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1. Introduction and Preliminaries

Let N be the set of natural numbers, R be the set of real numbers, C be the set of complex
numbers and Ny =N uU {0}. Let .7 (p,n) denote the family of functions of the form
f@)=2"+ ) ajzj, p,neEN,
j=p+n
which are holomorphic in the open unit disc U = {z : z € C, |z| < 1}. In particular, we set
o (p,1)=<lp,, @/(1,n)= o/ (n) and &/(1,1) = &/, which are well-known families of holomorphic

functions in U.
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Many operators have been used from the beginning of the study of holomorphic functions.
Introducing new families of holomorphic functions was the most common trend that involves
operators. An integral operator was one such operator which has attracted many researchers.
Historically investigations of integral operators begun five decades ago, around the year 1965,
which can be seen from the papers of Libera [12] and Bernardi [5]. Later Silagean [[18]], Kumar
and Shukla [11], Bhoosnurmath and Swamy [|6] and Noor and Noor [15] have studied certain
types of integral operators. Generally interest was shown to find the properties of an integral
operator that maps certain subfamily of <7 into (or onto) itself. For more details about the
properties of integral operators, one can refer [1[], [4]], [2]l, [7]], [8]] and [22].

Inspired by the recent trends on integral operators, we define the following new generalized
integral operator.

Definition 1.1. Let f € &/ (p,n). The new generalized integral operator
Jyap: @ (p,n)— A (p,n)

is defined by the following infinite series

J" o f(2)=2P + ( g ) a;z’, (1.1)
where p,n eN, m €Ny, >0, a € R such that a+ pf>0.
It follows from (1.1) that (see [20])
2f@)
Tap=F@. Tpoif@=p | P (1.2)
and
(@+ PP, 5 ()= ad el f(2) + Bz(J 72 [ (2)). (1.3)

The operator </ zranoc p on f € &/ (p,1) = o/, was introduced by Swamy in [20], the operator
JI, p= Jop(@) on f € .2/(1,1) = o/, @ > —p was considered by Swamy in [21]], J;"a 1 =dp(a)
on f € @,, @ > —p was considered by Aouf et al. in [3] the operator J;L =L%(, p) on

fed,, 1 >—p, >0 was due to Aouf et al. in [3]. Also, we have Jgfp_p,ﬁl’;}; ?@?Zl\sl;)’fﬁ on f € o7,
was mentioned by Aoufet al. in [3] and Jp 0=, on f € </, was due to Aoufet al. in [3]], the
operator J Zfl— 6p= P™(p) was investigated by Patel in [17], the operator J l’)’le =L7 on f e
was due to Patel and Sahoo in [16] and also by Shams et al. in [19] and the operator J*, ; = L™
on f € ¢/ was introduced in [9] and [10]. We note that the operator J;'(a) was studied for a >0
and the operator L7(Z, §) for [ = 0.

The main object of this paper is to define a function J, o s(m +1,8,7;2) by
Ipapm+1,8,7;2) =072 L f(2)+yd 0, 5f(2), z€U, (1.4)

where f € &/(p,n), p,neN, meNy, 6 €C, yeC such that §+yeR,R(y) =0, >0 and a € R
such that a + pf >0 and to present some interesting properties of function J, o s(m +1,6,7;2).
We note that:

1. If6=1-vy, yeC, R(y) =0 in (1.4), then for f € &/(p,n), we obtain
My o pim+1,y;2)=(L=-I 0 uf (@ +yd0, sf(2), z€U, (1.5)
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where p,neN, m e Ny, >0 and a € R such that a + pf > 0.
2. Ifa=1l+p—-pP,1>-p, >0in ({1.4), then for f € &/(p,n), we have
Ny p(m+1,6,y;2) =L (1, B)f () + YL (L, p)f 2), z €U, (1.6)
where p,neN, meNg and § € C, y € C such that 6§ +y e R, R(y) = 0.
3. Ifa=p-pp, f>0in (14), then for f € .o/ (p,n) we have
Tpp(m+1,0,y;2)= 5%DXElf(z) +}fessz;']’ﬁf(z), zeU, (1.7)
where p,neN, meNg and 6 € C, y € C such that § +y e R, R(y) = 0.
4. If « =0 in (1.4), then for f € <7 (p,n) we have
Qp(m+1,8,y;2) =Dy f(2)+ YD f(2), ze€U, (1.8)
where p,neN, meNg and 6 € C, y € C such that 6 +y e R, R(y) = 0.

5. If a =m =0 in (1.4), then for f € </ (p,n) we have from (1.2)
(@)
S(p,y;z)=5pf (f—
0 t
where p,neN, meNg and 6 € C, y € C such that 6 +y e R, R(y)=0.

)dt+)/f(z), zel, (1.9)

In order to prove our main results, we will make use of the following lemma.

Lemma 1.1 ([14], [13[]). Let W¥(x,y) be a complex function defined by
V:0-C, OcCxC
and let x =x1+1ix9, y = y1 +1iys. Suppose that Y (x,y) satisfies
1. W(x,y) is continuous in O,
2. (1,0) € ® and R{¥(1,0)} >0,
3. R{W(ixg,y1)} <0 for all (ixg,y1) € O such that y1 < —%n(l +x§), neN.

Let p(z) = 1+c,2" +--- is holomorphic in U such that (p(z),zp'(2)) € © for all z € U. If
R{Y (p(2),zp'(2))} >0, z€U. Then R(p(z)) >0 in U.

2. A Set of Main results

Theorem 2.1. Let f € o/(p,n), p,neN, meNy, §,ye Cwith §+yeR, R(y)=0, >0, a eR
such that a+pf>0, p<(+7y) and Jp q,p(m +1,0,7;2) be as defined by (L.4). If

J a 1, ’ 7
éR{"”’ plm + 6Y2)}>p, zel, 2.1)
2P
then
Jm+1 f(Z)
R { 2P L _atpPotnfRy) oy, 2.2)
zP 200+ y)Na+ppP)+nPRyYy)
_ 2a+pP)p+nPR(y) .
Proof. Let 1= 56+ 7Xa + pB) - npR()’ Define the function p(z) by
Jm;’}ﬁf(Z)
LEE 1 (1-1)pe). (2.3)

P a4
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We see that p(z) =1+ ¢,2" + cps12”+1 + -+ is holomorphic in U. Making use of the identity (I.3),
we find from that
J sl ) (1-1)
% =1+ -1)p2)+ ('[:r+pﬂ)zp
It follows from that (1.4), and that
Ip,apm+1,6,7;2)
2P
From and (2.5), we obtain

Jp.a 1,9,y;
%{dp’ ,ﬁ(m; 7/Z)_p}:gyg{(5+y)r—p+(5+y)(1—T)p(Z)+

'(2) (2.4)

By(1-1)
(a+pp)

=(+7)T-p+G+PA-1)p(2) + 2p'(2). (2.5)

IBY(l _T) i

(a+pp) “P (Z)}
> 0.

If we define W(x,y) by

By(1-1)

(a+ppP) Y

with p(z) =x =x1+ixe and zp'(z) = y = y1 + iy2, then we have

Y, y)=0+y)1—p+O@+y)A-1)x+

(i) W(x,y) is continuous in O,
(i) (1,0)€0® and R{PY(1,0)} =06 +y)—p >0,

(iii) for all (ixg,y1) € © such that y; < —1n(1+x),

B(1 —T)§R()/)yl <GP p— B —1)R(Y)

2
Py 2@+ pp) n(l+x3)<0.

R{V(xg, y1}=0+y)T—p+
Therefore, the function W(x,y) satisfies all the conditions of Lemma Thus we have
R{p(2)} >0 (z € U) which yields (2.2). This proves our theorem. O

Theorem 2.2. Let f € o/(p,n), p,neN, meNy, §,ye Cwith §+yeR, R(y)=0, >0, a eR
such that a+pf>0, p>(6+7y) and Jp qp(m +1,0,7;2) be as defined by (L.4). If

R Ip,a,pm+1,6,7;2)
2P

}<p, zel,
then

%{ Jref(2) } _ _ 2a+pPp+pnR(y)

2P 26 + N a+pp)+ puR(y) (2.6)

2( ) R(y) .
Proof. Let T = 55 f‘;& 'i Z g;ﬁrﬁn ﬁ%‘(y) > 1. Define the function p(z) by

Jm+1 f(Z)
2P (1-1)p(2).
P4
We observe that p(z) = 1+cp2" +cp12" 1 +- -+ is analytic in U. Following the proof of Theorem|2.1]
we get
Ip.apm+1,6,y;2) (1-7)
%{p_ p.a.p Y }:ER{p—(6+)/)T—(5+)/)(1—T)p(2)——IBY Zp'(z)}
2P a+pp

>0.
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Let
pyd-1)
a+pp Y
with p(z) =x =x1 +ixe and zp'(z) = y = y1 + iys. Then it follows from that

(1) W(x,y) is continuous in O,

(i1) (1,0)€0 and R{¥Y(1,0)}=p—-(6+7)>0,

Y, y)=p—-0+p)t—-0O0+y)A-1)x— (2.7)

1
(iii) for all (ixg,y1) € © such that y; < —§n(1 +x§),

. B(1—-1)R(y) B —-1)R(Y) 9
RW(@Exe,y=p—0+y)1—————y1<p—-(0+y)1+ ————n(l+x3)<0.
2,1 p Y ey yi=p Y 2a+ph) 2
Therefore, the function W(x,y) satisfies all the conditions of Lemma Thus we have
R{p(2)} > 0 (z € U) which yields (2.6). This completes the proof of Theorem O

Using the techniques of Theorem [2.1]and Theorem we have the following results.

Theorem 2.3. Let f € /(p,n), p,n,e N, m e Ng, >0, a € R such that a+pp >0 and
Ip,a,plm+1,6,7;2) be as given by (1.4). Then for 6,y € Cwith 6 +y€eR, R(y) =0 and p <(6 +Y),
we have

. { W papl @ } __ 2a+pPp+npRYy)

, ze€el,
zP 200 +y)a+pp)+npR(y)
whenever
3 (m+1,8,y;2)
%{ PP T }>p, zel.
pzP~

Theorem 2.4. Let f € o/(p,n), p,n,e N, m € Ny, f > 0,a € R such that a+ pp >0 and
Ip,a,plm+1,6,y;2) be given by (1.4). Then for 6,y € Cwith § +y€R, R(y) =0 and p > (6 +7), we
have

. { (7 2) } _ _ 2a+pPp+prR(y)

b € U)
2P 200 +y)a+pp)+ pnR(y)
whenever
3 (m+1,8,y;2)
§R{ Poh }<p, zel.
pzP7!

Remark 1. Putting (i) a=1l+p—-—pp, | >—-p, >0, (Gi) a=p—pP, B>0 and (i) a =
0, in Theorems and we obtain corresponding results for the functions
Np1pm+1,8,7;2), Tpp(m+1,8,y;2), @p(m +1,5,7;2) which are defined by (1.6), and
(1.8), respectively.

3. Corollaries and Consequences
Theorem [2.1| would yield the following corollary when § = 1 -7y in Theorem
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Corollary 3.1. Let f € &/(p,n), p,n,eN, m €Ny, y € C with R(y)=0, >0, a € R such that
a+ppf>0, p<land My qp(m+1,y;2) be as in (L.5). If

5 Mp.op(m+1,y;2)
2P

}>p, zel,
then

- JZTJ,%ﬂz) S 2(a+pP)p +nPR(y)
2P 2a+pP)+npR(y)’

We conclude the below result by taking § = ¥ in Theorem

eU.

Corollary 3.2. Let f € o/ (p,n), p,n,eN, m € Ny, y € C such that R(y) =0, >0, a € R such that
a+ppf>0, p<2R(y) and Jp qp(m +1,7,7;2) be as given by (1.4). If

R 3p,a’,ﬁ(m + 1,77, Y,Z)
2P

}>p, zel,
then

, S f(2) _ 2a+pPp+npRY)
zP 4[(a+ pP)+nBIR(y)’

Further, if

J + 17 _7 5 Jm+1 f(Z)
iff{dp’a’ﬁ(m Y z)} > §3?(Y), zeU, then R Po0f > latpp)+ n,B,
zP 2 zP 4(a+pP)+np

Corollary [3.3| asserts immediate consequence of Theorem [2.2|when § =1—1.

Corollary 3.3. Let f € «/(p,n), p,n,eN, m €Ny, y € C such that R(y)=0, >0, a € R such that
a+pBf>0, p>1and My ps(m+1,y;2) be as in (L5). If

7 My o p(m+1,y;2)
2P

}<p, zel,
then

m+1
%{ Ja sl @) } _2a+pPptnpRey)

2P 2a+pP)+npRy)’
Corollary [3.4] asserts an another interesting consequence of Theorem [2.2| when we take § = 7.
Corollary 3.4. Let f € o/(p,n), p,n,eN, m €Ny, y € C such that R(y) >0, >0, a € R such that

a+pp>0, p>2R(y) and Jp q,5(m+1,7,Y;2) be as in (L4). If

R JIpa,p(m+1,7,7;2)
2P

} <p, zeU
then
%{ Tpapl @) } . 2a+pPp+npR(y)

2P 4[(a+ pP)+nPBIR(y)’
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Further, if

zel.

" Jp.ap(m+1,7,y;2)
2P

J;’f;};f(z) } 3 3(a+pp)+np

3
<-R elU, then R )
} 2 (r),zeU, then { 2P La+pp)+np
Setting 6 = 1 -y in Theorem we have

Corollary 3.5. Let f € o/(p,n), p,n,e N, m e Ny, >0, a € R such that a+pp > 0 and
My o p(m+1,y;2) be as in (L.5). Then for y € C, R(y) =0 and p < 1, we have

[Tras @) | _ 2@+ ppro+nprey

€
oy 2a+pP+npRy)’
whenever
M (m+1,y;2)
%{ P,a,l;zp_l } >p, zel.

Allowing § = ¥ in Theorem we arrive the following

Corollary 3.6. Let f € o/(p,n), p,n,e N, m e Ny, >0, a € R such that a +pp > 0 and
Ip,a,p(m+1,7,7;2) be as in (1.4). Then for y € C with R(y) >0 and p < 2R(y), we have

(Tl f @) | 2a+pprp+npRO)

> , z€elU,
zP 4[(a+ pp) +nPIR(y)
whenever
I gm+1,7,7;2)
§R{ p,a.p T >p, zel.

Further, if
%R{:j;”“’ﬁ(er L7,7:2)

e U.

J;’f;j;f(z) } N 3(a+pp)+np
2P

3
ZR U, then R
}>2 (), z€U, then { " 4a+ppP)+np’

We conclude the following result by taking 6§ =1 -y in Theorem

Corollary 3.7. Let f € </(p,n), p,n,e N, me Ny, >0, a € R such that a+pf >0 and
M, o p(m +1,y;2) be as in (L.5). Then for y € C, R(y) =0 and p > 1, we have

(Tl @) | 2a+prp+npRO)

R < , el,
2P 2a+ph)+nfR(y)
whenever
M (m+1,y;2)
%{ p,a,l;zp_l } <p, zel.

Putting 6 = ¥ in Theorem we obtain
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Corollary 3.8. Let f € &/(p,n), p,n,e N, me Ny, >0, a € R such that a+ pf > 0 and
3;7 a ﬁ(m +1,7,7;2) be as in (L1.4). Then for y € C with R(y) > 0 and p > 2R(y), we have

(JZTJ,lﬁf (Z)) _ 2a+pPlo+npRY)

2P Aa+pP+nfRy) -
whenever
%{3;’a’ﬁ(:z:_1l’7’y;2) } <p, zel.
Further, if
8‘%{ P ﬁ(m +LT12) } < §§R(Y), zeU, then 5)?{ (Jm;rlﬁf(z» } < 3(a+pﬁ)+n,3’
) 9 2P 4(a+ppP)+np

If we put m =0 and a =0 in Theorem [2.1] and Theorem then we obtain

Corollary 3.9. Let f € o/(p,n), p,n,eN, 8,y € C such that 5 +yeR, R(y) =0, p<(+7), and
Sp(8,7;2) be as in (1.9). Then we have

{ f f(t) } 2pp +nR(y)
2P 2(6 +y)p +nR(y)

Sp(6,7;2)
, 2z€ U, whenever %{p—m}mo, zeU

2P

and

S,(0,7;2)
2P

%{f(z)} S 2pp +nR(y)

U, wh R
) 2(6+7/)p+n§R(y)’z€ , whenever {

}<p, zel.

If we put m =0 and a = 0 in Theorem [2.2|and Theorem then we obtain

Corollary 3.10. Let f € &/ (p,n), p,n,eN, 6,y € C such that +yeR, R(y)=0, p>(5+7), and
Sp(8,7;2) be as in (1.9). Then we have

2 f(¢ 2 R S,00,7;
@) SR{Z%f %dt}< pp +nR(y) , z€ U, whenever ?R{M}<p,zefu
0

26 +y)p +nR(y) 2P
and
.. f(2) 2pp +nR(y) S,(8,7;2)
(11) §R{ ) } < 56 +7)p + R’ zeU, whenever R — <p, zel.

Conclusion

We have introduced a special holomorphic function in the unit disc defined by using a generalized
integral operator. We have then derived certain inequalities of this special holomorphic function
by using a lemma of Miller and Mocanu. Further by specializing the parameters, several
consequences of our main results are indicated.
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