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1. Introduction

In 1873, M. A. Clifford [3] introduced us the dual numbers which has many applications ranges

from mechanic systems to screw systems. A dual unit is shown as ε which ε2 = 0, ε ̸= 0. Dual

numbers are the extension of the real numbers in the form of

d = a+εa∗.

The D set is defined as

D= {d = a+εa∗ | a,a∗ ∈R}.
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The algebra of dual set which is the two dimensional commutative associative over real numbers

is a ring with addition and multiplication operations defined as:

(a+εa∗)+ (b+εb∗)= (a+b)+ε(a∗+b∗)

and

(a+εa∗) · (b+εb∗)= ab+ε(ab∗+a∗b).

Fibonacci and Lucas sequences have been widely studied and their dual forms have been

introduced [7]. Other sequences are also the subject of several authors, like the Mersenne

sequence. In the paper, [2], authors have worked on the properties of Mersenne sequence.

Some properties of Mersenne sequences can be found as:

Mn+1 = 2Mn +1 , (1.1)

where M0 = 0 and M1 = 1. With putting n+1 in the place of n, we get

Mn+2 = 2Mn+1 +1 . (1.2)

Using these two equations, one can easily see that

Mn+2 = 3Mn+1 −2Mn (1.3)

is a new way to show the sequence of Mersenne numbers where M0 = 0 and M1 = 1.

If we look at the roots of the last equation, r2 −3r+2= 0 are r1 = 2 and r2 = 1, we get the

nth Mersenne number in the form of

Mn = 2n −1, n ∈N+ (1.4)

is called Binet formula for Mersenne numbers [2].

Recall that the Jacobsthal numbers (recurrence of the second order form) are given by

Jn+2 = Jn+1 +2Jn, (1.5)

where the initial conditions are J0 = 0 and J1 = 1.

Similar to Jacobsthal numbers, Jacobsthal-Lucas numbers (again in the recurrence of the

second form) are given by

jn+2 = jn+1 +2 jn (1.6)

with the initial conditions j0 = 2 and j1 = 1.

Binet formulas for these two sequences is known as

Jn = 2n − (−1)n

3
(1.7)

and

jn = 2n + (−1)n . (1.8)

For more information about these subjects are covered in [5,6].
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We also know from [2] that Mersenne numbers, Jacobsthal numbers and Jacobsthal-Lucas

numbers are related in the forms of

Mk =
3Jk, k is even,

3Jk −2, k is odd;
(1.9)

Mk =
 jk −2, k is even,

jk, k is odd.
(1.10)

Mersenne numbers are a popular topic for researchers in number theory and cryptosystems in

computer science who are looking for prime numbers in the Mersenne sequence [1–3]. These

numbers are called Mersenne primes.

While the dual forms of Fibonacci and Lucas numbers has been identified [8], as the best

of our knowledge, there is a missing part for the dual Mersenne numbers, dual Jacobshtal

numbers, and dual Jacobsthal-Lucas numbers. The main purpose of this paper is to introduce

the work on these sequences. The definition and some properties of the dual forms of Mersenne,

Jacobsthal and Jacobsthal-Lucas numbers, are given in this paper.

2. Dual Mersenne Numbers

The sequence of Mersenne numbers and some of the properties have been mentioned above.

We define the dual Mersenne numbers as:

M̃n = Mn +εMn+1 . (2.1)

Some of the members of dual Mersenne numbers are

ε, 1+3ε, 3+7ε, 7+15ε, 15+31ε, . . .

with the initial condition as M̃0 = ε.

Theorem 2.1. Let M̃n be a dual Mersenne number. Then, the followings are hold:

(i) M̃n+1 = 2M̃n +1+ε,

(ii) M̃n+2 = 3M̃n+1 −2M̃n.

Proof. (i) From equation (2.1),

M̃n+1 = Mn+1 +εMn+2

= 2Mn +1+ε(2Mn+1 +1)

= 2M̃n +1+ε.
(ii) By using equations (1.1) and (2.1),

M̃n+2 = Mn+2 +εMn+3
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= 3Mn+1 −2Mn +ε(3Mn+2 −2Mn+1)

= 3M̃n+1 −2M̃n .

Lemma 2.2. Let M̃n and M̃n−r be dual Mersenne numbers, then

M̃n − M̃n−r = 2n−rMr(M̃1 − M̃0)

holds when n ≥ r.

Proof.

M̃n − M̃n−r = Mn +εMn+1 − (Mn−r +εMn−r+1)

= Mn −Mn−r +ε(Mn+1 −Mn+1−r)

= 2n−rMr +ε2n+1−rMr

= 2n−rMr(1+2ε)

= 2n−rMr(M̃1 − M̃0).

Theorem 2.3. Let M̃n be a dual Mersenne number than Binet formula for dual Mersenne
numbers can be written as

M̃n =α(α2n −1),

where α= 1+ε.

Proof.

M̃n = Mn +εMn+1

= (2n −1)+ε(2n+1 −1)

= (1+ε)(2n(1+ε)−1)

=α(α2n −1).

Theorem 2.4. Let M̃n be a dual Mersenne number, then limit of ratio of consecutive quotients is

lim
n→∞

M̃n+1

M̃n
= r1,

where r1 = lim
n→∞

Mn+1
Mn

which is shown in [2].

Proof.

lim
n→∞

M̃n+1

M̃n
= lim

n→∞
Mn+1 +εMn+2

Mn +εMn+1

= lim
n→∞

(Mn+1 +εMn+2)
(Mn +εMn+1)

· (Mn −εMn+1)
(Mn −εMn+1)
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= lim
n→∞

Mn+1 ·Mn −ε(Mn ·Mn+2 −Mn+1
2)

Mn
2

= lim
n→∞

Mn+1

Mn
+ε lim

n→∞
Mn ·Mn+2 −Mn+1

2

Mn
2

= r1 −ε lim
n→∞

2n

(2n −1)2

= r1.

Corollary 2.5. When M̃n and M̃n+1 are two serial dual Mersenne numbers, then

lim
n→∞

M̃n

M̃n+1
= 1

r1

holds.

Theorem 2.6. Let M̃n and M̃m be dual Mersenne numbers, then d’Ocagne’s identity for dual
Mersenne numbers can be identified as

M̃mM̃n+1 − M̃m+1M̃n = 2nMm−n · M̃1 .

Proof.

M̃mM̃n+1 − M̃m+1M̃n

= (Mm +εMm+1)(Mn+1 +εMn+2)− (Mm+1 +εMm+2)(Mn +εMn+1)

= MmMn+1 −Mm+1Mn +ε(Mm+1Mn+1 −Mm+2Mn +MmMn+2 −Mm+1Mn+1)

= 2nMm−n +ε(2nMm+1−n +2n+1Mm−n−1)

= 2nMm−n +ε(2n(3.Mm−n))

= 2nMm−n · M̃1.

Recall that for Mersenne numbers Mn, Mn−r and Mn+r , Catalan’s identity is

Mn−rMn+r −Mn
2 = 2n+1 −2n−r −2n+r .

Theorem 2.7. If M̃n−r , M̃n and M̃n+r are dual Mersenne numbers, then the following holds

M̃n−rM̃n+r − M̃2
n = 2n+1 −2n−r −2n+r −3ε2n−rM2

r .

Proof.

(i) M̃n−rM̃n+r = (Mn−r +εMn−r+1) · (Mn+r +εMn+r+1)

= Mn−rMn+r +ε(Mn−r+1Mn+r +Mn−rMn+r+1)

(ii) M̃2
n = (Mn +εMn+1)2 = Mn

2 +2εMnMn+1

(i)− (ii)= Mn−r.Mn+r −Mn
2 +ε(Mn−r+1Mn+r +Mn−rMn+r+1 −2MnMn+1)
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(i)− (ii)= 2n+1 −2n−r −2n+r +ε(Mn−r+1Mn+r +Mn−rMn+r+1 −2MnMn+1)

(i)− (ii)= A+εB.

In B part of the equation add and subtract Mn−r+1Mn+r ,

B = Mn−rMn+r+1 −Mn−r+1Mn+r +2Mn−r+1Mn+r −2MnMn+1

to use d’Ocagne’s identity.

For m∗ = n− r and n∗ = n+ r, d’Ocagne’s identity:

Mm∗Mn∗+1 −Mm∗+1Mn∗ = 2n∗
Mm∗−n∗ , (2.2)

Mn−rMn+r+1 −Mn−r+1Mn+r = 2n+rM−2r . (2.3)

Then B part becomes (A = 2n+1 −2n−r −2n+r)

B = 2n+rM−2r +2(Mn−r+1Mn+r −MnMn+1)

= 2n+rM−2r +2((2n−r+1 −1)(2n+r −1)− (2n −1)(2n+1 −1)

= 2n−r −2n+r −2n−r+2 −2n+r+1 +6.2n

= 3.2n(2−2r −2−r)

= 3.2n(M−rMr)

= 2n−rM2
r .

Then, we get

M̃n−rM̃n+r − M̃2
n = 2n+1 −2n−r −2n+r −3ε2n−rM2

r .

Proposition 2.8 (Cassini’s identity). For r = 1, in the Catalan’s identity;

M̃n−1M̃n+1 − M̃2
n = 2n+1 −2n−1 −2n+1 −3ε2n−1M2

1 .

Since M1 = 1,

M̃n−1M̃n+1 − M̃2
n =−2n−1(1+3ε),

M̃n−1M̃n+1 − M̃2
n =−2n−1(M̃1).

Definition 2.9. For the negative subscripts, dual Mersenne numbers are defined as

M̃−n = M−n +εM−(n+1) .

Say M−n =Gn, then we get

G̃n = M̃−n =Gn +εGn+1.
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How to get the first member of dual Mersenne with negative subscripts numbers and first

few members are shown as

M̃−1 =G1 +εG2

=−M1

2
+ε− M2

4

=− (2M1 +εM2)
4

=−1
2
− 3

4
ε.

For the negative indices, dual Mersenne sequence has the members of

−1
2
− 3

4
ε,−3

4
− 7

8
ε,−7

8
− 15

16
ε,−15

16
− 31

32
ε, . . . .

Proposition 2.10. Let G̃n = M̃−n be a negative indexed dual Mersenne number and M̃n is a
dual Mersenne number, then

G̃n =− 1
2n+1 (M̃n +Mn)

holds.

Proof. From [4, equation (19)],

G̃n =−Mn

2n +ε− Mn+1

2n+1

=− (2Mn +εMn+1)
2n+1

=− (Mn +εMn+1)
2n+1 − Mn

2n+1

= M̃n

2n+1 − Mn

2n+1

=− 1
2n+1 (M̃n +Mn).

Theorem 2.11. Let G̃n−r , G̃n and G̃n+r be three dual Mersenne numbers with negative subscripts,
then

G̃n−r · G̃n+r − G̃2
n = (1−ε)(Gn−r ·Gn+r −G2

n)+ε
(
2− 1

2n

)
.

Proof.

G̃n−r.G̃n+r − G̃2
n =

(
−2Mn−r +εMn−r+1

2n−r+1

)
.
(
−2Mn+r +εMn+r+1

2n+r+1

)
−

(
−2Mn +εMn+1

2n+1

)2

= (4Mn−r ·Mn+r +2εMn−r+1 +2εMn+r+1 +ε2Mn−r+1Mn+r+1)
22n+2

− 4M2
n +4εMnMn+1 +ε2M2

n+1

22n+2
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= 4(Mn−rMn+r −M2
n)

22n+2 +2ε
Mn−r+1 +Mn+r+1 −2MnMn+1

22n+2

=−22r −2r+1 +1
2n+r +ε2n+1 +2r +2−r −3

2n

= (Gn−r ·Gn+r −G2
n)−ε(Gn−r ·Gn+r −G2

n)+ε
(
2− 1

2n

)
= (1−ε)(Gn−r ·Gn+r −G2

n)+ε
(
2− 1

2n

)
.

Proposition 2.12. When we use as r = 1 at Catalan’s identity for dual Mersenne numbers with
negative subscripts, we get the Cassini’s identity as

G̃n−1 · G̃n+1 − G̃2
n =− 1

2n+1 −2εGn+2 .

3. Dual Jacobsthal and Dual Jacobsthal-Lucas Numbers

Binet formulas for Jacobsthal and Jacobsthal-Lucas numbers are given in (1.7) and (1.8),

respectively.

3.1 Dual Jacobsthal Numbers

We define the dual Jacobsthal numbers as

J̃n = Jn +εJn+1 . (3.1)

From the equation above, one can easily see that the terms of the dual Jacobsthal sequence are

J̃0 = ε, J̃1 = 1+ε, J̃2 = 1+3ε, J̃3 = 3+5ε, . . . .

Theorem 3.1 (Binet’s formula). Let J̃n be a dual Jacobsthal number, then

J̃n = J̃2
1 · Jn + (−1)n · J̃0 .

Proof.

J̃n = Jn +εJn+1

= 2n − (−1)n

3
+ε2n+1 − (−1)n+1

3

= (1+ε)2 · 2n − (−1)n

3
+ (−1)n ·ε

= J̃2
1 · Jn + (−1)n.J̃0.

Theorem 3.2. Let J̃n+2, J̃n+1 and J̃n, three serial dual Jacobsthal numbers, then

J̃n+2 = J̃n+1 +2J̃n

holds.
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Proof.

J̃n+1 = Jn+1 +εJn+2 , (3.2)

J̃n = Jn +εJn+1 . (3.3)

When we sum (3.2) and twice the (3.3),

J̃n+1 +2J̃n = Jn+1 +2Jn +ε(Jn+2 +2Jn+1)

= Jn+2 +εJn+3

= J̃n+2.

Recall that Cassini-Like identities for Jacobsthal numbers are known as

Jn+1 · Jn−1 − J2
n = (−1)n ·2n−1 .

Theorem 3.3 (Cassini-Like identities). Let J̃n−1, J̃n and Jn+1 be dual Jacobsthal numbers,
Cassini-Like identity for dual Jacobsthal numbers is

J̃n+1 · J̃n−1 − J̃2
n = (−1)n ·2n−1 · J̃1 .

Proof.

J̃n+1 · J̃n−1 − J̃2
n = (Jn+1 +εJn+2)(Jn−1 +εJn)− (Jn +εJn+1)2

= Jn+1 · Jn−1 − J2
n +ε(Jn+2 · Jn−1 − Jn+1 · Jn)

= (−1)n ·2n−1 +ε
(
2n+2 − (−1)n+2

3
2n−1 − (−1)n−1

3
− 2n+1 − (−1)n+1

3
2n − (−1)n

3

)
= (−1)n ·2n−1 +ε1

9
·
(
2n(−1)n 9

2

)
= 2n−1(−1)n(1+ε)

= (−1)n ·2n−1 · J̃1.

Definition 3.4. For the dual Jacobsthal numbers with negative subscripts, we define

J̃−n = J−n +εJ−(n+1) .

Say J−n = Hn, then we get

H̃n = J̃−n = Hn +εHn+1.

Negative subscripted dual Jacobsthal sequence are shown, with the help of [5], as

J̃−1 = H1 +εH2 = J1

2
+ε− J2

4

= (2J1 −εJ2)
4
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= 1
2
− 1

4
ε .

The negative indexed dual Mersenne sequence has the members of
1
2
− 1

4
ε,−1

4
+ 3

8
ε,

3
8
− 5

16
ε,− 5

16
+ 11

32
ε, . . . .

Lemma 3.5. Let H̃n, H̃n−1 be two dual Jacobsthal numbers with negative subscripts, then

H̃n − H̃n−1 = 1
2n+1 (1+ J̃1)

holds.

Proof.

H̃n − H̃n−1 = (Hn +εHn+1)− (Hn−1 +εHn)

= (Hn −Hn−1)+ε(Hn+1 −Hn)

= 1
2n +ε 1

2n+1

= 1
2n+1 (1+ J̃1).

3.2 Dual Jacobsthal-Lucas numbers

We define the dual Jacobsthal-Lucas numbers as

J̃n = jn +ε jn+1.

The terms of the dual Jacobsthal-Lucas numbers are as

2+ε,1+5ε,5+7ε,7+17ε,17+31ε, . . .

with using the same initial conditions for Jacobsthal-Lucas numbers ([2]).

Theorem 3.6 (Binet’s Formula). Let J̃n be a Jacobsthal-Lucas number, Binet’s formula for this
sequence can be written as

J̃n = 2n(1+2ε)+ (−1)n(1−ε).

Proof.

J̃n = jn +ε jn+1

= 2n + (−1)n +ε(2n+1 + (−1)n+1)

= 2n(1+2ε)+ (−1)n(1−ε).

Theorem 3.7. When J̃n+2, J̃n+1, and J̃n are serial dual Jacobsthal-Lucas numbers, then

J̃n+2 = J̃n+1 +2J̃n

holds.
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Proof.

J̃n+2 = jn+2 +ε jn+3

= jn+1 +2 jn +ε( jn+2 +2 jn+1)

= J̃n+1 +2J̃n.

Definition 3.8. The negative subscripts for Jacobsthal-Lucas numbers are defined as

J̃−n = j−n +ε j−(n+1) .

Say j−n = In, then we get

Ĩn = J̃−n = In +εIn+1.

Some of the members of this negative indexed Jacobsthal-Lucas sequence are

−1
2
+ε5

4
,
5
4
−ε7

8
,−7

8
+ε17

16
, . . . .

Lemma 3.9. Let Ĩn and Ĩn−1 be two dual Jacobsthal-Lucas numbers with negative subscripts,
then

Ĩn + Ĩn−1 = 3
2n+1 J̃0.

Proof.

Ĩn + Ĩn−1 = (In +εIn+1)+ (In−1 +εIn)

= (In + In−1)+ε(In+1 + In)

= 3
2n +ε 3

2n+1

= 3
2n+1 J̃0.

Theorem 3.10. Let M̃n, J̃n and J̃n are the numbers of dual Mersenne, Jacobsthal and
Jacobsthal-Lucas, then

(i) M̃n =
{

3J̃n −2ε, n is even,

3J̃n −2, n is odd

and

(ii) M̃n =
{

J̃n −2, n is even,

J̃n −2ε, n is odd

holds.

Proof. For first part of the condition (i), assume n = 2k then

M̃2k = M2k +εM2k+1
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= 3J2k +ε(3J2k+1 −2)

= 3(J2k +εJ2k+1)−2ε

= 3J̃2k −2ε.

Second part of (i) can be shown with the same way with the help of the equation (1.9).

For second part of the condition (ii), assume n = 2k+1 then,

M̃2k+1 = M2k+1 +εM2k+2

= j2k+1 +ε( j2k+2 −2)

= j2k+1 +εJ2k+2 −2ε

= j̃2k+1 −2ε.

First part of the equation can be derived with similar way with the help of the eq. (1.10).

4. Conclusion

We defined a new version of Dual numbers using Mersenne sequence’s numbers. With similar

approaches, we introduced the Dual formats of the Jacobsthal and Jacobsthal-Lucas numbers.

We have given interesting results and important inequalities by using these sequences. Binet

formula, Cassine equality etc. which are widely known for Fibonacci numbers are given for

these new sequences in Dual numbers. For future reference, we are thinking of working on their

matrix forms and their properties.
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