

Sxef =Y. A;Oif, (feH)
1eN

is a bounded operator, [[Spell < VBC, S} =Sea and Sy = Sa.
Two g-Bessel sequences A={A; e L(H,H;):ieN} and © ={0; € L(H,H;) :i € N} are called
dual g-frames if

f=Y AO;f=) O/Af, (feH).

ieN ieN
For more details about g-frames, see [1,, [15], [18].

2. Main results

Let g'B be the set of all g-Bessel sequences for H with respect to (H;);en. In the following
theorem, we show that g*5 is a C*-algebra isometrically isomorphic to L(H).
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Theorem 2.1. Let g'B be the set of all g-Bessel sequences for H with respect to (H;);en. For every
={A; e L(H,H;):i e N} € gB, set |Allgs = IT\Il = ITAll, then (g8, - llgn) is a C*-algebra
isometrically isomorphic to L(H).

Proof. 1t is easy to check that g‘B is a vector space, and |- [ g3 is a norm. Let Y ={Y; e L(H,H;):
i € N} be a fixed g-orthonormal basis for H. Consider the mapping

Ay :g%B — L(H) 2.1)
A=(N)72 — Sya. (2.2)

Clearly, Syx € L(H) and Ay is a well-defined bounded linear operator from g8 to L(H). Consider
the mapping By : L(H) — g8 by By(T) = (Y;T);2,. For every f € H

Y ITAIP =TI <ITIIF1%.
i=1
Therefore (Y;T);2, € g¢°B and By is a well-defined linear operator. Clearly By is the inverse of

Ay. Also, [AY(MI = ISyal = IT3 1 = 1Al go5-

Therefore g8 is isometrically isomorphic to L(H). Completeness of L(H) implies that
(g5, - llg3) is a Banach space.

Now, we define a multiplication on the Banach space g°5. Define -, : B x g5 — g°B by
((A)D21,(0:)72,) — (YiSyaSye);2,, which is well-defined, since for every f € H

Y I1YiSvyaSyefI? = SyaSvef|?
i=1
< 1A g8 ISyefI?
< IAD2 g 1O llgs £ 112
Therefore (Y;SyaSye);2; € 8B. The above relation implies that
ICADF21 g3 (O Dllgm < 10521 g 1A 1l g5
Also, (g8, 43, - | g3) satisfies the usual algebraic rules. Thus (g5, g%, [ - llg) is a Banach
algebra.

Consider the mapping *g5 : g5 — gB by (A;)72; — (Y;Say)72,. It is easy to check that
*go 1s an involution on g5, and for every (A;)72; Eg% (A2, 8B o (A )32 g = II(A; )°°1||2
Moreover, Ay is an algebraic isomorphism. Smce for (©;)72, ,(A )72, € 8B we have

AY((A)721 g3 (0,)721) = Ay((Y;SyASve)ie)
= SY(Y;:SyaSve)2,
=SyaSvye
= Av(AD2DAY(©,)72)),

and
Ay((AD2,7#%) = Ax(YiSav)21 = Sy(risaye
=Say = (Ay(Ay)52)) ™.
Therefore, g8 is a C*-algebra isometrically isomorphic to L(H). O

Commaunications in Mathematics and Applications, Vol. 7, No. 2, pp.|139 , 2016



g-Bessel Sequences and Operators: A. Khosravi and F. Takhteh 143

In the following proposition, we give a characterization of g-Riesz bases.

Proposition 2.1. Let A={A; e L(H,H;):i €N} be a g-Bessel sequence and Y ={Y; € L(H,H;):
i €N} be a g-Riesz basis. Then Sy is an invertible linear operator on H if and only if Ais a
g-Riesz basis. Moreover, S Ay 1= Syx, where A and Y are the dual g-Riesz bases of A and Y,
respectively.

Proof. We know that Spy = TAT]*( since Y is a g-Riesz bases, then T;"( is invertible (see [20]).
Therefore S py is invertible if and only if Ty is invertible and this is equivalent to A is a g-Riesz
basis.

Now, we claim that Syy ! = Syz. Forevery f,geH,
(SayoSyif,8) =(Syif>Syag) =Y. Y (YiAuf,YiAig)

ieNkeN
=Y (Aif,Nig) = (Spif>8)
ieN
=(f.8).
Thus SpyoSyzf = f. Similarly, SyzoSayf =f. 0

The following result has been proved in [18]. By Proposition we give another proof for it.

Proposition 2.2. A sequence A ={A; e L(H,H;):i €Ny} is a g-Riesz basis for H if and only if
there exists a g-orthonormal basis I' ={I'; e L(H,H;) :i € N} for H and an invertible operator T
on H such that A; =T';T, for every i € N.

Proof. Let A={A;e L(H,H;):ieN} be a g-Riesz basis for H, and let I' ={I'; e L(H,H;):i e N}
be a fixed g-orthonormal basis for H. By Proposition T = Sta € L(H) is invertible and
[T = A;, for every i € N.

Conversely, suppose that there exist a g-orthonormal basis I' ={I'; e L(H,H;):i € N} for H
and an invertible operator T' on H such that A; =T';T, for every i € N. Clearly, (I';T);ey is a
g-Bessel sequence. Since I' is a g-orthonormal basis, S(r;7),.,,r = T*. But T* is invertible, then
by Proposition (T;T)ien = (A})ien is a g-Riesz basis for H. O

In the following proposition, we give characterizations of g-frames and g-frame sequences.
Proposition 2.3. Let Y ={Y; e L(H,H;):i e N} be a g-Riesz basis for H and A ={\; e L(H,H;):
i €N} € gB. Then the following statements hold:

(1) Aisa g-frame if and only if S Ay is surjective.

(2) Ais a g-frame sequence if and only if Sy is a closed range operator.

Proof. (1) Clearly, Sny = TAT5. Since Y is a g-Riesz basis, then T is invertible. This easily
implies that R(Spy) = R(TAT]*() = R(T7). We know that A is a g-frame if and only if T is
surjective and this is equivalent to Sy is a surjective operator.

(2) A is a g-frame sequence if and only if 7'y is a closed range operator (see [19]]). Now, a proof
similar to the proof of (1) proves the claim. O
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In the following proposition, we give a characterization of g-Riesz sequences.
Proposition 2.4. Let A={A; e L(H,H;):i €N} be a g-Bessel sequence and Y ={Y; e L(H,H;):
1 €N} be a g-Riesz basis for H. Then the following statements are equivalent:

(1) Aisa g-Riesz sequence.
(2) T is an injective with closed range operator.

(3) Say is an injective with closed range operator.

Proof. (1)=(2) Suppose that A is a g-Riesz sequence, then there exist constants A,B > 0 such
that for every (g;)72 ( Z oH; )

All(gl)oolll = ||TA((gl)°°1)|| <B||(gz)°°1||
This implies that T’y is an injective operator with closed range.
(2)=(1) Suppose that T'j is an injective operator with closed range, then there exists a constant
A >0 such that for every (g;)72, € ( OZO GBHi)[Z

A||(gl)°°1|| <||TA((gz)°°1)||
On the other hand, A is a g-Bessel sequence, then the upper bound condition is fulfilled, too.
Therefore, A is a g-Riesz sequence.

(2)<=(3) Since Y is a g-Riesz basis, then R(Sxy) = R(TATf() = R(Ty). Also, it is easy to check
that S zy is injective if and only if 7'y is injective. Now, by (1)<=(2) the claim is obvious. [

We recall the following definition of g-Besselian frames.

Definition 2.1 ([8]) A g-frame A ={\; e L(H,H; ) i €N} is called a g-Besselian frame for H if
the convergence of Z A 18 implies that (g] 1€ Z ®H;),2.

Proposition 2.5. Let Y ={Y; e L(H,H;):i € N} be a g-Riesz basis for H. Let A ={A; € L(H,H;):
ieN}e g8 and dimH; < oo, for every i e N. Then A is a g-Besselian frame if and only if Sy is
a surjective Fredholm operator.

Proof. Since Y is a g-Riesz basis, easily we can see that dimker7Ty = dimkerS,y. By [8,
Theorem 2.3], A is a g-Besselian frame if and only if A is a g-frame and dimkerT ) < co.
By Proposition this is equivalent to Sy is surjective, and dimker Sy = dimker Ty < oco.
Hence, S Ay is a surjective Fredholm operator.

Let Y ={Y; e L(H,H;):i € .%} be a g-orthonormal basis for H. Consider the mapping
Oy :g8 — L(H) (2.3)
A=(N)72; — Sax. (2.4)
Clearly, Sy € L(H) and Oy is a well-defined bounded anti-linear operator from g3 to L(H).
Consider the mapping Qy : L(H) — g8 by Qy(T) = (Y;T*){2,. For every f € H

o0
S IXGT*FI2= 1T FI% < IT*I21F 11
=1

Commaunications in Mathematics and Applications, Vol. 7, No. 2, pp.|139 , 2016



g-Bessel Sequences and Operators: A. Khosravi and F. Takhteh 145

Therefore (Y;7T%)2, € g8 and Qy is a well-defined anti-linear operator. Clearly @y is the
inverse of Oy. Therefore Oy is a bijection between g8 and L(H). Also, ||Oy(A)|| = Saxll =
1TAll = IITX | = IAllges and this implies that Oy is continuous. O

In the following proposition, by using the bijection Oy, we characterize several classes of
bounded linear operators on H in terms of their corresponding g-Bessel sequences.

Proposition 2.6. Let Y ={Y; e L(H,H;):i € .} be a g-orthonormal basis for H, and Oy be
defied as (2.3). Then the following statements hold:
(1) Let <7 be the set of all unitary operators in L(H). Then
O}l(d) ={A=(N;)}2,€8B: Ais a g-orthonormal basis}.
(2) Let <7 be the set of all invertible operators in L(H). Then
O}l(sz%) ={A=(A;)}2,€8B: Ais a g-Riesz basis}.
(3) Let 7 be the set of all surjective operators in L(H). Then
O;l(gf) ={A=(N)}2,€8B: Aisa g-frame}.
(4) Let <7 be the set of all closed range operators in L(H). Then
0}1(427) ={A=(N;)}2, €8B: Aisa g-frame sequence}.
(5) Let <7 be the set of all injective and closed range operators in L(H). Then
O}l(,fzf) ={A=(N;)}2,€8B: Ais a g-Riesz sequence}.
(6) Let <7 be the set of all partial isometries in L(H). Then
O}l(,gf) ={A=(N;)}2, € 8B : Ais a Parseval g-frame sequence}.
(7) Let < be the set of all co-isometries in L(H). Then
O}l(szf) ={A=(N;)}2, €8B: Ais a Parseval g-frame}.
(8) If dim(H;) < oo, for every i €N, and </ is the set of all surjective Fredholm operators in
L(H), then
O}l(@f) ={A=(N;)}2,€8B: Ais a g-Besselian frame}.
(9) Let <7 be the set of all operators with dense range in L(H). Then
O}l(;z%) ={A=(N)}2,€8B: Ais a g-complete}.

Proof. (1) It is enough to prove that T is a unitary operator if and only if (©;){2, = (Y;T*)2; is
a g-orthonormal basis. Let T be a unitary operator. Then easily we can see (0;)72, =(Y;T%)%2,
is a g-orthonormal basis for H.
Conversely, suppose that (Y;7%)2, is a g-orthonormal basis for H. For every f € H we have
(e 0]
IT*FI% = Y IGT £ =112

i=1
Therefore T' is a co-isometry operator. On the other hand, S(YiT*)‘i’ZlY =T. Since (Y;T*)2,
is a g-orthonormal basis, then it is a g-Riesz basis, too. By Proposition T is invertible.
Subsequently, T is a unitary operator.
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Similarly, we can see that the parts of (2), (3), (4), (5), (8) are consequences of
respectively. We omit details of the proofs.
(6) It is enough to prove that T is a partial isometry if and only if (8;)72, = (Y;T*)2; is a
Parseval g-frame sequence. Let T be a partial isometry, then 7" T = Py .71 (see [5]). Note that
R(T)=span?? (07 H;). If y € R(T), then there exists a x € ker T such that y = Tx. Hence

Iyl = 1Txl|? = x| = | T* Tx|?

- 2_ % 2
=Y YT Txl* =) 1Y Tyl
i=1 i1

Therefore, (0;)72, = (YiT”‘)‘i’Z1 is a Parseval g-frame sequence.
Conversely, Suppose that (Y;T*)?2, is a Parseval g-frame sequence. Then for every x € H
[e.@]
ITxl® = 3 I T Txl® = |1 T Tx)l”.

i=1
Therefore, T* T is Projection. Subsequently, 7" is a partial isometry, see [9, Proposition 4.38].

(7) T € L(H) is a co-isometry if and only if for every x € H

o0

el = 1T*x0% = Y 1Y T* x|,

i=1
Therefore T is a co-isometry operator if and only if (Y;77)2, is a Parseval g-frame, and this
proves the claim.
(9) By the definition of g-completeness, A € g'B is g-complete if and only if T’ is injective and
this equivalent to T's is an operator with dense range. Since Y is a g-orthonormal basis, then
R(T7)=R(SAy). Therefore A € g°B is g-complete if and only if S5y is an operator with dense
range. Now, a proof similar to the proof of (1) proves the claim. O

In the following proposition, using operator theory tools, we investigate geometry of g-Bessel
sequences.

Proposition 2.7. Let g.% be the set of all g-frames, gO be the set of all g-orthonormal bases,
S be the set of all g-Riesz bases, g’ be the set of Parseval g-frames, and gZ%S be the set of all
g-Riesz sequences in g°8. Then the following statements hold.:

(1) The sets g.% and g% are open subsets of g°B.

(2) If H is an infinite dimensional Hilbert space, then the set g% is both open and closed in
g.%, consequently g.% is disconnected.

(3) The set g% is arcwise connected.

(4) The set of connected components of g.% are, precisely {6, : n € NU {oo}}, where
0n={A=(A))2; € gD :dimkerTy =n}.

(5) The set g0 is both open and closed, and arcwise connected in g*83.

(6) The set g7 is closed in g% and g*B.

(7) The sets g7 \ g% and g#S are open subsets of g*B.
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Proof. Let Y ={Y; € L(H,H;):i€ .} be a fixed g-orthonormal basis for H.

(1) Let GL(H) be the set of all invertible operators in L(H), and let € be the set of all surjective
operators in L(H). By Proposition g# = OF1(GL(H)), and g.# = Oy*(¢). We know that
GL(H) is open in L(H) and by [6, Corollary 2.3], € is open in L(H). Now, by the continuity of
Oy, the sets g.7 and g% are open subsets of g*8B.
(2) By [14], Proposition 7.8], GL(H) is both open and closed in €. Since Oy is continuous, then
O;l(GL(H )) = g% is both open and closed in O}l(e) = g.%. Hence, g.7 is disconnected.
(3) By [9, Corollary 5.30], GL(H) is arcwise connected. Since O}l is continuous, then O;l(GL(H )
is arcwise connected in g*5.
(4) By [6, Proposition 2.8], for every n € NU{oo}, €, = {T € L(H) : dimker(T) = n} is the
connected component of €. Since 0}1 is continuous, then O}l(sn) is the connected component of
g7 = 0}1(8). But for every n € NU {oo},

8n =03 (en) = {A = (A2, € gB : dimkerS sy = dimker Ty = n}.

(5) The set of all unitary operators are both open and closed and arcwise connected in L(H), see
[10]. Now a proof similar to the proofs of (1) and (4), proves the claims.

(6) Let €9 be the set of co-isometries in L(H). By [6, Corollary 2.3], ¢ is closed in €. By
Proposition O}l(e) =g.% and 0}1(50) =g . Since Oy is continuous, then g% is closed in
g% . On the other hand, the mapping A : L(H) — L(H) defined by A(T)=TT?*, is continuous.
Since {Ig} is closed in L(H), then A~ {Ig} = ¢, is a closed subset of L(H). Now, by continuity of
Oy, g& is closed in g*B.

(7) The set of surjective and non-invertible operators, and the set of all bounded below operators

(injective and closed range operators) are open subsets of L(H). Now, a proof similar to the proof
of (1) proves the claim. O

By using geometric properties, we can get some new results, e.g. by using Proposition
the following result can be obtained, easily, see also [8, 9].

Proposition 2.8. (1) Let A={A;e L(H,H;):ieN}and © ={0; € L(H,H;) :i € N} be Parseval
g-frames in H, and let T be a bounded operator which satisfies A;T = ©;, for every i € N.
Then T is an isometry operator on H. Moreover, if T is invertible, then it is unitary.
(2) If A\={A; € L(H,H;):i €N} is both a g-Riesz basis and a Parseval g-frame, then it is must
be a g-orthonormal basis.

Proof. (1) For every f € H we have
IF12 =Y 10 £ 117 = Y IA(THI = 1T
i=1 i=1
So T is an isometry, hence T*T =I. If T is invertible, then 7" = T~! and T is a unitary operator.

(2) Let Y ={Y; e L(H,H;):i € N} be a fixed g-orthonormal basis in H. Since A is a g-Riesz basis
and a Parseval g-frame, by Proposition there exists an invertible co-isometry 7'; such that
Ov(A)=T,. Since T is an invertible co-isometry, then T is a unitary operator in L(H). Now,
by Proposition O}l(Tl) = A is a g-orthonormal basis for H. O
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Proposition 2.9. Let Y ={Y; e L(H,H;):i € N} be a g-Riesz basis for H, and let T be a compact
operator in L(H). Then the following statements hold:

(1) (Y;T*)jen is the limit of a sequence of frame sequences in g°B.

(2) If H is an infinite dimensional Hilbert space, then (Y;T");en is never a g-frame.

Proof. (1) Define the mapping Ay : g8 — L(H) by Ay(A) =S 5, where Y is the dual g-Riesz
basis of Y. It is easy to check that Ay is a well-defined anti-linear bounded operator. Consider
the mapping By : L(H) — gB by By(T) = (Y;T*)2,. Clearly, By is a well-defined anti-linear
bounded operator and By is the inverse of A5. Since T is a compact operator in L(H), there

exists a sequence (7,);7 ; of finite rank operators in L(H) such that T),, — T'. Since By = A]Z{l is

continuous, then (Y;T;), = A;[I(Tn) - A;(T) =(Y;T*)?,. For every n €N, S(YiT::r;;Y =T,,
then dimR(S(YiT;;);’le) =dim T}, < oo, and consequently R(S(YiT,’Z)?ZlY) is closed. Therefore by
proposition T2, = A]Z(l(Tn) is a g-frame sequence in g*B, for n € N. Hence (Y;T7");en
is the limit of a sequence of frame sequences in g‘5.

(2) If H is an infinite dimensional Hilbert space, then the compact operator T is not surjective,
see [17]. By Proposition [2.3} (Y;T");en is a g-frame if and only if S(YiT*)‘-"il? =T is a surjective
operator. Therefore if T' is compact operator, then (Y;7T*);cn iS never a gl:frame. O

3. Conclusions

We note that since Riesz bases, frames, oblique frames and fusion frames are special cases of
g-Riesz bases and g-frames, our results hold for all of them. with our results in geometry of g*8
many problems can be investigated.
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