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1. Introduction

Today’s competitive world and increasing customer demand for highly reliable products makes
reliability engineering a more challenging task. Reliability analysis is one of the main tools to
make sure agreed delivery deadlines which in turn support certainty in real tangible factors such
as customer goodwill and company reputation. The main aim of the manufacturing industries is
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to produce reliable products that work without failure under stated conditions. The performance
study of manufacturing industries is the need for time to improve the production process.
Downtime often leads to both tangible and intangible losses. These losses might be due to some
unreliable components; thus, an effective strategy needs to be framed out for maintenance
and repair/replacement, related to those components. In the field of reliability modeling large
number of researchers such as Bashir and Joorel [1] considered “Mean time to failure with
preventive maintenance”, Bhardwaj and Singh [2] described “Optimum preventive maintenance
policies for repairable systems”, Malik and Dhankar [3] studied “Stochastic behavior of a
two unit priority stand by redundant system with repair”, Nakagawa [5] studied “Reliability
analysis of a three unit complex system working in series-parallel configuration”, Nakagawa [6]
developed “Reliability modeling and cost analysis of a system with replacement of the server and
unit subject to inspection”, Nakagawa and Osaki [4] studied “Cost-benefit analysis of a single
unit system with scheduled maintenance and variation in demand”. Pathak et al. [8] Developed
the configuration modeling and analysis of wire rod mill system”. Pathak et al. [7]] studied
“Steady State Behavior of a Cold-Standby System with Server Failure and Arbitrary Repair,
Replacement & Treatment”, Singh and Singh [9] analyses Cost-benefit analysis of a single unit
system with scheduled maintenance and variation in demand. Earlier, Taneja and Malhotra
[10] studied reliability parameters of a main unit with its supporting units and compared the
results with two different distributions. This model particularly differs from the other models
in the sense that the concept used in this model is based on the real situation. This type of
analysis is of immense help to the owners of small-scale industries. Also, the involvement of
preventive maintenance in the model increases the reliability of the functioning units.

2. Materials and Method

In this study, the stochastic reliability of the system is analyzed by using semi-Markov process
and regenerative point techniques expression for various reliability measures like Mean time to
system failure. MTSF, the steady state Availability, the busy period of the server due to repair of
a failed unit at ¢ = 0. Busy period of the server due to preventive maintenance at ¢ = 0. Expected
down time at ¢ = 0. Expected number of visit by server at ¢ = 0. Profit incurred to the system.

System Description

The system consists of five units namely one main unit M and two associate units U with
sub-unit A and T with sub-unit B. Here the associate unit U-A and T'-B dependents upon the
main unit’s M. The system is operable when the main unit and at least one associate unit with
sub-unit are in operation. The main unit is employed to rotate U-A and T-B. As soon as a job
arrives, all the units work with load. It is assumed that only one job is taken for processing at
a time. There is a single repairman who repairs the failed units on a first-come-first-served
basis. Using regenerative point technique, several system characteristics such as transition
probabilities, mean sojourn times, availability and busy period of the repairman are evaluated.
In the end, the expected profit is also calculated.
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Assumptions
(a) The system consists of one main unit and two associate units with one sub-unit.

(b) The associate unit U-A and T-B works with the help of the main unit and sub-unit.
(c) There is a single repairman who repairs the failed units on a priority basis.

(d) After a random period of time, the whole system goes to preventive maintenance.
(e) All units work as new after repair.

(f) The failure rates of all the units are taken to be exponential whereas the repair time
distributions are arbitrary.

(g) Switching devices are perfect and instantaneous.

Notations

pij = Transition probabilities from S; to S,

i = Mean Sojourn time at time ¢,

E( = State of the system at epoch ¢ =0,

E = set of regenerative states,

q;;(t) = Probability density function of transition time from S; to S,
Q;;(t) = Cumulative distribution function of transition time from S; to S,
7;(t) = Cdf of time to system failure when starting from state E¢g=S; € E,
1i(t) = Mean Sojourn time in the state Eqg=S; € E,

B;(t) = Repairman is busy in the repair at time t/E¢=S; € E,

ri/ro/rs/r4/r5 = Constant repair rate of Main unit M/Associate unit U/Associate unit 7'/Sub-unit
A/Sub-unit B,

a/Bly/6/n = Failure rate of Main unit M/Associate unit U/Associate unit 7'/Sub-unit A/Sub-unit
B,

g1/g2/g3/g4/g5 = Probability density function of repair time of Main unit M/Associate unit
U/Associate unit 7'/Sub-unit A/Sub-unit B,

G1/G9/G3/G4/G5 = Cumulative distribution function of repair time of Main unit M/Associate
unit U/Associate unit T/Sub-unit A/Sub-unit B,

a(t) = Probability density function of preventive maintenance,

b(t) = Probability density function of preventive maintenance completion time,

A(t) = Cumulative distribution functions of preventive maintenance,

B(t) = Cumulative distribution functions of preventive maintenance completion time,
= Symbol for Laplace-Stieltjes transforms,

= Symbol for Laplace-convolution.

Symbols

Mo/M¢/M, — Main unit ‘M’ under operation/good and non-operative mode/repair mode,
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Uo/Ug4/U, — Associate unit ‘U’ under operation/good and non-operative mode/repair mode,
To/Tg4/T, — Associate unit “I” under operation/good and non-operative mode/repair mode,
Ao/Ag/A, — Sub unit ‘A’ under operation/good and non-operative mode/repair mode,
By/B,/Bs — Associate Unit ‘B’ under operation/repair/good and non-operative mode,

P.M. — System under preventive maintenance.

Up states
So=WMo,Uy,To,A0,Bo); S =(Mo,U,,To,Ag,Bo); S3=Mo,Uo,Tr,A0,Bg);
S4 = (MO,Ug,TO,Ar,BO); S5 = (MO,UO,Tg,AO,Br)-

Down States
S1=(M,,Uz,Tg,Ag,Bg); Se =(S.D.);S7 = (P.M.).

aty+n

aty+n

a+p+d 2,0

a+p+d

Q Up state Down state . Regenerative state

Figure 1. State transition diagram

3. Mathematical Analysis of the System

3.1 Transition Probabilities and Mean Sojourn Times
Simple probabilistic considerations yield the following non-zero transition probabilities:

t
Qoi(t) = f o e~ @B A (1) (3.1)
0
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Qo2(t) = fo t pe @Yot Ay, (3.2)
Qos(t) = fo tYe_(“+ﬁ+Y+5+")tA(t)dt, (3.3)
Qoslt) = fo t6e_(“+ﬁ+7+5+”)tA(t)dt, (3.4)
Qos(t) = Ltne—(a+ﬁ+y+6+n)tA(t)dt’ 3.5)
Qor(t) = fo a(pe- BTy, (3.6)
Quott)= | @t 3.7)
Q20(t) = fo t e~ @I g0 (1)t (3.8)
Q26(t) = fo (@ +y+me TGy (t)dt, (3.9)
Q30(t) = fo t e @0t ga(t)dt, (3.10)
Q36(t) = fo a+ B+6)e “HFIG()dt, (3.11)
Qa0(t) = fo t e @I g (1)dt, (3.12)
Qus(t) = fo @ +y+me TG (0)dt, (3.13)
Qs0(t) = fo @B (3.14)
Qs6(t) = fo (a+ p+8)e” @HPHGL(1)dt, (3.15)
Quo(t)= | gs(0dt, (3.16)
Qrott)= | b, (3.17)

where x1=a+pB+y+6+n.
Now, letting ¢t — oo, we get tlim Q;;(t)=pij
—00

po1= fo " e @B £ (1) gy = xﬁl[l —a*(x1)], (3.18)
Po2 = fo ooﬁe“"‘*‘”Y*‘”WA(t)dt = x%[l —a*(x1)], (3.19)
Pos = fo e @ A (1) gt = xll[l —a*(x1)], (3.20)
Poa= ‘[0005e—(a+ﬁ+y+6+n)tA(t)dt = xil[l —a*(x1)], (3.21)
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pos = fo OOne*“*“““"”Mt)dt = xil[l —a*(x1)], (3.22)
po7= fo " a(ye @ gy a*(x1), (3.23)
P1o= fooogl(t)dt =1, (3.24)
Ppao(t) = fo @ g, (3 dy = gs(a+y+n), (3.25)
P26 = fo “(a +y+ne  IVIGy(Hdt =1~ gh(a+y+1n), (3.26)
pan)= [ e PV gyt = gyt pr o), (3.27)
P36 = fo T+ B+8)e PG t)dt =1- gh(a+ f+5), (3.28)
pao(t) = fo e @i (ndt = gila+y+n), (3.29)
P46 = fo “(a +y+ne  IVIG(Hdt =1~ gi(a+y+1n), (3.30)
pso(t) = fo e @ B g (s = gia+p+6), (3.31)
P56 = fo T+ B+8)e PG ) dt =1- gi(a+ f+5), (3.32)
p7o(t)=fooob(t)dt: 1, (3.33)
P60 = foooge(t)dt =1, (3.34)
pP10=Ppeo=p70=1. (3.35)

It is easy to see that

Po1+po2+po3tpostpost+por=1, peot+pes=1, p3o+tpse=1, } (3.36)
Paot+pas=1, pso+psg=1 '
and mean sojourn time are given by
1
po=—I[1-a"(x1)], (3.37)
X1
ﬂlzf Gl(t)dt, (3.38)
0
=—[1-gi(a+y+n), 3.39
M2 aﬂ/ﬂ)[ gola+y+n) ( )
=—[1-gi(a+B+6 3.40
s a+,6+6[ gala+p+0)], ( )
=—[1-gi(a+y+n), 3.41
Ha a+y+n[ gala+y+mn) (3.41)
=—[1-gi(a+B+6 3.42
U5 a+,6+6[ gsla+pf+0)l, (3.42)
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”7:f B(t)dt,
0

u6=f0 Gﬁ(t)dt.

(3.43)

(3.44)

We note that the Laplace-Stieltjes transform of @, ;(¢) is equal to Laplace transform of q;;(?),

ie.,

Q)= [ Qi 0dt =LQij 1) = a}(5),

a

Qo1(s) = f e S A(di = [1-a*(s+x1)],
0

S+x1
p
S+x1

Gos(s) = f ye S A(pydr =
0 S+x1

Qoz(s) = f - e ST A(nde = [1-a*(s+x1)],
0

[1-a™(s+x1)],

Q04(s)=f §e TV A(p)dt = [1-a*(s+x1)],
0

S+x1

[1-a*(s+x1)],

Q05(8)=f ne ST A(p)dt =
0

S+x1

Qo7(s) =f e STyt dt = a* (s +x1),
0

(e 9)

G1os) = fo e Stg(t)dt = gi(s),

(o0}
Q20(s) = fo e~ STl g (1)t = gh(s + a+y +1),

(a+y+n)

1-go(s+a+y+
s+a+y+n[ gz(staty+nl,

Q26(s) = fo (@+y+n)e CTETIG(Hdt =

o0
Qs0(s) = fo e HarPrOl go(p)dt = gi(s +a+ B+0),

(a+pB+06)

s+a+ﬁ+6[1_g3(s+a+'6+5)]’

Q36(s) = fo (a+f+8)e CTatbtIlGap)dt =

Qa0(s) = fo ST g ()t = g (s 4 aty +),

(a+y+n)

1-gi(s+a+y+
s+a+y+n[ alsaty+ml,

Qa6(s) =f0 (@+y+n)e TG, (Hdt =

Go(s) = f P (At = g¥(s+ at f+ ),
0

(@+p+0)

5 _ [~ 5)e-CHEHBOE, (1t
Gs6(s) fo(a+ﬁ+ e Gttt =

[1-gi(s+a+p+0)],

Grols) = f e th(Ddt = b*(s),
0

o0

Qe0(s) = fo e Sge(t)dt = g§(s).
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We define m;; as follows:

mij=— [%sz(S)L:O = —QQJ-(O). (3.63)
It can to show that
mo1+mo2 +mo3+mo4 +mos +mo7 = o, M2+ moe = U2, m3go+msze = U3; }
myo +mye = Ha; M50+ Mse = Us,
where a+f+y+0+n=1x1.

(3.64)

3.2 Mean Time to System Failure

Time to system failure can be regarded as the first passage time to the failed state. To obtain it
we regard the down state as absorbing. Using the argument as for the regenerative process, we
obtain the following recursive relations. 7;(¢) is defined as the cumulative distribution function
of first passage time from ith state to a failed state

70(2) = Q01(2) + Qo2(?) [s] m2(t) + Qo3(8) [:] w3(2) + Qo4(?) [s] m4(?) + Qo5(2) [s] 5(8) + Qo7(2), (3.65)

m2(t) = Q20(t) [s] mo(t) + Q26(2), (3.66)
m3(t) = Q30(2) [5] mo(t) + Q36(1), (3.67)
74(2) = Q40(8) [5] mo(2) + Q46(2), (3.68)
75(t) = @50() [s] wo(t) + @56(2). (3.69)

Taking Laplace-Stieltjes Transform on both sides and solving we get, The mean time to system

failure when the system starts from the state Sy is given by
D' (0)-N71(0)

s=0  D1(0)

_ Mo+ He2po2+ H3P03 + HaP04 + H5P05

 1-po2p20— P03P30 — P04P40 — P05P50

E(T)=- (3.70)

gﬁo(s)

(3.71)

3.3 Availability Analysis
Let M;(¢) (i =0,2,3,4,5) denote the probability that the system is initially in regenerative
state S; € E is up at time ¢ without passing through any other regenerative state or returning
to itself through one or more non regenerative states, i.e., either it continues to remain in a
regenerative S; or a non-regenerative state, including itself. By probabilistic arguments, we
have the following recursive relations.

Mo(t) = e @HPIYHONIA(E),  Mo(d) = e @Y IG(8),  M3(d) = e @HPOG(@),

My(t) = e @G (8),  Ms(t) = e “HPHOIGy(2). }

Recursive relations giving point wise availability A;(#)given as follows:

(3.72)

Ao(t)=Mo(t)+ Z qoi(H) [c]Ai(D), (3.73)
i=1,2,3.4,5,7

A1) = q10@®) [c] Ao(?); (3.74)

Ag(t)=Ma(H)+ ) qai(t)[] A1), (3.75)
i=0,6

Ag(t)=Ms(H)+ ) qsi(t)[c] A1), (3.76)
i=0,6
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Ayt) =My + ) qut)[c]A;(), (8.77)
1=0,6

As(t)=Ms5)+ Y gs5i(H)[c]Ai(D), (3.78)
1=0,6

Ag(t) = qeo(t)[c] Ao(?), (3.79)

Aq(t) = qr0(t) [c] Ao(2). (3.80)

Taking Laplace-Stieltjes transformation of above equations and solving the steady-state
availability is given by
No(0)  poLo+ugLo+usLls+psLlg+psLs

Aj(00) = lim Ag(#) = lim sAg(s) = D0~ s L, , (381
i=0,1,2,3,4,5,6,7
where
N2(0) = po + p2poz + 3P o3 + HaPos + 5005, (3.82)
where

1=_Lo; po1=L1; po2 =Lopos =L3; posa =L4; pos =Ls; }
P02P26 + P03P36 + PoaP a6+ Pospse = Le; por = L7

3.4 Busy Period Analysis

(a) Let W;(¢) (i =1,2,3,4)denote the probability that the repairman is busy initially with repair
in a regenerative state S; and remains busy at an epoch ¢ without transiting to any other state
or returning to itself through one or more regenerative states.

By probabilistic arguments, we have

W1i(®) = G1(2), Wa(®) = Ga(t), Wa(t) = G3(t), Wat) = G4(®), W5(t)=G5(2). (3.83)
Developing similar recursive relations as in availability, we have
Bo@®)= ). qu®[]Bi@®), (3.84)
i=1,2,3,4,5,7

B1(¢) = W1(®) + q10(2) [¢] Bo(?); (3.85)

Bo(t)=Wa(t)+ ) q2:i(t)[c] Bi(1), (3.86)
i=0,6

Bs(t)=Ws(®)+ ) qsi(t)[] Bi(t), (3.87)
i=0,6

Byt)=Wi)+ ) qu()[]Bi(®), (3.88)
i=0,6

Bs(t)=Ws(t)+ ) g5:(t)[c] Bi(®), (3.89)
i=0,6

Bg(t) = qe0(t) [c] Bo(t), (3.90)

Br(t) = q70(t) [c]Bo(). (3.91)

Taking Laplace-Stieltjes transformation of above equations and solving this, the fraction of time
for which the repairman is busy with repair of the failed unit is given
> L
N3(0)  i=1,2345 Hii
D(0) 2 piLi
i=0,1,2,3,4,5,6,7

By (c0) = lim By (1) = iE%SBé*(s) = : (3.92)
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where

N3(0) = (11po1 + H2po2 + 43DP03 + HaPo4 + 5P 05)
= pu1Ly1+poLo+usLs+ gLy + pusLs = piLi. (3.93)
i=1,2,3,4,5
(b) Busy period of the Repairman in Preventive Maintenance in Time (0,¢]
Preceding the similar fashion as in the steady state busy period of server due to preventive
maintenance of the system is given by
N4(0) prLyq

Dy0) Y Li
1=0,1,2,3,4,5,6,7

B (c0) = lim B2 (¢) = limsB2 (s) = (3.94)
t—oo s—0
(c) Busy Period of the Repairman in Shut Down Repair in Time (0, ]

Preceding the similar fashion as in the steady state busy period of server due to preventive
maintenance of the system is given by

By (c0) = lim BY (¢) = limsB{ () = gig; = Z”GL 8 T (3.95)
1=0,1,2,3,4,5,6,7
3.5 Particular Cases
When all repair time distributions are n-phase Erlangian distributions, i.e.,
Density function g;(¢) = nri(nr:inl_'le_nrit ; (3.96)
Survival function G (¢) = rg (nrlt)JJ—'e‘””t . (3.97)
and other distributions are negaJtive exponential
a@®)=0e7% b@)=pe ™, A@t)=e%, B@t)=eH. (3.98)
Forn=1,
gi®)=rie "t Git)=e"" if i =1,2,3,4,5,6, (3.99)
g1(t)=rie ", (3.100)
g2(t) =roe” ", (3.101)
g3(t)=rze "3, (3.102)
ga(t)=rge ", (3.103)
g5(t)=r5e 75", (3.104)
ge(t)=rge 5", (3.105)
GiH)=e", (3.106)
Ga(t)=e"%, (3.107)
Gs(t)=e7"¥, (3.108)
Ga(t)=e, (3.109)
Gs(t)=e7"%, (3.110)
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Also,

G_e(t) =g 6L,

_a
P01—x1+0,
bo2= P )

x1+6

Y
p03:x1+6’

1)
p04—x1+0,

Pos = d )
x1+6
0

p07_x1+6’

po=1,

on—m,

a+y+n

P26=m,

Pso—m,
_a+p+é6

P36—m,

r4

P40=m,
_ a+y+n

P46—m,

P5o—m,
_a+fp+o

P56—m,

peo=p70=1

1
#0—x1+6,

1
ﬂlzr—l,

3 1

3 1
B G Bvo+rs

rg

4:—
a+y+n+ry’
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(3.113)

(3.114)

(3.115)

(3.116)

(3.117)

(3.118)
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(3.120)

(3.121)

(3.122)

(3.123)

(3.124)

(3.125)

(3.126)
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(3.129)

(3.130)

(3.131)
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where

1
Hs = a+pf+86+rs’
1
,u6 =,
re
1
H7=—,
u
+ + + +
MTSF = Mo+ Hapo2 + U3Po3 + HaPo4 + H5D05 ’
1-po2p20— P03P30 — P04P40 — P05P50
_ poLo+peLo+pusLy+pala++usLs
Ap(oo) = ,
pi L
i=0,1,2,3,4,5,6.7
1=1,2,3,4 5uiLi
Bl*(oo): 1=1,2,0,4. ’
0 ;L
i=0,1,2,3,4,5,6,7
. L
B2 (00) = — T ——
;L
i=0,1,2,3,4,5,6,7
. ueLe
_B3 (OO) = )
° piLii

i=0,1,2,3,4,5,6,7

a+pP+y+6+n=x1; Lo=1; L1=po1; La=poz2; Ls=po3; L4=pos; Ls=pos;

Le = poz2p26+ po3pse+ PoaPas+ PospPs6, L7 = por

3.6 Profit Analysis
The profit analysis of the system can be carried out by considering the expected busy period of

the repairman in repair of the unit in (0, ¢].

Therefore,

where

G(t) = Expected total revenue earned by the system in (0, ]

— Expected repair cost of the failed units

— Expected repair cost of the repairman in preventive maintenance

— Expected repair cost of the Repairman in shut down

= C1pup(t) = Coup1(t) — C3ppa(t) — Capips(t)
=C1A¢-C3B} - C3Bi - C4B3,

(3.133)

(3.134)

(3.135)

(3.136)

(3.137)

(3.138)

(3.139)

(3.140)

(3.141)

(3.142)

t t t t
fup(8) = fo Ao()dt; ppi(0) = fo BiOdt; ppa(t) = fo BA(t)dt; ups(t) = fo B(t)dt. (3.143)

C is the revenue per unit time and Cq, C3, C4 are the cost per unit time for which the system

is under simple repair, preventive maintenance and shut down repair, respectively.
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