Communications in Mathematics and Applications

Vol. 12, No. 3, pp. @-@ 2021 RGN

ISSN 0975-8607 (online); 0976-5905 (print)

Published by RGN Publications http://www.rgnpublications.com

DOI:110.26713/cma.v12i3.1483

| Research Article |

Some Extractions of Fixed Point Theorems Using
Various E.A Properties

Bonuga Vijayabaskerreddy*!** and Veladi Srinivas?

1 Department of Mathematics, Sreenidhi Institute of Science and Technology (SNIST), Ghatkesar,
Hyderabad 501301, Telangana, India

2 Department of Mathematics, University College, Saifabad, Osmania University, Hyderabad,
Telangana, India

Received: November 9, 2020 Accepted: September 20, 2021

Abstract. This paper deals with some fixed point theorems using the notions of E.A property, common
E.A property, E.A like property and common E.A like property along with weakly compatible mappings.
Additionally, some examples are also discussed to describe the various E.A properties.

Keywords. Common fixed point; Weakly compatible mappings; E.A property; Common E.A property;
E.A like property; Common E.A like property

Mathematics Subject Classification (2020). 47H10; 54H25

Copyright © 2021 Bonuga Vijayabaskerreddy and Veladi Srinivas. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.

1. Introduction

It is well known that the Fixed Point Theory is an efficient tool in the branch of mathematics
and it has many applications across the different fields of mathematics. The idea of weakly
commuting mappings came to existence with the effort of Sessa [12]]. Jungck [5]] introduced the
concept of compatible mappings, which is more general than commuting and weakly commuting
maps. Further, Jungck [6] weakened the notion of compatibility by introducing the weakly
compatible mappings.

The study of non-compatible mappings of common fixed points in metric space is of great
importance and was initiated by Pant [9]. In 2002, Aamri and Moutaakil [[1] introduced new
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property for pair of self mappings known to be property E.A, which is a weaker form of the
notion of compatible mappings in metric space. Further, Yicheng et al. [[16] improved property
E.A to common property E.A. The concept of E.A like property and common E.A like property
in fuzzy metric spaces is investigated [15]. Further different generalizations of fixed point
theorems have been noted from [7] to [[13]].

The aim of this paper is to generalize Jang et al. [4] result under different E.A properties
namely property E.A, common property E.A, E.A like property and common E.A like property
along with weakly compatible mappings.

2. Definitions and Examples

Definition 2.1 ([5]). Self mappings A and & of a metric space (X,d) are known to be compatible
if lim d(AS8a;,8Aa;) = 0 holds whenever {a;} is emerging as a sequence in X satisfying

n—oo
lim Aa; = lim Sa; =¢ for some ¢ € X.
nN—00 n—oo

Definition 2.2 ([6]]). Two mappings A and S of a metric space (X,d) are said to be weakly
compatible if they commute at their coincidence points i.e. if Au = Su implies ASu = SAu for
some u € X.

Definition 2.3 ([1]). Self mappings A and S of metric (X,d) is said to satisfy the property (E.A)

if there exists a sequence {a;} in X such that lim Aa;, = lim Sa, =¢ for some ¢ € X.
n—00 nN—00

Example 2.1. Let the usual metric space (X,d) with X =[0,10].
Now, the mappings A,S5: X x X — R defined as A = 27x and 8 = 7 for all x € X. Let the sequence
{ag} = %, n €N, then the pair (A, ) satisfies property E.A.

Definition 2.4 ([16]). The pair of mappings (A,S) and (B,7) of a metric space (X,d) are said
to hold the common property (E.A) whenever {a;} and {8,} are the sequences in X satisfying
#Lrloloﬂan = #LrlolOSan = nlLIgOT,Bn = nlg&%ﬁ,, = ¢ for some point { € X.

Now, we discuss example on this property.

Example 2.2. Let the usual metric space (X,d) with X =[-10,10] and d(x,y) = |x — y|. Define
the mappings on (X,d) as

1 €1-10.10) % for x = —-10,
z for x€{-10,10},
Ax) =42 8(x)=4x  for x€(-10,10),
5 for x €(-10,10), 1
-7 forx=10,
1 ;. € (~10.10) —% for x = —-10,
= or x € {—10,10},
Bx)=4"°_ T(x)=4 —x for x €(-10,10),
-5 for x€(-10,10), 1
7 forx=10.

Eventually, the pair of mappings (A,S) and (B,7) satisfy the common E.A property for the
sequences {a,} = {0 + %} and {B,} = {O - %}, where 1€ N.
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Definition 2.5 ([15]). Let A and $ be mappings of a metric space (X,d). A pair of mappings
(A,8) said to hold the property E.A like property if there exists a sequence {a;} such that
lim Aa;, = T}im Say = ¢ for some ¢ € A(X) or ¢ € 3(X) i.e. ¢ € AX)US(X).

N—oo

Example 2.3. Let (X,d) be a usual metric space with X =[-1,1]. Define the mappings A and
8 as A(x) = 5, 8(x) = 0 for all x € X. For a sequence {a;} = %, n €N, the pair of mappings (A,J)
satisfies E.A like property, since lim Aa; = lim Sa; =0 where 0 € A(X) U 8(X).

1n—00 1n—00

Definition 2.6 ([[15]). Two pairs (A,8) and (B,7T) of four self mappings of metric space (X,d)

are said to satisfy common E.A like property if nlim Aay, = nlim Sa, = T}im TBy = lim BB, =¢
—00 —00 —00 n—0o0

whenever 3 two sequences {a;} and {f;,} in X such that ¢ € S(X) N T(X) or ¢ € A(X) N B(X).

Now discuss an example.

Example 2.4. Consider X =[0,1] and d(x,y) = |x — y| for all x € X. Define the mappings A, S,

B and T as A(x) =5 — %”B(x) =38(x)=x— %‘T(x) =x.
Define two sequences as {a,} = %+% and {B,} = %, neN. AX) = [—%,53—3], BX) = [O,%],
8(X)=[-1,3], T(X)=10,11.

Now, lim Aa; = lim Sa, = lim Bf, = lim T8, = 0 where 0 € AX)N'B(X) or 0 € S(X)n TCX).

Hence the pairs (A,8) and (B, 7) satisfy common E.A property.
Jang et al. [4] proved following the fixed point theorem.

Theorem 2.1. Let A, B, S and T be mappings form a complete metric space (X,d) into self
satisfying the conditions:

I AX)cT(X), B(X)c8(X),
(II) d(Ax,By)=pmax {d(Ax, 8x),d(By,Ty), %[d(./lx, Ty)+d(By,Sx)],d(Sx, ‘J'y)}

+gmax{d(Ax,8x),d(By,Ty)} + rmax{(Ax,Ty),d(By,3x)},
forall x,ye X, where 0<p+q+2r<1, (p,q and r are non negative real numbers).
Suppose that

(III) one of the A, B, S and T are continuous,
(IV) the pair of mappings (A,S) and (B,T) are compatible on X.
Then the self maps A, B, 8 and T have a unique common fixed point in X.

Now, we prove weaker form of Theorem using different E.A properties on an incomplete
metric space.

3. Main Result

Theorem 3.1. Suppose the four self mappings A, B, S and T of a metric space (X ,d) satisfying
following constraints:

(C-1) AX)<T(X)and B(X) < 8(X),
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(C-2) d(Ax,By) < pmax{d(ﬂx,Sx),d(By,‘J’y), %[d(flx,‘J'y) + d(By,Sx)],d(Sx,‘J’y)}

+q max{d(Ax,8x),d(By,Ty)} + rmax{d(Ax,Ty),d(By,Sx)},
forall x,ye X, where 0<p+q+2r<1(p,q and r are non negative real numbers).
(C-3) (A,S) or (B,T) satisfies E.A property,
(C-4) both the couples (A,S) and (B,T) are weakly compatible,

(C-5) if one of the given four mappings range set is a complete subspace of X then the self
mappings A, B, S and T will be having unique common fixed point.

Proof. Since the pair of mappings (B,7) follows property E.A then there exists a sequence {a;}
in X such that Ba, — {, Ta, — {, for some { € X as 7 — oo, n€N.

On using B(X) € 8(X), there exists a sequence {a;} in X such that Ba, =8p;.

Hence 3, — { as n — oo.

Also since A(X) < T(X), there exists a sequence {,61’7} in X such that Aﬁ% =Tay.

Hence Af;, —  as n — oo.

Suppose S(X) is a complete subspace of X then { = Sy for some p € X and hence the
subsequences A,B;?, Bay, Ta, and $B, converge to { (=8u) as n — oo.

Put x =y, y = a; in contraction condition of Theorem we get

1
d(Au,Bay)<p max{d(Au,Su), d(Bay,Tay), g[d(A,u,‘J'oc,,) + d(Ban,‘Tan)],d(Su,‘J'an)}

+gmax{d(Ap,Su),d(Bay, Tay}t + rmax{d(Ap, Tay),d(Bay,,Su)}.
Letting n — oo

1
(Au,Sp)<p max{d(/l,u,Su),d(S,u,Su), i[d(ﬂu,s,u) + d(S,u,S,u)],d(S,u,Su)}

+ gmax{d(Au,Su),d(Su,Su)} + rmax{d(Awu,Sw),d(Su,Sw)},

dAP,SW <(p+q+r)d(Au,Su).
Since p+q+r<p+q+2r<1 giving that

Ap=8pu. (3.1)
Now, the weakly compatibility of A and § with implies ASu = 8Au and hence

AAu=ASu=8Au=388u. 3.2)
Since from (X) € T(X), there exists v € X such that

Au=Tv. (3.3)
To claim

Tv=Bv.
Put x = uy = v in contraction condition of Theorem then this gives

d(Au,Bv) < pmax {d(A,u,S,u),d(Bv,‘Tv), %[d(ﬂu,‘fv) + d(Bv,‘J’v)],d(S,u,Tv)}

+ gmax{d(Au,Su),d(Bv,Tv)} + rmax{d(Au, Tv),d(Bv,Su)}.
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Using equations and we get
d(Tv,Bv) < pd(Tv,Bv)+qd(Bv,Tv)+rd(Bv,Tv)
and since p + g +r < 1 therefore
Bv=Tv. (3.4)

The equations (3.3) and (3.4) gives Au=3Su=Tv =Bv.
The weakly compatibility of B and T implies

BTv =TBv
and hence
TTv=TBv=BTv=BBv. (3.5)

Now, we claim Ap is common fixed point of the four mappings A, B, $ and 7.
Use contraction condition |(C-2)| of Theorem and put x =Au, y=v

d(AAu,Bv)<p max{d(flflu,SAu), d(Bv,Tv), %[d(ﬂﬂu,‘Tv) +d(Bv,Tv)], d(SAu,Tv)}
+ gmax{d(AAu,SAW),d(Bv,Tv)} + rmax{d(AAu,Tv),d(Bv,SAu)}.

Since using (3.2) and (3.4) this implies AAu=Ap.
Therefore Au=AAu=8Au and consequently Au is common fixed point of A and 8.
Put x = p and y = Tv in|(C-2),then we get

d(Au,BTv)<p max{d(Au,Su),d(B‘J’v,TJ’v), %[d(ﬂu,‘fﬂ'v) + d(B‘TV,TTV)],d(Su,‘IU‘V)}

+ gmax{d(Au,Su),d(BTv,TTv)} + rmax{d(Au,TTv),d(BTv,Su)},
d(Bv,BBv) < pd(Bv,BBv)+rd(Bv,BBv).
Using p +q +r <1 and equation then this implies
BBv=TBv,

which implies mappings B and T have a common fixed point Bv.

Consequently Ay =8u=Bv =Tv implies Su is common fixed point of the maps A, B, $ and 7.
Since Su ={, the mappings A, B, & and T are having { as common fixed point.

The uniqueness of the fixed-point follows easily.

The result also follows when T(X) or A(X) or B(X) is a complete subspace of X. O

Theorem 3.2. Let self maps A, B, S and T are defined on metric space (X,d) satisfying the

conditions [(C-4)|of Theorem Moreover if

(F-1) the pairs (A,S) and (B,T) satisfy the common property E.A,

(F-2) 8(X) and T(X) are closed subsets of X.

Then the pairs (A,S) and (B,T) have coincidence point each and hence A, B, S and T have
unique common fixed point.

Proof. Since the pair of mappings (A,3) and (B, 7) satisfy the common E.A property, then there
exists two sequences {a;} and {f,} in X such that T}Lm Aay = ,}Lm Say = 171Lm BBy, = 171Lm TBp=¢
for some (€ X.
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Since $(X) is a closed subset of X, therefore nlim 8xp = ¢ € 3(X), and then there exists a point
—00

i€ X such that Sy =¢.
Now, we prove that Au =8y, to prove this, keep x = u and y = §, in|(C-2) we get

d(Ap, BBy, < pmax{d(ﬂu,Su),d(Bﬁn,‘Iﬁn), %[d(fl,u,‘J’,Bn) + d(Bﬁn,Su)],d(Su,‘J'yﬁn)}
+qmax{d(Ap,Su),d(Bpy, T Byt +rmax{d(Ap, Ty),d(BB,,Su).
Letting  — oo this implies
dAu,é) <(p+q+r)dAp,l)
since p+q +r <1 gives Au=¢. Hence
Ap=38u (3.6)

this implies that the point u is a coincidence point of the pair (A,3).
Also, since T(X) is closed subset of X, this gives nlim TB, =¢ € T(X) and consequently there
—00

exists a point w € X such that Tw =¢.
Now, we show that Bw = Tw.
To accomplish this, using contraction condition with x =y, y = w we get

dAu,Bw)<p max{d(ﬂu,s,u), d(Bw,Tw), %[d(ﬂp,'fw) + d(Bw,S,u)],d(Su,‘J'w)}
+q max{d(/l,u,Sy),d(Bw,‘Tw)} + rmax{d(Au, Tw),d(Bw,Sw)},

1
d(¢,Bw)<p maX{d(f,f), d(Bw,s), E[d(s‘, Bw)+d(Bw,)],d(, Bw)}

+ gmax{d(¢,¢),d(Bw,Bw)} + rmax{d({,Bw),d(Bw,w)}.
On using Tw =¢ and this imply Bw = ¢ and hence
Tw=Bow. (3.7)

This shows that w coincidence point of the pair (B, 7).
Now in view of the weakly compatible mappings of the pair (A, ) with (3.6) gives

AE=ASu=8Apu=38¢
this implies

A& =8¢E. (3.8)
Now on using contraction condition with x =y and y =w in we get

d(Au,Bw) < pmax {d(AE, 8¢),d(Bw,Tw), %[d(ﬂ&, Tw)+d(Bw,8&)],d(8¢, ‘J'w)}

+ pmax{d(A¢&,8¢),d(Bw,Tw)} + rmax{d(A¢, Tw),d(Bw,S&)}.

By using Bw =Tw = ¢ and we get A = ¢ and implies

A =8¢ =¢. (3.9)

Showing that the pair (A,3) is having ¢ as fixed point.
Again using the weakly compatible mappings of the pair (B,7T) with (3.7), we get

BE=BTw=TBw=T¢.

Commaunications in Mathematics and Applications, Vol. 12, No. 3, pp. , 2021



Some Extractions of Fixed Point Theorems Using Various. .. : B. Vijayabaskerreddy and V. Srinivas 451

This gives
BE=TE. (3.10)

Next, we establish that ¢ is also common-fixed point of the pair of mappings (B, 7).
To ascertain this, using the contraction condition with x =y, y=¢ we get

1
dAu,Bé<p max{d(fl,u, Su), d(BE,TE), §[d(flu,7€) + d(BS,Sﬂ)],d(Su,T{)}

+ g max{d(Apu,Su),d(Bé, T} + rmax{d(Ap, TE),d(BE, S}
On using Au = ¢ and (x) we get BE =¢ this implies
BE=TE=¢ (3.11)
which shows ¢ is common fixed point of the pair (B, 7).
Hence from and we get ¢ is common fixed point for all four maps A, B, 8§ and 7.

The uniqueness of the fixed point can be proved easily.
This completes the proof. O

Theorem 3.3. Let A, B, S and T be four self mappings on metric space (X,d) satisfying the

following conditions with [(C-2)|and [(C-4) of Theorem
(G-1) AX)<cT(X) or B(X)cd(X),

(G-2) two pairs (A,3) and (B,7T) satisfy E.A likely property.
Then the mappings A, B, 8 and T will be having unique common fixed point in X.

Proof. If the pair (A,S) satisfies E.A property then there exists a sequence {a;} in X such that
lim Aay, = lim Sa;, =( for some { € A(X)U3(X).
1n—00

1N—00
By assuming A(X) ¢ T(X) there exists a sequence {f;,} € X such that Aa;, = Tp;, and letting
1 — 0o gives

lim Aay, = lim T8, = lim Sa, =(.

nN—o0 nN—o0 nN—o0

To prove nlim BB, = put x = a;, y = By in contraction condition |(C-2)/then we get
—00

1
d(Aay, Bp,) < pmax{d(ﬂan,San),d(Bﬁn,ﬂ'ﬁn), Sld(Aay, Thy)+ d(Bﬁn,Sﬁn)J,d(sanJﬁn)}

+gmax{d(Aay,Say),d(B B, T By} + rmax{d(Aa,, TB,),d(BB;,,Sa,)}.
Letting n — oo gives
d(¢,Bpn) <(p+q+r)d(Bpy,0)
this implies r}lrgogﬁ" =(since p+qg+r<1.

Suppose { € 8(X) then there exists a € X such that { =Su.
Put x =y, y = B, in contraction condition then we get

1
dt(Au,Bp;,) < pmax {d(Au,Su), d(Bpy, T By), é[d(fl,u,‘J'ﬂn) + d(B,B,,,S,u)],d(Sp,‘J’yn)}
+gmax{d(Ap,Su),d(Bpy, T Byt + rmax{d(Ap, Tp),d(BB,,Su).

Letting 7 — oo and using { = Sy this implies Au =.

Commaunications in Mathematics and Applications, Vol. 12, No. 3, pp. , 2021



452 Some Extractions of Fixed Point Theorems Using Various. .. : B. Vijayabaskerreddy and V. Srinivas

Therefore
Au=8u=¢.
Since the pair (A,S) is weakly compatible with Au =Sy implies
A{=ASu=8Au=8¢
and this on using above relation
Al =8C. (3.12)
Since the pair (B, 7T) satisfies E.A likely property then 3 sequence {,B;]} € X such that
lim 3,6;7 = lim 7,657 =({ for some { € B(X)u T(X).

n—oo —o0o

If { € T(X) then there exists v € X such that Tv =(.
Now, we claim Bv =(.

Put x = a;, y =v in[(C-2)|then we get

d(Aay,Bv) < pmax {d(Aan,San),d(Ev,Tv), %[d(ﬂan,ﬂ'v) +d(Bv,8ay)], d(Sa,,,‘J'v)}

+gmax{d(Aay,Say),d(Bv,Tv)} + rmax{d(Aa;,,Tv),d(Bv,Say)}.
Letting n — oo and using
d((,Bv)<(p+p+r)d(,Bv)

implies Bv ={(.
Since the pair (B,7) is weakly compatible then we have B{ = BTv = TBv = J¢.
Now, we claim B¢ = (. For this put x = a;, y = { in|(C-2)|then we get

TJv=C.
Letting n tends infinity

d(Aay,B{) < pmax {d(ﬂan,San),(B(,TC), %[d(Aan,‘Iz) + d(BC,San)],d(San,TC)}

+gmax{d(Aay,Say),d(B{, T+ rmax{d(Aa;,,T(),d(B,8ay)},
d({,BO) < (p+q+r)d(BL)

this implies B = (.
This gives

B(=T(=¢C. (3.13)
Putx=(,y=(in then this implies
1
d(AC,B()Spmax{d(ﬂ(,SC),d(ZS(,T(),E[d(AC,TC)+d(3(,8()],d(8(,‘3'()}

+gqmax{d(A(,80),d(BL, TO + rmax{d (AL, TY),d(BL, 80}
this implies
A{=BC. (3.14)

Therefore from (3.12), (3.13) and (3.14) we conclude that A{ = B{ =T =8{ =(. This gives ( is
common fixed point of the maps A, B, S and 7.
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Uniqueness of the fixed point can be easily verified. O

Finally, we prove a theorem on

Theorem 3.4. Let A, B, S and T be self maps of a metric space (X,d) satisfying the conditions

of Theorem and assuming
(H-1) the pairs (A,8) and (B,T) satisfy the common (E.A) like property.

Then the pairs (A,8) and (B,T) have a coincidence point each and hence the maps A, B, 8 and

T have unique common fixed point.

Proof. Since the two pairs of mappings (A,S) and (B,7T) satisfy the common E.A like property,
we find two sequences {a;} and {f,} in X such that
nli_,l}}o“q“n = nh_,I}}OS“n = 7711_,12031317 = nli_,l{.lo(yﬁn =
where ( € S(X)NT(X) or { € AX)NBX).
Suppose { € S(X) N T(X).
Now ( € 8(X) there exists p € X such that Su={.
Now, we assert that Au = 8y, using inequality [(C-2)| with x =, y = B, we get

1
d(Au, BBy <p max{d(fl,u,Su), d(BBy,, TBy), E[d(ﬂ,u,‘fﬁn) +d(Bpy, Sy)],d(Su,‘T,Bn)}

+qmax{d(Ap,Su),d(B By, Ty} + rmax{d(Ap,Ty),d(BByy,,Sut.
Letting n — oo
dAR) <(p+q+r)dAu,) implies Au={.

Hence Ap={ =38y this gives u is seen as a coincidence point of the pair of mappings (A, S).
Again ( € T(X), we have { = Jv for some v € X.
We show that Bv = Tv, using the contraction condition |(C-2)|with x = f,, y = v

d(Aay,Bv) < pmax {d(Aan,San),d(Bv,Tv), %[d(Aan,‘J'v) +d(Bv,8ay)], d(Sa,,,‘J’v)}

+gmax{d(Aay,Say),d(Bv,Tv) + rmax{d(Aa,, Tv),d(Bv,8a;)}.
Letting { — o0
d({,B{) = pd(Bv,0) +qd(Bv,{) +rd(Bv,]),
d(Bv,)<(p+q+r)d(Bv,()

implies Bv =t is gives Bv=Tv =(.

By using the weakly compatible nature of the pairs (A,8) and (B,7) and Ay =8u, Bv =Tv,
therefore Ay=ASu=8Au=8u and B{=BTv=TBv=TC.

Now, we establish that { is a common fixed point of A and 8.

On using contraction condition with x =, y = v implies

d(A{,Bv) < pmax {d(fl(, 80),d(Bv,Tv), %[d(ﬂ(,ﬂ'v) + d(’Bv,S()],d(S(,‘J’()}
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+ g max{d(A{,80),d(Bv,Tv)} + rmax{d(A{,Tv),d(Bv,8()},
d(AL, Q) = (p+r)d(AL, Q)
implies A{ = { which implies
A{=8(=C. (3.15)

Now, we show that the pair (B,7T) has common fixed point (.
Using contraction condition with x =y, y = we get

1
d(Au,B() < pmax {d(A,u,S,u),d(B(,iT(), i[d(ﬂu,ﬂ'() +d(BE, 8w, d(Sp,‘I{)}

+ pmax{d(Au,Su),d(BL, T} + rmax{d(Au,T{),d(BL,Su)}
d((,B) < (p+r)d,B)
implies B¢ = is a contradiction implies
BL=(=7¢. (3.16)
Thus from and (3.16), mappings A, B, 8§ and T have { as a common fixed point.

Similarly, the theorems hold { € A(X) N B(X).
Uniqueness the of common fixed point can be easy verified. O

4. Conclusion

In this paper we established the generalizations of Theorem in different forms by using
the conditions, by assuming one of the pair of mappings satisfying E.A property along with
the assumption of range of one of the mappings is complete sub space of X in Theorem
by assuming common E.A property for one pair of mappings along with the assumption of
ranges of & and T being closed subsets of X in Theorem assuming E.A like property for
both the pairs of mappings with minimal contained condition in Theorem assuming both
of the pair of mappings satisfying Common E.A like property without using the contained
inequality in Theorem respectively. Moreover, another pair of mappings is assumed to be
weakly compatible mappings which is eventually weaker then compatible mappings assumed in
Theorem Further, the completeness and continuity conditions are being relaxed in all the
above theorems. Hence we claim that all our theorems generalize Theorem
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