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Abstract. A doubly connected region formed by confocal elliptic cylinders is considered. The cylinder
walls are assumed to be impermeable, and rigid and fully developed flow of couple-stress fluid between
the cylinders is considered. Conformal mapping of the form z = c

(
ζ+ λ

ζ

)
is applied x-y plane to ξ-η

plane to transform elliptical cylinders into concentric circular cylinders. The governing equations are
solved analytically in ξ-η plane using the Frobenius method. The solution obtained is numerically
evaluated and graphically depicted.
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1. Introduction
Some of the heat exchanges use elliptical geometries in order to transport coolants. Confocal
elliptical tubes are used due to efficiency. Bordalo and Saboya [1] have conducted experimental
study to analyse and establish that the pressure drop reduces in case of elliptical geometry as
compared circular, Saatdjian et al. [11] and Mota et al. [8] have established the result that the
performance of con focal ellipse is more optimized and better in comparison to circular cylinders.
Haslam and Zamir [3] have studied pulsatile flow establishing the face that the geometry leads
to Mathieu function which is complicated.

Williams et al. [13] have made three categories of elliptical tubes considering, two ellipses,
circle in ellipse and ellipse inside a circle with free moving inner surface. Matin and Pop [6] have
considered heat transfer due to natural convection in a flow of Copper Nanofluid in eccentric
annulus. Zang and Li1 understood performance of helium purification. Recently, Puranik et
al. [9] have studied flow of Newtonian fluids under heat transfer effect in an annulus formed
by con focal ellipse. They have used the approach of conformally mapping the annular region
to concentric circles following Shivakumar and Ji [12]. All above studies are pertaining to
Newtonian fluids. Mitsuishi and Aoyagi [7], Ebrahim et al. [2], He and Yang [4], Indira et al. [5],
Rashmi and Ramarao [10] have analysed different non-Newtonian fluids flowing in annular
region.

In the present study a couple-stress fluid is considered to be flowing in the annular space
between elliptic cylinders which are con focal. The method used by Puranik et al. [9] and
Shivakumar and Ji [12] is adopted for the fourth order PDE arising out of the flow. Analytical
solution are obtained and graphically presented.

2. Mathematical Formulation
Annular region bounded by confocal ellipses is considered. The walls of elliptic tubes are rigid
and impermeable.

The two ellipses are given by,
x2

α2
1
+ y2

β2
1
= 1 for inner wall,

x2

α2
2
+ y2

β2
2
= 1 for outer wall,

 (1)

with α1 >β1 and α2 >β2 and h =α2
1 −β2

1 =α2
2 −β2

2.
A couple stress fluid is assumed to be is shown in Figure 1 and the governing equations are

given by

∇· q⃗ = 0 , (2)

ρ
[∂q⃗
∂t

+ (q⃗ ·∇)q⃗
]
=−∇p+µ∇2 q⃗−η0∇4 q⃗ . (3)

The flow is considered to be steady and fully developed with velocity (0,0,w) and under
the influence of low Reynolds number. The governing equations reduce to

1J. Zhang and S. Li, Numerical studies of an eccentric tube-in-tube helically coiled heat exchanger for IHEP-ADS
helium purification system, arXiv:1412.8535v1 (2014), 1 – 6, DOI: 10.48550/arXiv.1412.8535.
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Figure 1. Physical configuration

µ
( ∂2

∂x2 + ∂2

∂y2

)
w−η0

( ∂2

∂x2 + ∂2

∂y2

)2
w = ∂p

∂z
. (4)

Assuming h to be characteristic length and non dimensionalising the equation we get( ∂2

∂x2 + ∂2

∂y2

)2
w−η

( ∂2

∂x2 + ∂2

∂y2

)
w =−η

2

µ
P , (5)

where P =−∂p
∂z and η is the couple stress parameter given by h√

µ
η0

.

Transforming to complex variable Z = x+ i y the equations take the form[
4

∂2

∂z∂z̄

]2
w−4η2 ∂

2w
∂z∂z̄

=−η
2

µ
P .

Let ∂2w
∂z∂z̄ =W , the governing equation takes the form

4
∂2W
∂z∂z̄

−η2W =− η2

4µ
P . (6)

The above equations are subject to no slip and vanishing couple stress conditions at the boundary,
i.e.,

w = 0,
∂2w
∂z∂z̄

=W = 0 on C1 and C2 , (7)

where W is real velocity and will be function of zz̄ and z+ z̄ only.

But W = ∂2w
∂z∂z̄ will be function of zz̄. Therefore, the solution becomes using separation of variables

W = A1I0(η
p

zz̄)+ A2K0(η
p

zz̄)+ P
4µ

.

Integrating we get

w = A1I0(η
p

zz̄)
η2 + A2K0(η

p
zz̄)

η2 + P
4µ

zz̄+w(z)+w(z̄) . (8)

2.1 Conformal Mapping
The confocal ellipse given by (1) are mapped conformally from x-y plane to ξ-η plane using the
transformation

z = c
(
ζ+ λ

ζ

)
, ξ= ζ+ iη, z = x+ i y. (9)

The conformal mapping is valid whenever we have c = α2+β2
2 > 0 and also λ = α2−β2

α2+β2
> 0.

The confocal ellipse C1 and C2 are transformed to circles have radius ζζ̄= ρ = a and ρ = b with
(a < b) in ξ-η plane where a = α1+β1

2c , b = α2+β2
2c and ϵ= b−a.
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2.2 Velocity and Rate of Flow
The velocity profile is obtained by applying no-slip and vanishing couple stress at the boundaries
w = 0 and ∂2w

∂z∂z̄ = 0 on C1 and C2. Transforming conformally, we get the boundary conditions in
the form w = 0 and W = 0 on ρ = a and ρ = b.

The solution is give in the form

w =− P
16η2

[
A

∞∑
k=0

α(k)ρ2k ∑
i, j

kCi
kCi+ j

( λ
ρ2

)2(i+ j)(
ζ2 j + ρ2 j

ζ2 j

)
+B

∞∑
k=0

α(k)ρ2k ∑
i, j

kCi
kCi+ j

( λ
ρ2

)2(i+ j)(
ζ2 j + ρ4 j

ζ2 j

)
×

{
2logρc−χ(k+1)+∑ (−1)sλ2s

sρ4s

{
ζ2s + ρ4s

ζ2s

}}
−

{(
ρ2 + λ2

ρ2

)
+λρ2

(
ζ2 + ρ4

ζ2

)}
+b0 +B1 logρ2 ∑

j

(b2 j

ρ4 j +b−2 j

)(
ζ2 j + ρ4 j

ζ2 j

)]
=− P

16η2 [AΓ1(ζ, ζ̄)+BΓ2(ζ, ζ̄)−Γ3(ζ, ζ̄)+b0 +B1 logρ2 +Γ4(ζ, ζ̄)] (10)

constants are listed in Appendix.
The rate of flow is computed using Green’s theorem in complex form which is given by

R = 1
2i

∫
C1−C2

Fdz , (11)

where F = ∂w
∂z̄ . Substituting for velocity and applying conformal mapping

R = P
32iη

∫
C2−C1

{√
z̄
z

{
AI1

(η
2

p
zz̄

)
+BK1

(η
2

p
zz̄

)}}
zz̄dz− P

32η

∫
C2−C1

{z̄−w′(z)}zz̄dz

= P
32η

[
A

∞∑
k=0

α1(k)
k
2∑

i=0
2 kC2i

(
ρ2 + λ2

ρ2

)k−2i
2k−1Ci−1λ

2i
(
ρ2 − λ2

ρ2

)
+B

∑
α1(k){χ(k+1)+χ(k+2)+ logρcη}

k
2∑

i=0

kC2i
2i−1Ci−1

(
ρ2 + λ2

ρ2

)k]
− P

32η

[(
ρ2 + λ2

ρ2

)(
ρ2 − λ2

ρ2

)
−B

(
ρ2 + λ2

ρ2

)
+ 2λ2

ρ2 b2 +4λ2ρ2b4

]
.

The velocity and rate of flow are numerically evaluated and graphically depicted (see
Figures 2-6).

Figure 2. Plot of velocity to different couple stress parameter η for ϵ= 0.3636
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3. Results and Discussion
An analytical study of fully developed, low Reynolds number, steady flow of couple stress fluid
flowing between two confocal elliptical cylinders is considered. The distance between major
and minor axes is considered as the characteristic length for the analysis. The region under
consideration is conformally mapped to concentric cylinders with radius a and b.

The difference between b and a is taken as ϵ and variation due to area of cross section is
analysed. The couple stress parameter inversely proportional to amount of spin and hence small
values of η pertains to couple stress fluid and as η→∞ the fluid shows Newtonian nature.

Figure 3. Plot of velocity to different couple stress parameter η for ϵ= 0.375

The area of cross section depends on values of major and minor axes α1, α2 and β1, β2, but
its effects is visible through radius of concentric circles b and a. Hence we have studied effect ϵ
on fluid flow. The velocities profiles are plotted by assuming values of major and minor axes in
x-y plane, calculating radius b and a in ξ-η plane.

The graphs from Figures 2-5 show plot of velocity along radial direction in ξ-η plane from
ρ = a to ρ = b for different values of η and couple stress parameter η. Increase in η signifies
greater area of cross-section for the flow and increase in couple stress parameter signifies loss
of spin of suspended particles.

Figure 4. Plot of velocity to different couple stress parameter η for ϵ= 0.4

Comparing curves for different values of η we see that velocity decreases with increasing
η. The velocity shows a parabolic profile and the value of w is higher for a couple stress fluid
than a Newtonian and this evident by reduction of velocity with increasing η. This signifies
that the spin enhances velocity. As more area is available for flow velocity shows higher value.
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For ϵ= 0.4, peak of velocity is reached to 0.02 and for ϵ= 0.67 it is at 0.07. As ϵ increases more
fluid is accommodated and hence velocity in creases with increasing ϵ.

Figure 5. Plot of velocity to different couple stress parameter η for ϵ= 0.0.6667

Figure 6 shows rate of flow vs couple stress parameter η for different ϵ. As ϵ increases rate
of flow also increases but for increasing η, rate of flow decreases.

Figure 6. Plot of rate of flow for different couple stress parameter η

4. Conclusions
An attempt is made to analyse the flow of couple stress fluid flowing in an annular region created
by confocal elliptical cylinders. Analytical solution is obtained using conformal mapping and
series solution method. The graphs shows that couple stresses due to spin has significant effect
on increase of velocity and rate of flow. As η→∞, the results converge for that of Newtonian
fluid.
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Appendix

χ(k)=−0.57721566−
k−1∑
i=1

1
i

,
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α(k)= (−1)keiπk(ηc)k

22k(k!)2 ,

α1(k)= (−1)keiπk(ηc)k

22kk!(k+1)!
,

F =∑
α(k)ρ2k

k∑
j=0

kC j
kC j

( λ
ρ2

)2 j
,

G =∑
α(k)ρ2k

k∑
j=0

kC j
kC j

( λ
ρ2

)2 j
{2log(cηρ)+χ(k+1)} ,

F1 =
∑
α(k)ρ2k

k∑
j=0

kC j
kC j+1

( λ
ρ2

)2 j
,

G1 =
∑
α(k)ρ2k

k∑
j=0

kC j
kC j+i

( λ
ρ2

)2 j{
2log(cηρ)+χ(k+1)−

( λ
ρ2

)2}
,

F2 =
∑
α(k)ρ2k

k∑
j=0

kC j
kC j+i

( λ
ρ2

)2( j+i)
,

G2 =
∑
α(k)ρ2k

k∑
j=0

kC j
kC j+i

( λ
ρ2

)2i+2 j{
2log(cηρ)+χ(k+1)− (−1)k

( λ
ρ2

)2k}
,

A = G(ρ2)−G(ρ1)
F(ρ2)G(ρ1)−F(ρ1)G(ρ2)

,

B =− F(ρ2)−F(ρ1)
F(ρ2)G(ρ1)−F(ρ1)G(ρ2)

,

b0 = ρ2
1 +

λ2
ρ2

1
+4AF(ρ1)+4BG(ρ1)−2B log(ρ1) ,

B1 = 4A{F(ρ2)−F(ρ1)}+4B{G(ρ2)−G(ρ1)}+ρ2
2 −ρ2

1 +
λ2

ρ2
1ρ

2
2

(ρ2
1 −ρ2

2) ,

b2 = (ρ1ρ2)4

ρ4
1 −ρ4

2
λ(ρ2

2 −ρ2
1)+4A{F1(ρ2)−F1(ρ1)}+4B{G1(ρ2)−G1(ρ1)} ,

b−2 =λρ2
1 +4AF1(ρ1)+4BG1(ρ1)− b2

ρ4
1

,

b2k =
(ρ1ρ2)4k

ρ4k
1 −ρ4k

2

[4A{F2(ρ2)−F2(ρ1)}+4B{G2(ρ2)−G2(ρ1)}] ,

b−2k =
ρ4k

1

ρ4k
2 −ρ4k

1

[4AF2(ρ1)+4BG2(ρ1)] ,

F3 =
∑

2α1(k)
k
2∑

j=1

kC2 j
2 j−1C j−1

(
ρ2 + λ2

ρ2

)k−2 j
λ2 j

(
ρ2 − λ2

ρ2

)
,

G3 =
∑

2α1(k)
k
2∑

j=1

kC2 j
2 j−1C j−1

(
ρ2 + λ2

ρ2

)(k−2 j)
λ2 j

(
ρ2 − λ2

ρ2

)
{2log(cηρ)−χ(k+1)} ,
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H =−
(
ρ4 − λ4

ρ4

)
+B1

(
ρ2 + λ2

ρ2

)
+2

(b2

ρ2 +b−2

) λ
ρ2 +4

(b4

ρ8 +b−4

)
λ2ρ2 .
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