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1. Introduction

Consider a finite set of n points in the plane (space), then locus of points such that the sum of
the squares of distances to the given points is constant, is a circle (sphere), whose center is at
the centroid of the given points [1,2].

Denote by M(d1,ds,...,d,,L) an arbitrary point in the plane (space) of a regular polygon
(Platonic solid) of distances d1,ds,...,d, to the vertices A1,Aq,...,A,, then:

id?:n(R2+L2), (%)
1

where R is the radius of circumscribed circle (sphere) of the regular polygon (Platonic solid) and
L is the distance between the point M and the centroid O.
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The symmetric equation exists for an equilateral triangle and an arbitrary point
M(dy,d2,ds,L) in the plane of the triangle

3(d]+dy+dz+a*)=(d}+d3+d2+a??, (%)
where a is the side of the triangle [8,[11].
The arbitrary point is always considered in the plane of the regular polygon, and in the

space of the Platonic solid, respectively.
From relations (*) and follows:

3
Y d?=3(R*+L?),
1

id;‘ =3((R*+L*?*+2R?L?).
For a gliven equilateral triangle, the side a as well as the circumradius R are fixed so that
Theorem 1.1. The locus of points such that

i d;‘ = const
isa cirlcle, center of which is the centroid.

As we see, the distances are considered to the second and the fourth powers. Naturally, we
are interested to know what happens if we consider the distances of higher powers.

2. Preliminaries

3
For an equilateral triangle the expression Zd?, contains a-the angle between R and L, so the
1

locus is not a circle, but for a square case the answer is surprising: the locus of points such that
4
Z d? = const
1

is a circle.

Generally, the locus is a circle (sphere) if and only if the sum of power distances can be
expressed in terms of L and some fixed element (with length) of a given regular polygon (Platonic
solid). The fixed element is possible to express in terms of R, so we denote such sums by the
symbol } [z 1], or Z%’IQ] -to indicate the like powers of the distances.

Denote by P,(R) and T, (R) a regular polygon and Platonic solid, respectively, with an n
number of the vertices and circumscribed radius R. The value of the } [ ;) remains constant

when the point M moves on the circle C(O, L) (sphere S(O,L)). So

Definition 2.1. } [ 71-is the sum of like powers of the distances d1,...,d, from an arbitrary
point M(d1,...,d,,L) to the vertices P,(R) (T, (R)) the value of which is constant for any point
of the C(O,L) (S(O,L)).

It is clear, the sum of odd power contains radicals and never will be } |z 1.
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For establishing common properties of the P, and T, discussing average of } [ 11 is much
preferred

1
@2m) _ T v @m)
Sn “n Z‘4[R,L] )

Definition 2.2. The cyclic averages ng) (S?™) of a regular polygon (Platonic solid) is the

[n]
(2m)

average of the sum Z[R I

We call such averages the cyclic averages, because as we prove the cyclic averages of equal
powers of various P, (T,) for fixed R and L are the same (if they exist):

Sglm) _ S%'”),
if n1 <nq.

On the other hand for any given P, the number of ng) (as well as Z%”}j]) is defined

uniquely, so the number of the cyclic averages is characteristic of the regular polygon.
For example, 2 cyclic averages exist for a regular 3-gon:

(2) 4)
Sg” and Sg7,
while for a regular 4-gon — 3 cyclic averages:
(2) (4) (6)
Sy’ S,  and S,”.
They are in relations:
2) _ q@ 4) _ @
Sg" =S, and Sg"=S".
To demonstrate the efficiency of cyclic averages the analogue of the relation will be
obtained for the square. Firstly, we turn in terms of R and the cyclic averages — Séz), S?):

di+ds+d; R4:(d%+d§+d§

2
+R2) ,
then replace with

a
SP =58P, §{"=8% and R =

V2’
we get

Theorem 2.1. For an arbitrary point M(d1,...,d4,L) in the plane of a square:
4(d]+d5+ds+ds+3at)=(d?+di+d3+d2+2a%)?,

where a is the side of the square.

3. Circle as Locus of Constant } |z ;; Sums
Theorem 3.1. For an arbitrary point M(d1,ds,...,d,,L) in the plane of regular polygon P,(R):

n 5] ok

Zdlzm — n[(R2 +L2)m + Z m R2kL2k(R2 +L2)m—2k],
=1 k=1 2k k

where m=1,...,n—1.

First we need to prove two lemmas.

Commaunications in Mathematics and Applications, Vol. 11, No. 3, pp.[335 , 2020



338 Cyclic Averages of Regular Polygons and Platonic Solids: M. Meskhishuvili

Lemma 3.1. For arbitrary positive integers m and n, such that m < n, the following condition
L 21
> cos(m(a—(k - 1)—)) =0
k=1 n
is satisfied, where a is an arbitrary angle.

Denote

T = gima | yima=2) | im(a-22)  im(a-(n-DZ)
The real part of T is
& 2n
Re(T) = Y cos(m(a~(k-1)=))
k=1 n

The formula of the sum of geometric progression gives
—im2
T = eima(1+e—im27” + (e—im%”)z Feeet (e—im%ﬂ)n—l) — eima 1—(e7"™n)"
1-— —-im <t

e 2T — o5(—27m) + i sin(—27m) = 1.

Since m <n, e'im%” #1.So T =0, i.e. Re(T) =0, which proves Lemma
Remark 3.1. If m = n, the sum always contains a.

Lemma 3.2. For arbitrary positive integers m and n, such that m < n and for an arbitrary angle
a the following conditions are satisfied:
if mis odd

L 21
cos™ (a—(k—-1)—|=0;
kgl ( n )
if mis even

()

C eos™ (o (b — 1) 2T 2
k;lcos (a (k 1)n)—n2m.

When m is odd, using the power-reduction formula for cosine

m-—1
9 =z
cos™0=— Y || cos ((m —2k)0),
we obtain
e 2 2 2
Z cos™ (a—(k—l)—n) =cos™ a + cos™ (a——n)+---+cosm (a—(n—l)—n)
iz n n n
2 m m m
=— cosma + cos(m—-2)a+---+|, _;|cosa
2m || 0 1 m-L

+ (m)cosm(a— 2%) + (nll)cos(m—2)(a—2§) e

0

Commaunications in Mathematics and Applications, Vol. 11, No. 3, pp.[335 , 2020



Cyclic Averages of Regular Polygons and Platonic Solids: M. Meskhishuvili 339

+ (’Z)l) cosm(a—(n—l)%)+(nll) cos(m—2)(a—(n—1)2§)

+...+(%)cos(a—(n—l)2§)

= 2% [(’Z:)(cosma+cosm(a—2§) +~--+cosm(a—(n— 1)27”))

+ (nlz) (cos(m—2)a+cos(m—2)(a—2§) + .-

+cos(m—2)(a—(n—1)2§))+---

+(mnfl)(cosa+cos(a—277[)+-‘-+c0s(a—(n—1)27”)) .

2
Since m < n, from Lemma it follows that each sum equals zero, which proves the first part
of Lemma [3.2]
When m is even, the power-reduction formula for cosine is
m_q
2

1 [(m 2
cosmezz—m(%)+2—m Y

(’Z) cos ((m — 2k)0).
k=0

Analogously to the case with odd m, the sum of the second addenda vanishes, and since the
number of the first addenda is n, the total sum equals

n (’Z)Zm ,
2

which proves Lemma (3.2

Proof of Theorem We introduce the new notations
A=R*+L* and B=2RL.
Then

§n q2m m 271 m
= 12 =(A-Bcosa) +(A—Bcos(7_a))
m

+(A—Bcos(2~27n—a))m+---+(A—Bcos((n—l)%—a))
If m =1, by Lemma |[3.1|we have

éd?m =(A—-Bcosa)+ (A—Bcos(zg_a)) oo (A—Bcos((n—l)'% —a)) -
Therefore

SP=R*+L%

If m > 1, we have

i d?m =nA™ - (m)Am_lB(cosoﬁ-cos (2_71 - a) +---+cos ((n - 1)2—ﬂ - oc))

= 1 n n
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+ ’; Am_zB2(cos2a+cos2(2§—a)+---+cos2((n—1)2§—a))
- ’gAm_SB3(cos3a+cos3(2§—a)+---+cos3((n—1)2§—a))+---
+ nmlBm(cosma+cosm(2§—a)+--~+cosm((n—1)2—n—a)).

According to Lemma [3.2] all sums with the negative sign vanish and only the sums with the
positive sign remain.
If m is even

Zdzm—nAm (n;)Am 232 cos a+cosQ(27n—a)+---+cosz((n—1)27n—a))+---
(Z)Bm cos™ a + cos™ (277[—a)+---+cosm((n—l)2§—a))

2 (m 1 (2
— A™ AM 2kB2k )
”( +k§1(2k) 2% | k
If m is odd

27

i:ild?m =nA" + (1721)Am_232(cos2 a + cos? (27” - a) +---+cCOS ((n 1)7 _ a)) 4.

+ (mni I)AB'”—l(cosm‘1 a+cos™ ! (2_” — a) +---4cos™ ! ((n ~1) 2771 B a))

- n(Am + Z (2k)Am 2k g2k zlk (zkk)).

Using the floor functlon (the integer part), the obtained results can be combined into a single
formula as follows

1 [2k
2m _ m m—2k p2k
Zd =n(A +Z(2k)A B (k))
Which proves the theorem. O

From Theorem each sums

n
Zd?m, where m=1,2,...,n-1
i=1
are the } (g ) sums. Beginning from the m = n all sums of power distances contain a

(Remark [3.7).

For example, for P3 the sums contain:

e cos3a,if m=3,4,5;
e cos3a and cos6a,if m=6,7,8;

e cos3a, cos6a and cos9a, if m =9,10,11.
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n
Generally for m = n the sums d?m contain cosine of the multiples of na. The study of
i=1
such sums is beyond the scope of this article.

Therefore for P, exist an n —1 number of } [ ;) sums and if they are constant the locus for
each case is a circle:

Theorem 3.2. The locus of points such that the sum of the (2m)-th power of the distances to the

vertices of a given P,(R) is constant is a circle, if
n
Zd?m >nR>, wherem=1,2,...,n—1,
=1
whose center is the centroid of the P,(R).

Remark 3.2.

o If ¥ d?m =nR?™, the locus is the centroid of the polygon.
=1

1=
o If i d?’” <nR?™, the locus is the empty set.
i=1
4. Cyclic Averages of Regular Polygons

The properties of the cyclic average are as follows:

Property 4.1. Each regular n-gon has an n—1 number of cyclic averages

2) q@ (2n-2)
S? g g@n-2)

Property 4.2. For fixed R and L, the cyclic averages of equal powers of various regular n-gons

are the same:
2) _ @) _ q@2) _ @@ _
S3 —S4 —S5 —86 =-...

S(4):S(4)=S(4):S(4):"'
3 4 5 6 ’
6) _ q(6) _ q(6) _
S4 _S5 _S6 =,
8) _ 8 _
S®=g® ...

b

Property 4.3. Any relations in terms of the cyclic averages Sflm), the circumscibed radius R

and the distance L, which are satisfied for a regular ni-gon, are at the same time satisfied for

any regular ng-gon, where ni < nao, i.e. Sﬁlzl'") can be replaced by S%m).

Eliminate L from the relations of Theorem we obtain:

Theorem 4.1. For any regular n-gon:

21 (m )\ (2%

ng) — (S(nZ))m + Z (Zk)( . )RZk(Sg) _R2)k(S%2))m—2k’
k=1

where m=2,...,n—1.

In terms of Sf) and Sg“:
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Theorem 4.2. For any regular n-gon:

21 (m)(2k
SCem) _ (g@ym 4 SW _ (§@n2\k(g@)ym—2k
where m=3,...,n—1.

The first two relations of Theorem [3.1]imply:

Theorem 4.3. For any regular n-gon:

R%= % (Sff) +1/3(52)2 - 25 ) :

1
L= (sﬁ? 71/3(52)2 - 25 ) :
The points on the circumscribed circle satisfy
3(S2)? =25,

SO

Theorem 4.4. For any point on the circumscribed circle of the regular n-gon:

n 2 n
3(Zd§) =2n) d}.
i=1 i=1

4.1 Equilateral triangle

There are 2 cyclic averages:
1
Sy =5 (di+dj+d)=R*+L?
1
Sy’ =5 (1 +dj+d3) =(R*+L*”+2R°L”.
In general case from Theorem for n =3 [6]
SW43R* = (8?1 R%,

Denote by the symbol — A, 4 ) the area of a triangle whose sides have lengths a, b, c¢. Then
solution of the system of the cyclic averages is:

Theorem 4.5. For any point M(d1,ds,ds,L) and P3(R)
dy=dj,

1

d2 = 5 (3(1!32 +L%-d?+ 4\/§A(R,L,d1)),
1

d2 = 5 (3(R2 +L*)-d} ?4\/§A<R,L,d1>)-

For Pg3
g@2 _oq@ _L(s2. go. 29 goga g4 g4} 16 .o
3(S,7)" -28; _5(( 1+dy+ds)” —-2(dy+dy+ 3))—§A(d1,d2’d3),
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and

1
R2 = 5 (df +d2+d2+ 4\/§A(d1,d2,d3))’

1
12 = G (d% + d% + dg F 4\/§A(dl,d2,d3))-

For any point on the circumscribed circle, follows the area — A, 4,45 should be zero.
Indeed for the largest distance ds = d1 + d9 holds.

4.2 Square
There are 3 cyclic averages:

1
2
SY = Z(oz%+d§+az§+oz§):1!e2+L2,
1
Sy =7 (di+dy+dy+d) =R+ L") +2R*L,

1
Sy = +d5+df+d) =(R*+ L)+ 6R’L*R* +L?).
From Theorems 4.1l and [4.2]

Theorem 4.6. For any regular n-gon, where n = 4:
Sff) = 8512)((8512) +3R2)? - 15R4),
8516) — Sgl2) (3824) _ 2(8;2))2)

From Theorem follows:
8(dS +dS+dS+dS)+(d?+d5+di+d3)? =6(d?+d5+da+d3)d] +d5+ds+dY),
which is equivalent to
3(d2+d2—d2—-d2)(d?+d2—d2—-d3)d?+d%—d%-d2)=0.
So
d?+di=d3+d>
holds.

Obtained relation has generalization for regular n-gon. If n is even for the diametrically
opposed vertices:

Theorem 4.7. For any regular n-gon, with even number of vertices n = 2k:

di+d?,,=d3+ds,, =-=d;+d3, =2R*+L?).

Theorem simplifies the system of the cyclic averages:
S +3R?=(SP +RY?,
d2+di=d5+d3;
which is analogue to systems obtained in [7,9]. Moreover, in terms of R and L, we get:
d?+di=d3+d?=2R%*+L%,
d2d2+d2d? =2(R* +L%).
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The solution of which is:

Theorem 4.8. For any point M(d1,d2,ds,d4,L) and P4(R):
di=dji,
d2=R?+L%+ 4AR,L,d;)
d3 =2(R*+ L% -d7,
di =R2+L%F 4AR,Ldy)-
For P4
1
3(8P)? - 28@ - T 3(d2+d2+d2+d2)?-8(d}+ds+di+d)
N _AA2
- 4A(d1,\/§d2,d3) - 4A(d2,\/§d3,d4)’

and

1 1
2 _ 2, 72 — 245+ A
R™=-di+d 2D, Bayay =7 @2+ dDE D, adydyy

1 1
5 9 o B 2. 42y
L™= 20di+d3)F D, vadsdy) = 7 @2+ D) F Bgy, Bds,de)-

For any point on the circumscribed circle the areas — A d1V3ds.ds) and A do3ds.dy) should
be zero. Indeed, if the point on the minor arc A;A are satisfied

d1+V2ds=ds and do+d4=V2ds.

4.3 Regular Pentagon, Hexagon and Heptagon
There are 4, 5 and 6 cyclic averages for the P5, Pg and P7 cases, respectively:
(2) _ Q@) _ @) _ p2 2
S =8¢"=8"=R"+L",
Sg4) _ Sé4) _ S(74) — (R2+L%2%+2R2L2,
SY =8¢ =8P =(R*+L?? +6R’L*(R* + L),
SP =8P =8P =(R*+L>*+12R*LAR* + L*)® + 6R*L",
Sy =819 = (R?+ L + 20R*L*(R* + L*)® + 30R'L*(R® + L?),
S = (R?+L*° +30R’LA(R? + L*)* + 90R*L*(R? + L*)* + 20RCLE.
These systems are simplified for the regular hexagon case only.
The vertices A1, A3, A5 and Ag, A4, Ag form two equilateral triangles, so they satisfy two
cyclic relations for P3. Generally for n-gon if n divisible by 3:

Theorem 4.9. For any regular n-gon, if n =3¢
d?+d3, ,+d3,5, = =d2+d5,+d3,=3(R*+L?),
di+di, ,+di,g, ==d;+d3,+d5, =3((R%+L??+2R2L?).

The Theorem [4.7|and Theorem [4.9]simplify the system of the cyclic averages for the regular
hexagon:

d?+d?=d2+d2=d2+d%=2[R?*+L?),
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d?+di+di=d3+d5+d2=3(R*+L%),
di+di+ds=d3+dj+dg=3((R?+L?*?+2R?L?).
By using these relations, we get explicit expressions for distances:

Theorem 4.10. For any point M(d1,ds,...,ds,L) and Pg(R):
dl = d].’
1
d% = 5 (R2 +L2 + d% + 4\/§A(R,L,d1))7
1
di= (332 +3L*-d3+4V3 A(R,L,d1>),
d?=2(R%*+L%-d3,
1
d2 = 5 (3R2 +3L%-d?F 4\/§A(R,L,d1)),
1
d% = 5 (R2 +L2 + d% + 4\/§A(R,L,d1))'

For Pg:

2
d%+d§+---+d§) B di+dy+---+dg

3(S@)2-28W = 3( . 5

1
= 5 ((@T+d3+d)” - 2(d} +d3 + d)
16 16

T3 A(d1,als,ds) - 3 A(dz,d4,de)
and
1 1
R?= g (d% + d% + dg + 4\/§A(d1,d3,d5)) = g (d% + di + dg * 4\/§A(d2,d4,d6))>
1 1
L?= 5 (d% + d% + dg F 4\/§A(d1,d3,d5)) =3 (dg + dZ + dg F 4\/§A(dz,d4,d6))-
For any point on the circumscribed circle the area Ag, 4545 as well as A, 4,.4s) Vanishes.

Indeed if the point on the minor arc A{Ag:
d1+d3 =d5 and d2+d6 =d4.

4.4 Regular Octagon, Nonagon and Decagon

There are 8, 9 and 10 cyclic averages for the Pg, P9 and P cases, respectively. The cyclic
averages from the second to the twelfth powers are the same as for regular heptagon, so we
write only new ones:

SgP =80 =8P =(R*+L" +42R?L*(R*+L?)° +210R*L*(R*+L*?+140R°LO(R* + L?),
S{19=81Y = (R?+L?)® + 56R?LA*(R? + L?)® + 420R*L*(R? + L)*
+560R°LO(R? + L*)* + TORPLS,
Sy =(R*+L*? + 72R’L*(R® + L*)" + 756 R*L*(R* + L*)°
+1680R°LS(R® +L?)? + 630R®LY(R? + L?),
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All three cases n =8,9,10 admit further simplifications.
For Pg Theorem [4.7] gives:

d?+di=di+di=d2+d2=d2+d:=2R>+L?).
The vertices A1, A3, A5, A7 and Ag, Ay, Ag, Ag form two squares, so they satisfy “additional”

cyclic relations for Py.
Generally, if n is divisible by 4:

Theorem 4.11. For any regular n-gon, if n =4p:

di+di,, +di,e, +di,s, = =dy+dy, +ds, +d;, = 4(R*+L*?+2R*L?),
dS+dS, , +dS,q, +dS, 5, = =dy+dS, +d3, +d, = 4(R*+L*’ +6R’L*(R* +L?)).

For Py Theorem [4.9] gives:
d?+di+di=di+di+di=d3+d2+ds=3(R?*+L%),
di+d;+d;=dy+ds+dg=d3+dg+dg=3((R?+L*?+2R?L?).

For P, from Theorem [4.7}
d?+di=di+di=d2+di=d2+d2=d2+d%,=2R*+L?).

The vertices A1, Ag, A5, A7, Ag and Ao, Ay, Ag, Ag, A1p form two regular pentagons, so they

satisfy “additional” cyclic relations for Ps.
Generally, if n is divisible by 5:

Theorem 4.12. For any regular n-gon, if n =5t

d% + d%+t + d%+2t + d%+3t + d§+4t == d? + d%t + d%t + dzzit + d%t =5(R*+L?),
d% + d%+t T d%+2t T d%+3t T d%+4t == d‘t1 + dgt T dgt T dit T dgt = 5((R2 +L%%+ 2R2L2)7
dS+dS, +d g +dY g, +dS g = = df +dg, +dg, +dg, +d,
=5((R*+L?? +6R?L*(R* + L?)),
df+dY, +dY g +d]g +dY g = = di +d5, +d5, +dy, +ds,

=5((R? +L** + 12R*L*(R® + L*)* + 6R*L%).

To summarize the obtained results, we conclude: every regular n-gon has an n — 1 number of
cyclic averages, but if n is the composite number we have “additional” relations for the distances,
which are obtained from the cyclic averages of the ni-gon, where n1 is divisible of n.

5. Rational Distances Problem (Solution for n = 24)

Is there a point all of whose distances to the vertices of the unit polygon are rational? The
problem has a long history especially for the case of a square. An extensive historical review is
given in [7,|9,10]. For case of an equilateral triangle answer is positive [|3]. According to [4] open
problems are in following cases

n=4,6,8,12 and 24.
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For n = 6 — only trivial point is known — the centroid of the unit hexagon.
By Theorem [4.3| the side a, of the regular n-gon is:

2
a
ST = SP 1 /3(5Py2—25W.
n

For the unit icositetragon (n = 24):

2 2 4

a1 |S2/3522 258
SIMoT =5 @ a@h2
524_(324)

The right side is the root of the fourth degree polynomial equation with rational coefficients:
8(SYY - (SP)?)xt —48Px? +1=0,
thus it is the algebraic number of degree <4. On the other hand

1./ /
sin%zg 2— 2+\/§,

is the algebraic number of degree >4 [13]. So,

Theorem 5.1. There is not a point in the plane that is at rational distances from the vertices of
the unit regular 24-gon.

For positive answers for the P4 and Pg cases the necessary conditions are the rationalities
of the equal areas:

* A(‘11’\/5‘12413) = A(dz,\/§d3,61l4)’ if n=4;
* \/§A(d1,d3,d5) = \/§A(dz,d4,d6), if n =86.

6. Sphere as Locus of Constant } |z ;; Sums

For regular polygons with different vertices the number of the } [z ;) sums are different too.
As we see, unlike the plane case, dual Platonic solids have the same number of the } [ 7 sums:

2 4
regular tetrahedron: ER) Ly ER) Ly
, ©) @ ® .
octahedron and cube: [R,L) &~[R,L) £~[R,LP
. . (2) (4) (6) (8 (10)
icosahedron and dodecahedron: [RLP 2[RL) 2-R.LP 2-[R.L) 2-[R.LI"

To prove these, we consider each Platonic solid separately. In all cases, we consider solids
centered at the origin and use simple Cartesian coordinates.

6.1 Regular Tetrahedron
The coordinates of the vertices T4(R):
Aqg(c,tc,xc), Az4(—c,+c,Fc)and R = V3e.

Consider an arbitrary point in space M(di,d2,d3,d4,L) with the coordinates: (x,y,z).
The distance between M and the centroid O of the tetrahedron:

L2:x2+y2+22.
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Then,
dig=(x—c)2+(y¢c)2+(z$c)2:R2+L2+2c(—x$y¢2),

d§’4 =(x+c+(yFe)+(zxe)? =R%>+L%+2c(x Ty +2),
4
S di=(R?2+L2+2c(~xFyF2)’+ (R2+ L%+ 2c(x Fy £ 2))°
1
=4RZ+L*? +4c*((x+y+2)2 +(~x+y+2)° + (x—y +2)* +(x + y — 2)?)
4
=4 (R2+L2)2+§R2L2 .
If for T4(R):
4
Y d}>4R*,
1
then

Theorem 6.1. The locus of points in the space such that the sum of the fourth power of the
distances to the vertices of a given regular tetrahedron is constant is a sphere whose center is the
centroid of the tetrahedron.
Remark 6.1.
4
o If Zal;L = 4R* the locus is the centroid.
1

4
o If Zd;1 < 4R* the locus is the empty set.
1

The sums of the distances of the power more than 4 contain x, y and z (like a for the plane
case), so for T4 only the sums of the second and fourth powers are } [ 1) sums.

6.2 Octahedron and Cube
The coordinates of the vertices of the octahedron T4(R):

Aq9(%c,0,0), A3 4(0,%c,0), A56(0,0,+c) and R =c.
For an arbitrary point P(d1,do,...,dg,L):
d},=R”*+L*+2Rx,
dj,=R*+L*+2Ry,
di¢=R*+L*+2Rz.
Beginning from T each Platonic solid (except tetrahedron) has diametrically opposed
vertices, so for them Theorem |4.7|is satisfied. For the sums of the fourth and sixth powers:

6
Y dt=(R%+L%+2Rx)* +(R*+ L% +2Ry)* + (R + L? + 2R2)?
1

4
=4 (R2+L2)2+§R2L2 ,
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6
Y d®=6(R*+L??+24(R*+L*)R*(x* + y* + 2°)
1
=6((R%+ L%’ +4R*L*(R* +L?)).
For the cube Ts(R):
Aj2(Fc,Fe,Fe), Agal*c,*+c,Fo),
Ase(tc,Fe,+c), A7g(Fe,tc,+£c)

and R =V3c.
The distances from the P(d1,ds,...,dg,L):

di2=R2+L2i20(x+y+z), d§,4:R2+L2$20(x+y—z),
d%,G :R2+L2$20(x+z—y), d%,3:R2+L2i26(x—y—z),
The vertices Aj, Az, A5, A7 and Ay, A4, Ag, Ag form two regular tetrahedrons, so they

satisfy the regular tetrahedron relations.

Theorem 6.2. For an arbitrary point in the space, the sum of the quadruple of the distances
to the vertices of the cube which lie on parallel faces and are endpoints of skew face diagonals,

satisfies
4 4
D dy =2 dy, =4R*+L?),
1 1
4 4 4 4 2 22 . 4 9.9
Y dg, =) dy, =4(R*+L2?+ S R2L?).
1 1 3
Remark 6.2. These quadruples do not contain the distances to diametrically opposed vertices.

Thus,

8 4
Y d} =8((R?+ L+ Z R?L).
- 3

8
Y df=(R?+L%+2c(x+y+2) + (R2+L2F2c(x +y—2))* + (R + L2 ¥ 2c(x + 2 - y))°
1

+(R2+L*F2c(y+2z-x))°
=8(R? +L?%)3 + 24(R? +L2)02((x+y+z)2 +(9c+y—z)2 +(9c—y+z)2 +(x—y—z)2)
=8((R*+L?? +4R*L*(R* +L?)).
If for T¢(R) and Tg(R) is satisfied
Z d?m >nR?>™, n=86,8;
i=1
then

Theorem 6.3. The locus of points in the space such that the sum of the sixth (fourth) power of
distances to the vertices of a given octahedron (cube) is constant is a sphere whose center is the
centroid of the octahedron (cube).
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Remark 6.3.
n
o If Zd?’” =nR?" the locus is the centroid.
1

n
o If Zd?’” < nR?™ the locus is the empty set.
1

6.3 Icosahedron and Dodecahedron
The coordinates of the vertices of icosahedron T12(R):

A12(0,+c,xce), Asz4(0,Fc,+cy),
Asg(xe,+cp,0), A7g(+e,Fee,0),
Ag10(£cp,0,+c), A11,12(£ce,0,Fc),

where ¢ is the golden ratio ¢ = 1+T‘/3 and R = c¢\/1+ ¢2.

For an arbitrary point P(d1,ds,...,d12,L):
dio=R*+L*F2c(y+2¢), di,=R*+L*+2c(y—2z¢),
dig=R*+L*F2c(x+yg), dig=R*+L*F2c(x—yy),
dg10=R*+L*F2c(z +x¢), dij 5 =R*+L*+2c(z—xp).

Then
12 1 4 " 8 4 12 4
Ydi=)di+) di+} d;
1 1 5 9
= 4R*+L*? +4c*(y* +2290*) +4(R*+ L2 +4c* (2 +y2p?) +4(R? + L?)? + 4c* (2% + 2% p?)
=12(R%+L?%? +16c%(1 + ¢)(x% + y% + 22)

- 12(()}22 +L2)2% §R2L2),

12 6 4 6 8 6 12 6
2d;=).d;+) di+) d;
1 1 5 9
= 4(R? + L?)? + 48¢*(R% + L®)(y® + 2%¢%) + 4(R? + L?)® + 48c*(R? + L*)(x* + y%¢?)
+4(R%+L%)3 + 48c2(R2 + L2)(2% + x2¢?)
=12((R*+L?? +4R2L*(R® + L?)).
For the sum of the eighth power

4
8 2 2\4 2p2 2\2(,,2 2 2 4.. 4 4 4 2.2 2
;di:4(R +L%)*+96c“(R°+ L) (y*+2°¢p°)+64c™(y" + 2"~ + 6y°2°¢°),

12
Y d%=12(R%+LA* +96c*(R? + L) (x? + y2 +22)(1 + ¢?)
1

+ 6404((9c4 + y4 + 24)(1 + (p4) + 6(902y2 +x22%+ y2z2)(p2),
because

1
14—(,04 :3(,02 and <p2 = g(1+(p2)2,
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3 16
> d; 12((R2+L2)4+8R2L (RZ2+L%%+ = 4L4)
1

4
Y di10 = 4R%2+L%P+80(R%+L?)3c2 ((y+z(p)2 +(y—z(p)2) +160(R2+L>)c* ((y+z<p)4 +(y—z(p)4)
1
=4(R%+L*° + 160(R? + L?)3c2(y + z)* + 320(R? + L?)c*(y* + 2*p* + 6y%2%?).

Zdlo 12(R2+L2)5 +160(R% + L2)3c2(x2 + y2 + 22)(1 + ¢?)
1

+ 320(R2 +L2)c4 ((1 + (,04)(x4 + y4 + 24) + 3(,02(29c2y2 +2x222 + 2y222))
40
= 12((R2 +L2 + = R*L*R* + L") + 16R‘L*(R? +L2)).
Divide the vertices of the dodecahedron — T'99(R) into two groups, the vertices A1,Aq,...,Asg
which form a cube and other vertices — Ag,Aqg,...,A90. Then the coordinates:
Aj9(Fe,Fe,Fe), Agalte,+e,Fo),

Ase(tc,Fe,xc), A7g(Fe,+c, o),

A910(0 p <P) A11,12(0,7r%,i0<l)),
A13,14(i%,ic<.0,0), A15,16(¢5,10(P,0)7

and R =v3c.
Consider an arbitrary point P(d1,ds,...,dg,L). For the distances d1,ds,...,ds we use the
respective distances of the cube, and for others:

d2, =R%2+L%F2¢|Z +2¢|, d?, ;,=R?*+L%+2¢|= —z¢
9,10 ((p ) 11,12 ((p )
2 2 2 _ p2 2 x
% =R2+L +2c((p+y(,0), A% 5= R2+L i2c((p ¥o).
2 _p2,72-9.[% 2 p2.72 z
d%; 15 =R*+L +2c((p+x(p), 2y 00 =R%+L J_rzc((p x(p),
32
Zd4 8(R2+L2)2 3 2L2 Zd4
32 1
=8B+ LY+ R*L* +12(R® + L + 16c* % + y° + 2 (5 +0?)
®
4
:20((R2+L2)2+—R2L2).
3
20 1
Y. d? =8(R?+L)+32R? LAR?+ L) +12(R? +L*) +3(R2+ LH16c> v+ y*+2%) = + )
1 ¢
=20((R?+L*? +4R*L*(R* +L?)).

8
Y. d;i= (R2+L2i26(x+y+z))4+ (R2+L2$20(x+y—z))4
1
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+ (R2+L2¢2c(x+z—y))4+ (R2—|-L2120(x—y—2))4

64
=8(R%+L%*+64R2L%*(R®+L?)? + ?R“(ZL“ +8x2y% + 82222 + 8y22?),
20
1
Y dé= 12(R2+L2)4+96(R2+L2)2L2302+64c4((x4+ y4+z4)(<p4+—4)+6x2y2+6x222+6y222)
9 ¢
64
=12(R%+L%* +96(R% + L%)2R2L? + §R4(7(x4 + y4 +zh+ 63023/2 +6x%2% + 6y222),

16
st 20((R? +LY" + 8RZLAR? + L) + = R'LY).
Like T12, maximal power for T9y which depends on R and L only is 10. Indeed,

Zdlo (R2+L%+2c(x+y+2))° +(R2+L2F2c(x +y—2))° + (R2+ L2 F 2c(x + 2 — y))°
[R2 + L2+ 2c(x— y— z))
= 8(R%+L?)°+320(R*+L%)3c?L%+320(R%+ L?)c* (2(x* + y* + 21+ 12(x%y? + 2222+ y%2?)),

Zdlo 12(R% + L2)° + 160(R% + L2)3¢ 2L2( + )
@>
1
+320(R? +L2)c4((—4 + (p4)(x4 +yt+zh+6(?y? +x22% + yzzz)),
¢

40
Zdl" 20((R2+L2)2 5 2L2(R2+L2)3+16R4L4(R2+L2))

If for T12(R) and T9p(R) is satisfied
n
Y d?™>nR*", n=12,20,
i=1
then

Theorem 6.4. The locus of points in the space such that the sum of the 2m-th power of distances
to the vertices of a given icosahedron (dodecahedron) is constant is a sphere, when

m=1,2,3,4and 5.
The center of the sphere is the centroid of the icosahedron (dodecahedron).

Remark 6.4.

o If Y d?m =nR?™ the locus is the centroid.
i=1

o If i d?m < nR?™ the locus is the empty set.
i=1
7. Cyclic Averages of Platonic Solids
Summarize the obtained results, in terms of the cyclic averages:

Theorem 7.1. The cyclic averages of the Platonic solids are the following:

@ _ o@ _ o@ _ o@ @) 2. 72
Si41= Sie1 = Sig) = Si121 = Spaey =R + L7,
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(4)
S[12]

(6)
S[12]

(8)
S[12]

(10) _
S[12]

4) _
S[8]

(6) _
S[S]

4) _
S[G]

(6) _
S[G]

4) _
S[4]

4)
S[20]

(6)
S[20]

®
S[20]

(10) _
Si201

4
(RZ2+L%?2+ 3R2L2
(R*+L*?®+4R’L*R*+L?),
(R2+L%*+8R%L2(R?>+L%% + —R*L*,

=(R%+L%*%+ 30 R2LA2(R%2+L%3% +16R*L*(R? + L?).

Eliminate L and R from the relations, we obtain direct relations among the cyclic averages

of the Platonic solids.

Theorem 7.2. For each Platonic solid (n =4,6,8,12,20):

16 2
4) (2)
S[n] + ? R (S[n] 3

—R2)2.

This result for regular simplicial and regular polytopic distances is obtained in [5] and [[12]],

respectively.

Theorem 7.3. For each Platonic solid, except the tetrahedron (n =6,8,12,20):

(6) (2) (2) 272 4
Stm = S (Spy + 2R - 8R7),
(6) (2) (4) (2)\2
S[n] S[n] (SS[n] 2(S[n]) )
Theorem 7.4. For the icosahedron and the dodecahedron (n =12,20):
S® - (5@t =8R%*S® - R )((S<2>)2+ RS2 -R?),
S 52 = P25 - RS 4 2SR,
SS?] (9(3(4))2+12S(4)(S(2))2 16(8(2))4)
10) _ q2) g4) (4) (2)\2
S[n] S[n]S[n](gs[n] 8(S[n]) )

Like the plane cases, in some space cases we have “additional” relations. Each Platonic
solid, except the tetrahedron satisfies Theorem and for the cube and the dodecahedron

Theorem

For the radius of the circumscribed sphere and the distance between the point and the

centroid:

Theorem 7.5. For each Platonic solid (n =4,6,8,12,20):

= 5[5 Jas-

4)
S[n]

=SS asEy -

4)
S[n]

)
)

The points on the circumscribed sphere satisfy

S(4)

(2)\2
(S[n]) [n]’

SO

Commaunications in Mathematics and Applications, Vol. 11, No. 3, pp. , 2020



354 Cyclic Averages of Regular Polygons and Platonic Solids: M. Meskhishuvili

Theorem 7.6. For any point on the circumscribed sphere of each Platonic solid (n=4,6,8,12,20):

n n
4) d?=3n) d;}.
1 1

8. Conclusion

In the present paper, we introduce the } [z ;) sums and define the cyclic averages of the regular
polygons and the Platonic solids. We prove the main property of the cyclic averages — the
equality of them for various regular polygons and Platonic solids. By means of the cyclic
averages the distances of an arbitrary point to the vertices of the regular polygons (the plane
case) and the Platonic solids (the space case) are investigated. All cases of constant sum of
like powers of the distances, when the locus is a circle (a sphere), are found. General metrical
relations for regular polygons (Platonic solids), which were known in special cases only, are
established. Rational distances problem solved for the n =24 case.
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