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1. Introduction
Banach [4] in 1922, firstly originated the concept of contraction in the field of Fixed Point
Theory and gave the Banach Contraction Principle. This principle has been prolonged and
theorized to different class of spaces, such as metric like spaces [2], partial metric spaces [13],
b-metric spaces [5] and several others. Sometimes, one may find situations in what respect all
the metric circumstances are not essential [1,6,7,14,15]. Inspired by this, several authors rooted
fixed point results in symmetric spaces. A symmetric d on a non-empty set U is a function
d : U ×U → R+ which entertain d(u,v) = d(v,u) and d(u,v) = 0 if and only if u = v, for all
u,v ∈U . Different from metric, the symmetric spaces are not continuous. The uniqueness of
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the limit of a sequence is no longer make sured because of the awol of triangular inequality.
Matthews [13] originated the concept of partial metric spaces and settled a cognate of the
Banach contraction, Kannan-Ciric and Ciric quasi type fixed point results.

Combining the perceptions of partial metric spaces and symmetric spaces, Asim et al. [3]
originated the class of Partial Symmetric Spaces (PSS) and gave fixed point results for distinct
type of contractions in such spaces. On the other hand, in 2003, the Banach Contraction
Principle was generalised by Kirk et al. [10] with the use of cyclic contraction and further used
by several authors to attain various fixed point results (see e.g., [8,9]).

This paper deals with a unique impend in the field of cyclic contraction mappings. In this
paper, we prove fixed point results for various cyclic contractions in PSS. Our results generalize
the several existing results. Also we provide an example in the support of proved result.

2. Preliminaries
Asim et al. [3] introduced the PSS for a non-empty set U .

Definition 2.1. Let U be a non-empty set. P : U ×U → R+ is said to be partial symmetric if,
for all µ,ν ∈U ,

(i) µ= ν iff P(µ,µ)= P(ν,ν)= P(µ,ν);

(ii) P(µ,µ)≤ P(µ,ν);

(iii) P(µ,ν)= P(ν,µ).
Then, the pair (U ,P) is said to be PSS.

A PSS (U ,P) diminishes to a symmetric space if P(µ,µ) = 0, for all µ ∈ U . Undoubtedly,
every symmetric space is PSS, but not conversely.

Example 2.2 ([3]). Consider U = R and outline a mapping P : U ×U → R+ for all µ,ν ∈U and
p, q > 1, as follows:

P(µ,ν)= |µ−ν|p +|µ−ν|q.

Then, (U ,P) becomes a PSS.

Example 2.3 ([3]). Consider U = R+ and outline a mapping P : U ×U → R+ for all µ,ν ∈U

and p, q > 1, as follows:

P(µ,ν)= (max{µ,ν})p + (max{µ,ν})q.

Then, (U ,P) becomes a PSS.

Example 2.4 ([3]). Consider U = [0,π) and outline a mapping P : U ×U → R+ for all µ,ν ∈U

and α> 0, as follows:

P(µ,ν)= sin |µ−ν|+α.

Then, (U ,P) becomes a PSS.

Let (U ,P) be a PSS. Then the P-open ball, with centre µ ∈U , radius ε> 0 is outlined by

BP (µ,ε)= {ν ∈U : P(µ,ν)< P(µ,µ)+ε}.
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Similarly, for centre u ∈U and radius ε> 0, the P-closed ball is outlined by

BP [µ,ε]= {v ∈U : P(µ,ν)≤ P(µ,µ)+ε}.

The collection of all P-open balls, for all µ ∈U and ε> 0,

µP = {BP (µ,ε) :µ ∈U ,ε> 0}

forms a basis for topology τP on U .

Lemma 2.5. Let (U ,τP) be a topological space and F : U → U is continuous then, for every
convergent sequence {µn} converges to µ in U , the sequence {Fµn} converges to Fµ.

Now, we outline some basic definitions which we will use in our subsequent future
discussions.

Definition 2.6. A sequence {µn} in PSS (U ,P) is forenamed to be P-convergent to µ ∈U , with
respect to τP , if

P(µ,µ)= lim
n→∞P(µn,µ).

Definition 2.7. A sequence {µn} in (U ,P) is forenamed to be P-Cauchy if lim
m,n→∞P(µn,µm) exists

and is finite.

Definition 2.8. A PSS (U ,P) is forenamed to be P-complete if each one P-Cauchy sequence
{µn} in U is P-convergent, with respect to τP , to a function µ ∈U such that

P(µ,µ)= lim
n→∞P(µn,µ)= lim

n,m→∞P(µn,µm).

Now, we state some definitions related to PSS on U .

Definition 2.9. Let (U ,P) be a PSS. Then

(A1) lim
n→∞P(µn,µ)= P(µ,µ) and lim

n→∞P(µn,ν)= P(µ,ν) imply µ= ν, for a sequence {µn},µ and ν

in U .

(A2) A PSS (P,U ) is said to be 1-continuous if lim
n→∞P(µn,µ) = P(µ,µ) implies that

lim
n→∞P(µn,ν)= P(µ,ν), for a sequence {µn} in U and µ,ν ∈U .

(A3) A PSS (U ,P) is said to be continuous if lim
n→∞P(µn,µ)= P(µ,µ) and lim

n→∞P(µn,v)= P(µ,ν)
imply that lim

n→∞P(µn,νn)= P(µ,ν) where {µn} and {νn} are sequences in U and µ,ν ∈U .

(A4) lim
n→∞P(µn,µ) = P(µ,µ) and lim

n→∞P(µn,νn) = P(µ,µ) imply lim
n→∞P(νn,µ) = P(µ,µ), for a

sequence {µn}, {νn} and µ in U .

(A5) lim
n→∞P(µn,νn) = P(µ,µ) and lim

n→∞P(νn,ηn) = P(µ,µ) imply lim
n→∞P(µn,ηn) = P(µ,µ), for a

sequence {µn}, {νn} and {ηn} in U .

Definition 2.10. Let f be any self mapping defined on a non-empty set U then µ ∈U is said
to be a fixed point of f if f µ=µ.

Definition 2.11 ([11]). Let A and B be non-empty subsets of a set U . A map T : A ∪B →
A ∪B is said to be a cyclic map if T(A )⊆B and T(B)⊆A .
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Definition 2.12 ([12]). Let (U ,d) be a complete metric space and T , S be two mappings. Then
T and S are said to be weakly compatible if they commute at their coincidence point µ ∈U ,
that is, Tµ= Sµ implies TSµ= STµ.

3. Main Results
In this section, we prove some fixed point theorems in the relation of a symmetric space.
Let (U ,P) be a PSS and A : U →U . Then, for every µ ∈U and for all i, j ∈ N, we define

Ξ(P,A ,µ)= sup{P(A iµ,A jµ) : i, j ∈ N}. (3.1)

Definition 3.1. Let C1 and C2 be non-empty subsets of PSS (U ,P). A cyclic map A : C1∪C2 →
C1 ∪C2 is said to be cyclic k-contraction if for all k ∈ [0,1) such that

P(A µ,A ν)≤ kP(µ,ν) (3.2)

for all µ ∈ C1 and ν ∈ C2.

Theorem 3.2. Let C1 and C2 be non-empty closed subsets of a complete PSS (U ,P). Let A be
a cyclic mapping that fulfills a cyclic k-contraction condition for some k ∈ [0,1). If there exists
µ0 ∈U such that Ξ(P,A ,µ0)<∞ and either (U ,P) fulfills the (A1) property or A is continuous.
Then A has exactly one fixed point µ ∈U such that P(µ,µ)= 0.

Proof. Let µ0 ∈ C1 ∪C2. Then either µ0 ∈ C1 or µ0 ∈ C2. Let µ0 ∈ A. Since A C1 ⊆ C2, we have
A µ0 ∈ C2. Thus ∃ µ1 ∈ C2 with A µ0 = µ1. Also, A C2 ⊆ C1, we have A µ1 ∈ A. Thus there
exists µ2 ∈ A such that µ2 =A µ1. Continuing in this way, we can build up a sequence in C1∪C2

by µn = A µn−1 = A nµ0. Now, if µn+1 = µn for all n ∈ N then the result follows immediately.
Suppose that µn+1 6=µn for all n ∈ N .
Now, from (3.2), for all i, j ∈ N , we have

P(A n+iµ0,A n+ jµ0)≤ kP(A n−1+iµ0,A n−1+ jµ0).

The above inequality comes true for all i, j ∈ N ; so, by eq. (3.1), we have

Ξ(P,A ,A nµ0)≤ kΞ(P,A ,A n−1µ0).

Repeating the procedure again and again, we have (for every n ∈ N)

Ξ(P,A ,A nµ0)≤ knΞ(P,A ,µ0). (3.3)

Let n,m ∈ N , such that m = n+ p for some p ∈ N . Using eq. (3.3),we have

P(A nµ0,A n+pµ0)≤Ξ(P,A ,A nµ0)≤ knΞ(P, ,A ,µ0).

As Ξ(P,A ,µ0)<∞ and k ∈ [0,1), we have

lim
n,m→∞P(µn,µm)= 0,

so that {µn} = {A nµ0} is a P-Cauchy sequence in U . Due to the P-completeness of U , there
exists µ ∈U such that {µn} P-converges to µ. We note that {A 2nµ0} is a sequence in C1 and
{A 2n−1µ0} is a sequence in C2 in such a way that both sequences tend to the same limit µ. Since
C1 and C2 are closed, we have µ ∈ C1 ∩C2, and then C1 ∩C2 6=φ.
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Presume that A is continuous. Then

µ= lim
n→∞µn+1 =A ( lim

n→∞µn)=A µ.

Alternatively, presume that (U ,P) fulfills (A1) property. Now, we have P(A µn,A µ)≤ P(µn,µ),
which on acquiring n →∞, implies that lim

n→∞P(µn+1,A µ) = 0. Thus, using the property (A1),
A µ=µ. Thus, µ is a fixed point of A .
To prove the uniqueness of the fixed point, let on conflicting that there exists µ,ν ∈U such that
A µ=µ, A ν= ν. Then by definition of cyclic k-contraction,

P(µ,ν)= P(A µ,A ν)≤ kP(µ,ν),

a contradiction. Hence µ= ν, that is, µ is a exactly one fixed point of A . Finally, we prove that
P(µ,µ)= 0. Since A is cyclic k-contraction mapping, we have

P(µ,µ)= P(A µ,A µ)≤ kP(µ,µ).

This gives P(µ,µ)< 0, a contradiction. Hence P(µ,µ)= 0. This finalizes the proof.

Definition 3.3. Let (U ,P) be a PSS. A mapping A : U →U is forenamed to be a Kannan-Ciric
type k-contraction if: for all µ,ν ∈U ,

P(A µ,A ν)≤ kmax{P(µ,A µ),P(ν,A ν)}, where k ∈ [0,1).

Inspired by the above definition, we establish cyclic Kannan-Ciric k-contraction.

Definition 3.4. Let C1 and C2 be non-empty subsets of PSS (U ,P). A cyclic map A : C1∪C2 →
C1 ∪C2 is said to be cyclic Kannan-Ciric k-contraction if for k ∈ [0,1)

P(A µ,A ν)≤ kmax{P(µ,A µ),P(ν,A ν)}, (3.4)

for all µ ∈ C1 and ν ∈ C2.

Theorem 3.5. Let C1 and C2 be non-empty closed subsets of a complete PSS (U ,P). Let A be a
cyclic mapping that fulfills a cyclic Kannan-Ciric k-contraction condition for some k ∈ [0,1). If
there exists µ0 ∈U such that Ξ(P,A ,µ0)<∞ and either (U ,P) fulfills the (A1) property or A is
continuous. Then A has exactly one fixed point µ ∈U such that P(µ,µ)= 0.

Proof. Let µ0 ∈ C1 ∪C2. Then either µ0 ∈ C1 or µ0 ∈ C2. Let µ0 ∈ C1. Since A C1 ⊆ C2, we
have A µ0 ∈ C2. Thus ∃ µ1 ∈ C2 with A µ0 = µ1. Also, A C2 ⊆ C1, we have A µ1 ∈ C1. Thus
∃ µ2 ∈ C1 such that µ2 = A µ1. Pursuing in this way, we can build up a sequence in C1 ∪C2

by µn = A µn−1 = A nµ0. Now, if µn+1 = µn for all n ∈ N then the result follows immediately.
Suppose that µn+1 6=µn for all n ∈ N .
Now, from (3.4), for all i, j ∈ N , we have

P(µn,µn+1)= P(A µn−1,A µn)≤ kmax{P(µn−1,A µn−1),P(µn,A µn)}

≤ kmax{P(µn−1,µn),P(µn,µn+1)}.

Presume that max{P(µn−1,µn),P(µn,µn+1)}= P(µn,µn+1), then

P(µn,µn+1)≤ kP(µn,µn+1),

a contradiction (since k ∈ [0,1)).
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Thus, max{P(µn−1,µn),P(µn,µn+1)}= P(µn−1,µn). Therefore,

P(µn,µn+1)= kP(µn−1,µn), for all n ∈ N.

Thus inductively, we have

P(µn,µn+1)= knP(µ0,µ1), for all n ∈ N.

On taking the limit as n →∞, we get

lim
n→∞P(µn,µn+1)= 0. (3.5)

Now, we affirm that {µn} is a P-Cauchy sequence. From eq. (3.4), we have, for n,m ∈ N,

P(µn,µm)= P(A µn−1,A µm−1)

≤ kmax{P(µn−1,A µn−1),P(µm−1,A µm−1)}

≤ kmax{P(µn−1,µn),P(µm−1,µm)}.

By taking the limit as n,m →∞ and using (3.5), we have

lim
n,m→∞P(µn,µm)= 0.

Hence {µn} is a P-Cauchy sequence. Due to the P-completeness of U , ∃ µ ∈U such that {µn}
P-converges to µ. We note that {A 2nµ0} is a sequence in C1 and {A 2n−1µ0} is a sequence in C2

in such a way that both sequences tend to the same limit µ. Since C1 and C2 are closed, we
have µ ∈ C1 ∩C2, and then C1 ∩C2 6=φ.
Presume that A is continuous. Then

µ= lim
n→∞µn+1 =A ( lim

n→∞µn)=A µ.

So, µ is a fixed point of A .
To prove the uniqueness of the fixed point, let on contrary that there exists µ,ν ∈U such that
A µ=µ,A ν= ν. Then by definition of cyclic Kannan-Ciric k-contraction,

P(µ,ν)= P(A µ,A ν)

≤ kmax{P(µ,A µ),P(ν,A ν)}

= kmax{P(µ,µ),P(ν,ν)}.

So, either P(µ,ν)≤ kP(µ,µ) or P(µ,ν)≤ kP(ν,ν), which is a conflict. Therefore, µ is exactly one
fixed point of A . Finally, we show that P(µ,µ)= 0. Since A is cyclic Kannan-Ciric k-contraction
mapping, we have

P(µ,µ)= P(A µ,A µ)

≤ kmax{P(µ,A µ),P(µ,A µ)}

= kmax{P(µ,µ),P(µ,µ)}

= kP(µ,µ).

This gives P(µ,µ)< 0, a contradiction. Hence P(µ,µ)= 0. This finalizes the proof.

Now, we raise some fixed point results for cyclic k-weak contraction within the context of PSS.
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Definition 3.6. Let (U ,P) be a PSS and A : U → U . Then A is forenamed to be k-weak
contraction if, for all µ,ν ∈U , and k ∈ [0,1),

P(A µ,A ν)≤ kmax{P(µ,ν),P(µ,A µ),P(ν,A ν),P(µ,A ν),P(ν,A µ)}.

Inspired by the above definition, we give the definition of cyclic k-weak contraction.

Definition 3.7. Let C1 and C2 be non-empty subsets of PSS (U ,P). A cyclic map U : C1∪C2 →
C1 ∪C2 is forenamed to be cyclic k-weak contraction if for all k ∈ [0,1),

P(A µ,A ν)≤ kmax{P(µ,ν),P(µ,A µ),P(ν,A ν),P(µ,A ν),P(ν,A µ)},

for all µ ∈ C1 and ν ∈ C2.

Theorem 3.8. Let C1 and C2 be non-empty closed subsets of a complete PSS (U ,P). Let A be
a cyclic mapping that fulfills the condition of a cyclic k-weak contraction for some k ∈ [0,1). If
there exists µ0 ∈ U such that Ξ(P,A ,µ0) <∞ and A is continuous. Then A has exactly one
fixed point µ ∈U such that P(µ,µ)= 0.

Proof. Let µ0 ∈ C1 ∪C2. Then either µ0 ∈ C1 or µ0 ∈ C2. Let µ0 ∈ C1. Since A C1 ⊆ C2, we have
A µ0 ∈ C2. Thus, there exists µ1 ∈ C2 with A µ0 =µ1. Also, A C2 ⊆ C1, we have A µ1 ∈ C1. Thus
there exists µ2 ∈ C1 such that µ2 =A µ1. Continuing in this way, we can build up a sequence
in C1 ∪C2 by µn = A µn−1 = A nµ0. Now, if µn+1 = µn for all n ∈ N then the result follows
immediately. Presume that µn+1 6=µn for all n ∈ N .
Let n be an arbitrary positive integer. Since A is a cyclic k-weak contraction, for all i, j ∈ N , we
have

P(A n+iµ0,A n+ jµ0)≤ kmax{P(A n−1+iµ0,A n−1+ jµ0),P(A n−1+iµ0,A n+iµ0),

P(A n−1+ jµ0,A n+ jµ0),P(A n−1+iµ0,A n+ jµ0),

P(A n−1+ jµ0,A n+iµ0)}.

The above inequality holds for all i, j ∈ N , therefore, by eq. (3.1), we have

Ξ(P,A ,A nµ0)≤ kΞ(P,A ,A n−1µ0).

Repeating the procedure again and again, we have (for every n ∈ N)

Ξ(P,A ,A nµ0)≤ knΞ(P,A ,µ0). (3.6)

Let n,m ∈ N , such that m = n+ p for some p ∈ N . Using (3.6), we have

P(A nµ0,A n+pµ0)≤Ξ(P,A ,A nµ0)

≤ knΞ(P,A ,µ0).

As Ξ(P,A ,µ0)<∞ and k ∈ [0,1), we have

lim
n,m→∞P(µn,µm)= 0,

so that {µn} = {A nµ0} is a P-Cauchy sequence in U . Due to the P-completeness of U , there
exists µ ∈U such that {µn} P-converges to µ. We note that {A 2nµ0} is a sequence in C1 and
{A 2n−1µ0} is a sequence in C2 in such a way that both sequences tend to the same limit µ. Since
C1 and C2 are closed, we have µ ∈ C1 ∩C2, and then C1 ∩C2 6=φ.
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Presume that A is continuous. Then

µ= lim
n→∞µn+1 =A ( lim

n→∞µn)=A µ.

So, µ is a fixed point of A .
To prove the uniqueness of the fixed point, let on contrary that there exists µ,ν ∈U such that
A µ=µ, A ν= ν. Then by definition of cyclic k-weak contraction,

P(µ,ν)= P(A µ,A ν)

≤ kmax{P(µ,ν),P(µ,A µ),P(ν,A ν),P(µ,A ν),P(ν,A µ)}

= kmax{P(µ,ν),P(µ,µ),P(ν,ν),P(µ,ν),P(ν,µ)}.

By using the definition of PSS, we have

P(µ,ν)≤ kP(µ,ν)< P(µ,ν),

a contradiction, and so P(µ,ν)= 0 which implies that µ= ν. Thus, µ is a unique fixed point of
A . Finally, we show that P(µ,µ)= 0. Since A is cyclic k-weak contraction mapping, we have

P(µ,µ)= P(A µ,A µ)

≤ kmax{P(µ,µ),P(µ,A µ),P(µ,A µ),P(µ,A µ),P(µ,A µ)}

= kmax{P(µ,µ),P(µ,µ),P(µ,µ),P(µ,µ),P(µ,µ)}

= kP(µ,µ).

This gives P(µ,µ)< 0, a contradiction. Hence P(µ,µ)= 0. This finalizes the proof.

Example 3.9. Let U = [−1,1] and a partial symmetric P : U ×U → R+ outlined as

P(µ,ν)=max{µ,ν} for all µ,ν ∈U .

Suppose that C1 = [−1,0] and C2 = [0,1]. Outline A : C1 ∪C2 → C1 ∪C2 by

A µ=−µ
2

for all µ ∈U .

Note that (U ,P) is a complete PSS and C1, C2 are closed in U .
If µ ∈ C1, −1≤µ≤ 0, then 0≤−µ

2 ≤ 1
2 , i.e., A µ ∈ C2, i.e., A (C1)⊆ C2.

Similarly, if µ ∈ C2, 0≤µ≤ 1, then −1
2 ≤−µ

2 ≤ 0, i.e., A µ ∈ C1, i.e., A (C2)⊆ C1.
Observe that

P(A µ,A ν)=max{A µ,A ν}

=max
{
−µ

2
,−ν

2

}
≤ 1

2
max{−µ,−ν}

≤ 1
2

max{P(µ,ν),P(µ,A µ),P(ν,A ν),P(µ,A ν),P(ν,A µ)}

for all µ ∈ C1, ν ∈ C2. Observe that A is continuous and Ξ(P,A ,µ0)<∞. Thus all the conditions
of Theorem 3.8 are entertained and so µ= 0 ∈ C1 ∩C2 is exactly one fixed point of A .
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