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1. Introduction

Spickerman defined the Binet’s formula for Tribonacci sequence [5]. In [4]], Stakhov and Rozin
introduced the symmetrical hyperbolic functions. Then, Falcon and Plaza defined a new class of
hyperbolic functions called k-Fibonacci hyperbolic functions [2]]. Also, Kocer, Tuglu and Stakhov
obtained the hyperbolic functions with second order recurrence sequences [3l.

In this paper, we studied, in a sense, an extension of the classical hyperbolic functions. Our
main goal is to get the continuous versions of Tribonacci and Tribonacci-Lucas numbers. For
this, by using the same way with Spickerman [5]], we wrote a new relation that is equal to the
Binet formula of the Tribonacci-Lucas numbers. We defined the quasi-hyperbolic Tribonacci and
quasi-hyperbolic Tribonacci-Lucas functions which we named it as quasi-hyperbolic because of
it is non-hyperbolic, but it provides some properties of the classical hyperbolic functions. Finally,
we investigated the hyperbolic and recurrence properties of these new functions.
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1.1 The Tribonacci and Tribonacci-Lucas nhumbers
The Tribonacci numbers {U,},en =10,1,1,2,4,7,13,24,...} is defined by [1]

U,i1=U,+U,1+U,_9, n=2 (1.1)
for the initial conditions
Up=0, U;=Uz=1.
The Tribonacci-Lucas numbers {V,,},en =13,1,3,7,11,21,...} is defined by [1]]
Vis1=V,+V,_1+4V, 0, n=2 (1.2)
with the initial conditions
Vo=3, Vi=1, V3=3.
The characteristic equation of these reoccurrence relations and is
P —x?-x-1=0, (1.3)

This characteristic equation (1.3) has three roots

1
xlzp:§(§/19+3\/§+§/19—3\/§+1), (1.4)

1
x2:o—=g(2—3/19+3\/33—3/19—3\/33+\/§i$/19+3¢33—3/19—3¢33),

X3=W=0.

The Binet formula for the Tribonaceci numbers is

pn+2 O.n+2 wn+2

= . 1.5
(p-0)p-w)  ©@—pNo-w)  (@-pNw—0) (15

In [5], Spickerman defined a new representation which is equivalent to the Binet formula (1.5)
after some operations

U, =Ap" +r"(ycosnf +ysinnf) (1.6)
where the constants A, p, r, v, y, 0 have the following approximate values

A=0,6184, p=1,8393,

r=0,7374, v =0,3816,

y=0,0374, 0=124,69°
and the Binet formula for the Tribonacci-Lucas numbers is

V,=p" 2+ 21" 1. (1.7)

Now we will follow the same way with Spickerman to have a new relation that is equal to
the Binet formula (1.7).
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Definition 1. By using the relations
o =r(cosf +1isinf),
o™ =r"(cosnf +isinnf); 6 =tan I (c)/R(c))
where I(0) is the imaginary part of the o, and R(0) is the real part of the o, we have
V,, = p2p™ +r* cosnO[2r2(1 — 2sin? 0)] + r* sin nO[—4r2 sinf cos b].
Denoting the coefficients of p”, r" cosnf and r” sinnf respectively by A’, ¥’ and y’, we write
V., =Ap" +r"(y' cosnd +y'sinn). (1.8)
Approximate values for the constants are
A'=38,383, p=1,8393,
r=0,7374, vy'=0,7353,
Y =2,0357, 6=124,69°.

2. New Quasi-hyperbolic Tribonacci Functions

Definition 2. Let x be a real number. We define the quasi-hyperbolic Tribonacci sine and
cosine functions sTh(x) and cTh(x) by, respectively

sTh(x):= Ap* — r*(wcosxf + ysinx0), (2.1)
cTh(x):=Ap* + r*(wcosxb + ysinx0). (2.2)

The graphics of these functions are given in Figure
y A

10 T

sTh(x) T c¢Th(x) :

Figure 1. The quasi-hyperbolic Tribonacci sine and cosine.

2.1 Properties of the Quasi-hyperbolic Tribonacci Functions
Now, we will give some properties about the quasi-hyperbolic Tribonacci functions, which are
similar to the classical hyperbolic functions. Let be sTh(x) and c¢Th(x) as in (2.1) and (2.2).

Proposition 3 (Pythagorean theorem).

[eTh(x)]? - [sTh(x)]1? = 4A(pr)* [y cos x0 + y sinx6].
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Proof.
[c TR - [sTh(x)F
=[Ap* + r*(y cos x0 + y sinxB)]? — [Ap* — r*(1 cosxb +y sinx0)]?
= (Ap*)% +2(1p%) - r*(y cos x0 + y sinx6) + [F*(y cos x6 + y sinx6)]?
~[(Ap%)% = 2(Ap%) - r*(y cos x0 + y sinx0) + [r* (y cos x0 + y sin x0)1°]
= 4(Ap")r*[y cosx6 +ysinx0]
=4A(pr)* [y cosx6 + ysinx0]. O
Proposition 4 (De Moivre).
[eTh(x)+sTh)]" = 21" [cTh(nx) + sTh(nx)].
Proof. 1f we look at the LHS of the identity, we have
[¢Th(x)+sTh®)]" =[Ap* +r*(ycosx6 +ysinx0) + Ap* — r*(w cosx0 + y sinx6)]"
=(21p")"
=(20)"p"".
If we look at the RHS of the identity, we have
QO UeTh(nx)+ sTh(nx)]
= (21" 1A p™ + r"*(1y cos nx + y sin nx@) + Ap"™ — r"*(y cos nx +y sinnx0)]
= (20" 1[22p™*]
=(21)" p"*.
So the proof is complete. O
Proposition 5 (Sum).
2u(cTh(x + ) = cTh(x)- cTh(y)+sTh(x)-sTh(y) + 20" (Ay — A2) — 2r**Y sinx0 sin yO(y? — y?),
20(sTh(x +y)) = sTh(x)- cTh(y) + cTh(x)- sTh(y) + 2y** sinx6 sin yO(y? — y?).
Proof. Firstly, let prove the first identity.
¢Th(x)-cTh(y)+sTh(x)-sTh(y) + 20" Ay — A%) — 2r**Y sinx0 sin y0(y? — v?)
=[Ap* + r*(wcosxB + ysinx0)1[Ap” + r¥(y cos y0 + y sin yO)]
+[Ap* = r*(ycosx0 + ysinx0)[Ap” — r? (w cos yO + y sin y6)]
+20* Y (A — A2) — 2 sinxf sin yO(y? —y?)
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=[2A2p""Y + 2r* Y% cos x0 cos yO + 2r° T y? sinx0 sin y0
+2r°"Y By sinx0 cos yO + 2r*"Y By cos x0 sin yO]
+ 20" (A — A2) — 2" sin x0 sin yO(y? — y?)

=220 + r**Y(y(cos x0 cos yO — sin x0 sin y0)
+ y(sinx6 cos y0 + cos x0 sin y0)]

=2y[Ap™ Y + r**Y(y cos(x + y)0 + ysin(x + y)0)]

=2y(cTh(x+y)).

Now, let prove the second identity.
sTh(x)-cTh(y)+ cTh(x)-sTh(y)+2y**Y sinxf sin y(y? — y?)

=[Ap* = r*(wcosxB + ysinx0)[Ap” + r¥(y cos yO + y sin y0)]
+[Ap* + r*(ycosx0 + ysinx0)1[Ap” — r? (w cos yO + y sin y6)]
+ 2" sinx6 sin yO(y? — y?)

=[2A2p"*Y —2r**Y % cos x0 cos yO — 2r° T y? sinx0 sin y0
— 27" By sinx0 cos yO — 2r* ™Y By cos x6 sin yO1 + 2y**Y sin x0 sin yO(y? — y?)

Y — P (y(cos x0 cos yO — sin x0 sin y0) + y(sin x0 cos yO + cos x0 sin y0)]

=2y[Ap
=2y[Ap* ™Y — r**Y(y cos(x + )0 + ¥ sin(x + y)0)]
=2y (sTh(x + y)). O
Corollary 6 (Double argument). If we take y = x in the previous formulas, then we have
20(cTh(2x)) = [eTh(x)1? + [sTh(x)]% + 202 (Ay — A%) — 2r®* sin? x0(y? — y?),
2y(sTh(2x)) = 2sTh(x).cTh(x) + 2y** sin® x0(y? — y?).
Now we will study the Tribonacci’s properties of the quasi-hyperbolic Tribonacci numbers.
Proposition 7 (Recursive relations).
sTh(x+1)=sTh(x)+sTh(x—1)+sTh(x-2),
cTh(x+1)=cThx)+cTh(x—1)+cTh(x-2).
Proof. Let us prove the first equation. Let look at the LHS and RHS of the identity, respectively
sTh(x+1) = 1p" " = r* Ly cos(x + 1)0 + y sin(x + 1)6]

= /lp’c+1 - rx+1[1//(cosx0 cosf —sinx0sinf) + y(sinx6 cos O + cos x0 sin )

o+l _ iy sinx@sin@ — r** 1y sinx0 cos @ — r** 1y sinx6 cos 6

=Ap r*ly cosxOcosO +r

Commaunications in Mathematics and Applications, Vol. 5, No. 1, pp. , 2014



36 Quasi-Hyperbolic Tribonacci & Quasi-Hyperbolic Tribonacci-Lucas Functions: Dursun Tasci & Huriye Azman

sTh(x)+sTh(x—1)+sTh(x—-2)

=[Ap* — r*(y cosx6 + y sinx0)] + [Ap* 1 — r*L(y cos(x — 1) + y sin(x — 1)0)]
+ 1" 2 — r*2(y cos(x — 2)0 + v sin(x — 2)0)]

=A™ + p* 1 + p* 2] - r*[y cos x6 + y sinx0]
— r* y(cos x0 cos O + sinx6 sin0) + Y(sinx@ cos O — cos x0 sin0)]
— r*"2[y(cos x0 cos 20 + sin x6 sin 20) + y(sin x0 cos 20 — cos x6 sin 20)]

=Ap* " 2(p% + p+ 1) — r*ycosx0(1+r Lcos +r 2 cos20) — r*ysinx0(r L sin6
+7r72sin20) — r¥ysinxf(1 +r L cosO + r 2 cos26)
+rycosx0(r L sind + 2 sin 26)

= Ap*" = r*ycosxO(1+r LcosO +r 2 cos 26)
—r*ysinx0(rLsin® + r2sin20) — r¥y sinx0(1 +r L cos O + r 2 cos20)

+r*ycosxO(r~1sin@ + r2sin26)

By using 1+7 Lcos@+r2cos20 =rcosd and r 'sin0+r2sin20 = —rsin@, we obtain the result
which we look for. O

3. New Quasi-hyperbolic Tribonacci-Lucas Functions

Definition 8. Let x be a real number. We define the quasi-hyperbolic Tribonacci-Lucas sine
and cosine functions sTLh(x) and ¢TLh(x) by, respectively

sTLh(x):= A'p* —r*(y' cosx0 + 7' sinx0), (3.1)
cTLh(x):= A p* +r*(y/' cosx0 + y' sinx0). (3.2)

The graphics of the quasi-hyperbolic Tribonacci-Lucas sine and cosine are in Figure
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Figure 2. The quasi-hyperbolic Tribonacci-Lucas sine and cosine.
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3.1 Properties of the Quasi-hyperbolic Tribonacci-Lucas Functions
Now, we will give some properties about the quasi-hyperbolic Tribonacci-Lucas functions, which
are similar to the classical hyperbolic functions. Let be sTLh(x) and ¢TLh(x) as in (3.1) and

(3.2).

Proposition 9 (Pythagorean theorem).
[eTLh(x)12 —[sTLAh(x)]? = 41 (pr)* [y’ cosx0 + 7' sinx0].
Proof.
[¢TLh(x)]? - [sTLh(x)*
=[A'p* + r*(y' cosx0 + 7' sinx0)12 — [N p* — r*(y' cos x0 + 7' sinx0)12
= (A p*)% + 21 p%).r*(y' cosx0 +y' sinxb) + [F*(y' cos x0 + 7' sinx0)]
—[(Ap™)% = 2(A p*).r*(y' cos x6 +y' sinx0) + [r*(y' cos x0 + ' sinx6)1*]
=4 p*)r*[y' cosx0 + ' sinx0]
=4A (pr)*[y' cosx0 + ' sinx0]. O
Proposition 10 (De Moivre).
[cTLh(x)+sTLh(x)]" = (2A")* [e¢TLAh(nx) + sTLh(nx)].
Proof. If we look at the LHS of the identity, we have
[¢TLh(x)+sTLh(x)I"
= [V p* +r*(y' cosx0 +y'sinx0) + ' p* — r*(y' cos x0 +y' sinx0)]"
=21 p")"
=@2A) p™.
If we look at the RHS of the identity, we have
@A U[eTLA(nx) + sTLh(nx)] = @A) 1A p™ + r™* (' cosnxb + 7' sinnx0)
+ A p™ —r™(y' cosnx +y' sinnx0)]
= (21124 o™
=21 p"*.
So the proof is complete. O
Proposition 11 (Sum).
2/ (¢TLh(x + y)) = ¢TLh(x)- cTLh(y) + sTLA(x)- sTLh(y) + 2p* (A"’ — 1'%
—2r°"Y ginx0 sin yO(y'% — y'2)

2¢/(sTLh(x + y)) = sTLh(x)-¢cTLA(y) + ¢TLh(x)-sTLh(y) + 2y"*™ sinx0 sin y0(y'% — y'2).
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Proof. Let prove the first identity.
¢TLh(x)-¢TLh(y)+sTLh(x)-sTh(y)+2p* " (af — a®) — 2r** sinx0 sin y0(62 — y'?)
=[A'p* +r*(y' cosx0 + v sinx0)I[A p¥ + r¥ (v cos y0 +y' sin yH)]
+[A p* —r*(y' cosx0 +y' sinx®)][A p¥ — r¥ (' cos yO + 7' sin y0)]
+20" YAy’ — A"%) — 2r° Y sinx0 sin yO(y'? —y'?)
=[21"2p"*Y + 2r" "2 cos x0 cos yO + 2r° Y y"% sin x0 sin y0
+2r°*Y By’ sinx0 cos yO + 2r**Y By’ cos x0 sin y0]
+20° YAy’ — A1) — 2r°*Y sinx0 sin yO(y'2 — y'?)
=2¢'[A o™ + r**Y(y'(cos x0 cos yO — sinx0 sin y0) + ¥/ (sinx0 cos y0 + cos x0 sin y0)]
=2¢'[N ™Y + r**Y(y' cos(x + y)0 + ' sin(x + y)0)]
= 2y/(cTLh(x + y)).
Now, let prove the second one
sTh(x)-cTh(y) + cTh(x)-sTh(y)+ 2y sinx0 sin y0(y'? — y'2)
=[A'p* —r*(y' cosx0 + v sinx0)I[A' p¥ + r¥ (v cos y0 + ' sin y0)]
+[A'p* + r*(y' cosx0 + 7' sinxO)[A p¥ — r¥ (¢’ cos yO + y' sin yH)]
+ 2y sinx0 sin y0(y'2 — y'?)
=[21"2p""Y — 2r* V"2 cos x0 cos yO — 2r° Yy sinx0 sin y0
—2r°"Y By sinx0 cos y0 — 2r**Y By’ cos x0 sin yO]
+ 2y sinx0 sin y0(y'? — y'?)
=2y o™ — r**Y(y'(cos x0 cos yO — sinx0 sin y0) + ¥/ (sin x0 cos yO + cos x0 sin y0)]
=2y [N o™ —r**Y (¢ cos(x + )0 + ¥ sin(x + y)0)]
=2y (sTh(x + y)). O
Corollary 12 (Double argument). By doing y = x in the previous formulas, we have
29/ (¢TLh(2x)) = [cTLA(x)]? + [sTLA(x)]1? + 202 A"y — 1'?) — 2r% sin® x0(y'? — y'?),
2y (sTLh(2x)) = 2sTLA(x)- cTLh(x) + 2y % sin® x0(y'2 — y'?).
Now we will study the Tribonacci’s properties of the quasi-hyperbolic Tribonacci-Lucas numbers.
Proposition 13 (Recursive relations).
STLh(x+1)=sTLh(x)+sTLh(x—1)+sTLh(x—2),
¢TLh(x+1)=cTLh(x)+cTLh(x—1)+cTLh(x—2).
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Proof. Let us prove the first identity. So let look at the LHS and RHS of that identity,
respectively

sTLh(x+1)
= A o™ — Py cos(x + 1)0 + 7' sin(x + 1)6]

= A p*"L = r** 1y (cos x0 cos O — sin x0 sin 0) + y'(sin x0 cos O + cos x0 sin O)

= A p*™ — Py’ cosx6 cos O + r* Ly’ sinx@ sind — r* 1y’ sinx0 cos 6 — r*1y' sinx6 cos 0,

STLh(x)+sTLh(x—1)+sTLh(x—2)
=[N p* = r*(y' cosx0 + 7' sinx0)] + [N p* 1 — r* L(y' cos(x — 1)0 + ' sin(x — 1)0)]
+[A p" 2 = r*2(y cos(x — 2)0 + ¥ sin(x — 2)0)]
= AVp* + p* L+ p* 21— r¥[y’ cos x0 + ' sinx6]
— r* [y (cos x6 cos O + sinxf sinH) + ¥/ (sinx6 cos  — cos x0 sin )]

— r* [y (cos x6 cos 20 + sin x6 sin 20) + ' (sin x6 cos 20 — cos x6 sin 20)]

1 2

= A" 2(p% + p+1)—ry' cosxO(1+r L cosO +r 2cos20) — ry sinx0(r L sinb + r 2 sin 20)

—r*y'sinx0(1+r L cosO +r 2 cos20) + ry’ cos x0(r L sinf + r 2 sin 20)

= A" — ¥y’ cosxO(1 +r LcosO +r 2 cos20) — r*y’ sinx0(r ! sinf + r 2 sin20)

1 2

—r*y sinxB(1 +r LcosO +r 2 cos20) + r*y cosx0(r Lsin@ + r2sin 20).

By using 1+7 1cos@+r"2cos20 =rcos6 and r 'sinf+r2sin20 = —rsin@, we obtain the result
which we look for. m
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