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Representation of Topological Algebras by

Projective Limit of Fréchet Algebras

Mati Abel⋆

Abstract. It is shown that every topological Hausdorff algebra (in particular,

locally pseudoconvex Hausdorff algebra) A with jointly continuous multiplication

is topologically isomorphic to a dense subalgebra of the projective limit of Fréchet

(respectively, locally pseudoconvex Fréchet) algebras. In case, when A is complete,

A and this projective limit of Fréchet (respectively, locally pseudoconvex Fréchet)

algebras are topologically isomorphic. A partly new proof for these results from

[11] are given.

1. Introduction

It is well-known (published in 1952 in [10, p. 17], and in [5]) that every

complete locally m-convex Hausdorff algebra is topologically isomorphic to the

projective limit of Banach algebras. This result has been generalized to the case

of complete locally m-(k-convex) Hausdorff algebras in [2, Theorem 5]; to the

case of complete locally A-convex Hausdorff algebras in [4, Theorem 2.2], and to

the case of complete locally m-pseudoconvex Hausdorff algebras in [6, pp. 202–

204]. Similar representations of topological algebras (not necessarily with jointly

continuous multiplication) by projective limits of topological algebras with more

simple structure are considered in [3]. It is known (see [11, Theorem 1]) that every

complete topological Hausdorff algebra with jointly continuous multiplication is

topologically isomorphic to the projective limit of Fréchet algebras and every

complete locally convex Hausdorff algebra with jointly continuous multiplication is

topologically isomorphic to the projective limit of locally convex Fréchet algebras.

These results in [11] are correct, but the proofs of these are not, because in

the proofs there is applied a Lemma which, first of all, is not formulated suitably

2010 Mathematics Subject Classification. Primary 46H05; Secondary 46H20.

Key words and phrases. Topological algebra; Locally pseudoconvex algebra; Fréchet algebra; F -

seminorm; Projective limit of topological algebras.
⋆Research is in part supported by Estonian Science Foundation grant 7320 and by Estonian Targeted

Financing Project SF0180039s08.



10 Mati Abel

and, secondly, the proof of this Lemma is not correct. Detailed (and partly new)

proofs of these results are given in the present paper.

2. Proof of Müldner’s result

Let M be the dense subset of R
+ which consists of all non-negative rational

numbers, having a finite dyadic expansions, i.e, every such number ρ ∈ M is

representable on the form

ρ =

∞∑

n=0

δn(ρ) · 2
−n,

where1 δ0(ρ) ∈ N0, δn(ρ) ∈ {0,1} for each n ∈ N and δn(ρ) = 0 for n sufficiently

large.

Let (A,τ) be a (real or complex) topological algebra with jointly continuous

multiplication, L(A,τ) a base of neighbourhoods of zero in (A,τ), consisting of

closed balanced sets, and SA = {Sλ : λ ∈ Λ} the set of all algebraic strings

Sλ = (U
λ
n ) in L(A,τ), that is, Uλn ∈ L(A,τ),

Uλn+1
+ Uλn+1

⊂ Uλn

and

Uλn+1
Uλn+1

⊂ Uλn

for each n ∈ N0. For each λ ∈ Λ, Sλ = (U
λ
n ) ∈ S and ρ ∈ M let

Vλ(ρ) = Uλ
0
+ · · ·+ Uλ

0
︸ ︷︷ ︸

δ0(ρ) summands

+

∞∑

n=1

δn(ρ) · U
λ
n (2)

and

qλ(a) = inf{ρ ∈ M : a ∈ Vλ(ρ)}

for each a ∈ A and λ ∈ Λ. Then every qλ is a F -seminorm on A (see [8, pp. 39–40])

and

kerqλ =
∞⋂

n=0

Uλn

(see [3, p. 148]). LetQ = {qλ : λ ∈ Λ} and τQ be the initial topology on A, defined

by the collection Q. Then (see [3, Theorem 2.2]) (A,τQ) is a topological algebra

with jointly continuous multiplication and τ= τQ .

To give a new proof for the result of Müldner in [11, Theorem 1], we need

(instead of lemma in this) the following result.

1Here and later on N0 = N∪ {0}.
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Lemma 2.1. Let A be a topological T1-algebra with jointly continuous multiplication,

LA the base of all closed and balanced neighbourhoods of zero in A and SA = (Un) an

algebraic string in LA. Then the kernel

N(SA) =

∞⋂

n=1

Un

of SA is a closed two-sided ideal in A.

Proof. When N(SA) = {θA}, then N(SA) is a closed two-sided ideal in A. Suppose

now that N(SA) 6= {θA}. Then there are elements a, b ∈ N(SA) \ {θA}. Let n ∈ N

be an arbitrary fixed number. Since N(SA) ⊂ Un+1 and Un+1 + Un+1 ⊂ Un, then

a+ b ∈ Un for each n ∈ N. Hence, a+ b ∈ N(SA).

Let next λ be a real or complex number and a ∈ N(SA). Then a ∈ Un for each

n ∈ N. If |λ| ¶ 1, then λa ∈ Un for each n ∈ N, because Un is balanced. If |λ| > 1,

let n0 ∈ N be a natural number such that2 [|λ|] + 1 ¶ 2n0 and n an arbitrary fixed

natural number. Since a ∈ Un+n0
and

λa = [|λ|]
λ

|λ|
a+ (|λ| − [|λ|])

λ

|λ|
a ∈ Un+n0

+ · · ·+ Un+n0
︸ ︷︷ ︸

[|λ|]+1 summands

⊂ Un ,

because
�
� λ

|λ|

�
� = 1,
�
�(|λ| − [|λ|]) λ

|λ|

�
� < 1 and every Un is balanced, then λa ∈ Un for

each n ∈ N. Thus, λa ∈ N(SA).

Let now a ∈ A, b ∈ N(SA), n ∈ N and m = n+ 1. Then there exists a positive

number ǫm such that a ∈ ǫmUm (because every neighbourhood of zero absorbs

points). If |ǫm|¶ 1, then ǫmUm ⊂ Um because Um is balanced, and if |ǫm|> 1, then,

from ǫm b ⊂ ǫmN(SA)⊂ N(SA)⊂ Um follows that

ab ∈ (ǫmUm)(ǫ
−1
m Um) ⊂ UmUm ⊂ Un .

Hence, ab ∈ N(SA). Similarly, we can show that ba ∈ N(SA). Consequently, N(SA)

is a two-sided ideal in A. �

Theorem 2.2. For any (real or complex) topological Hausdorff algebra A with jointly

continuous multiplication there exists the projective system {Ãλ; h̃λµ,Λ} of Fréchet

algebras and continuous homomorphisms h̃λµ from Ãµ to Ãα (whenever λ ≺ µ)

such that A is topologicaly isomorphic to a dense subalgebra of the projective limit

lim
←−

Ãλ of this system. In case, when A is complete, then A and lim
←−

Ãλ are topologically

isomorphic.

Moreover, if A is a locally pseudoconvex3 (in particular a locally convex) Hausdorff

algebra with jointly continuous multiplication, then A is topologically isomorphic to

a dense subalgebra of the projective limit lim
←−

Ãλ of locally pseudoconvex (respectively,

2Here [r] denotes the entire part of a real number r.
3A topological algebra A is locally pseudoconvex if the topology of A is possible to give by a collection of

non-homogeneous seminorms (see, for example, [6, pp. 189–198]).
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locally convex) Fréchet algebras. In case, when A is complete, then A and lim
←−

Ãλ are

topologically isomorphic.

Proof. Let A be a topological Hausdorff algebra with jointly continuous multi-

plication, LA the base of all closed and balanced neighbourhoods of zero in A

and SA = {Sλ : λ ∈ Λ} the collection of all algebraic strings in LA. That is, every

Sλ ∈ SA is a sequence (Oλn ) in LA, members Oλn of which satisfy the conditions

Oλn+1
+Oλn+1

⊂ Oλn

and

Oλn+1
Oλn+1

⊂ Oλn

for each n ∈ N0. We define the ordering ≺ in Λ in the following way: we say that

λ ≺ µ in Λ if and only if Sµ ⊂ Sλ, that is, if Sλ = (O
λ
n ) and Sµ = (O

µ
n ), then Oµn ⊂ Oλn

for each n ∈ N0. It is easy to see that (Λ,≺) is a partially ordered set. To show that

(Λ,≺) is a directed set let Sλ1
= (Oλ1

n ) and Sλ2
= (Oλ2

n ) be arbitrary fixed algebraic

strings in SA and let Sµ = (O
µ
n ) be the algebraic string in LA, which we define in

the following way: let Oµ0 ∈ LA be such that Oµ0 ⊂ O
λ1

0 ∩ O
λ2

0 . Further, for each

n¾ 0, let Un+1 be a neighbourhood of zero in LA such that Un+1 + Un+1 ⊂ Oµn and

Un+1Un+1 ⊂ Oµn . Let now Oµn+1 be a neighbourhood in LA such that

Oµn+1 ⊂ Un+1 ∩O
λ1

n+1 ∩O
λ2

n+1.

Then

Oµn+1 +Oµn+1 ⊂ Un+1 ∩Oλ1

n+1 ∩Oλ2

n+1 + Un+1 ∩Oλ1

n+1 ∩Oλ2

n+1 ⊂ Un+1 + Un+1 ⊂ Oµn

and

Oµn+1Oµn+1 ⊂ (Un+1 ∩O
λ1

n+1 ∩Oλ2

n+1)
2 ⊂ Un+1Un+1 ⊂ Oµn

for each n ∈ N. Since Sµ ∈ SA and Oµn ⊂ Oλ1
n ∩ Oλ2

n for each n ∈ N0, then λ1 ≺ µ

and λ2 ≺ µ. It means that (Λ,≺) is a directed set.

Let qλ be the F -seminorm on A, which is defined by the string Sλ = (O
λ
n ) for

each λ ∈ Λ and let QA = {qλ : λ ∈ Λ}. As it was mentioned above, we can consider

on A the topology, which has been defined byQA. Then ker qλ is a closed two-sided

ideal in A by Lemma 2.1. For each λ ∈ Λ let Aλ = A/ker qλ and let πλ be the

canonical homomorphism of A onto Aλ. Moreover, let qλ(πλ(a)) = qλ(a) for each

a ∈ A. Then the multiplication in Aλ is jointly continuous. Indeed, for every ǫ > 0

there exists nǫ ∈ N such that 2−nǫ < ǫ. Since

U =

�

x ∈ Aλ : qλ(x)<
1

2nǫ+1

�

is a neighbourhood of zero in Aλ and from x , y ∈ U follows that

x y ∈ Vλ

�
1

2nǫ+1

�2

= Unǫ+1(λ)
2 ⊂ Unǫ

(λ) = Vλ

�
1

2nǫ

�

,
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then qλ(x y) ¶ 2−nǫ < ǫ for each x , y ∈ U . It means that the multiplication in

Aλ is continuous at (θAλ
,θAλ
). Consequently, the multiplication in Aλ is jointly

continuous.

Let Ãλ be the completion4 of Aλ, νλ the topological isomorphism from Aλ onto

a dense subalgebra of Ãλ (defined by the completion of Aλ), q̃λ the extension of

qλ ◦ ν
−1
λ

to Ãλ and τ̃λ the topology on Ãλ, defined by q̃λ. Then

q̃λ[(νλ ◦πλ)(a)] = qλ(πλ(a)) = qλ(a)

for each a ∈ A. Therefore, q̃λ is an F -norm on Ãλ because of which Ãλ is metrizable

(see, for example, [8, p. 40]). Hence, (Ãλ, τ̃λ) is a Fréchet algebra for each λ ∈ Λ.

For each λ,µ ∈ Λ with λ ≺ µ we define the map hλµ by hλµ(πµ(a)) = πλ(a) for

each a ∈ A. Then hλµ is a continuous homomorphism from Aµ onto Aλ, hλλ is the

identity mapping on Aλ for each λ ∈ Λ and hλµ◦hµγ = hλγ for each λ,µ,γ ∈ Λ with

λ ≺ µ ≺ γ. Since νλ ◦ hλµ ◦ ν
−1
µ is a continuous homomorphism from νµ(Aµ) into

Ãλ, then there exists a continuous extension h̃λµ from Ãµ into Ãλ, which is linear

(by Proposition 5 in [7]) and submultiplicative by the continuity of multiplication

in Ãµ (similarly as in the proof of Proposition 1, pp. 4–5, in [9] or in the proof of

Proposition 3 in [1]). Moreover,

h̃λµ[νµ(πµ(a))] = νλ[hλµ(πµ(a))] = νλ[πλ(a)]

for each a ∈ A and λ,µ ∈ Λwith λ≺ µ. Since h̃λλ is the identity map on Ãλ for each

λ ∈ Λ and h̃λµ ◦ h̃µγ = h̃λγ, whenever λ,µ,γ ∈ Λ and λ ≺ µ ≺ γ, then {Ãλ; h̃λµ,Λ}

is a projective system of Fréchet algebras Aλ with continuous homomorphisms h̃λµ
from Ãµ into Ãλ and

lim
←−

Ãλ=

�

(νλ[πλ(a)])λ∈Λ∈
∏

λ∈Λ

Ãλ :h̃λµ[νµ(πµ(a))]= νλ(πλ(a)), whenever λ≺ µ

�

is the projective limit of this system.

Let ẽ be the mapping from A into
∏

µ∈Λ Ãµ, defined by ẽ(a) = (νλ[πλ(a)])λ∈Λ
for each a ∈ A, and prλ the projection of

∏

µ∈Λ Ãµ onto Ãλ for each λ ∈ Λ. Since

prλ(ẽ(a)) = νλ[πλ(a)] for each a ∈ A and λ ∈ Λ and νλ ◦πλ is continuous for each

λ ∈ Λ, then ẽ is a continuous map from A into
∏

µ∈Λ Ãµ (see, for example, [12,

Theorem 8.8]). Moreover, if a, b ∈ A and ẽ(a) = ẽ(b), then νλ ◦πλ(a) = νλ ◦πλ(b)

for each λ ∈ Λ. Therefore,

a− b ∈
⋂

λ∈Λ

ker qλ =
⋂

O∈LA

O = θA ,

because A is a Hausdorff space. It means that a = b. Hence, ẽ is a one-to-one map.

4Here Ãλ is a topological algebra with jointly continuous multiplication because the multiplication in

Aλ is jointly continuous.
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Let now O be an open subset in A, o a point in O, α a fixed index in Λ and

U =

�
∏

λ∈Λ

Uλ

�

∩ ẽ(A),

where Uα = να ◦πα(O) and Uλ = Ãλ, if λ 6= α. Then U is a neighbourhood of ẽ(o)

in ẽ(A). Since

prα(U)⊂ να ◦πα(O) = prα(ẽ(O))

and α is arbitrary, then U ⊂ ẽ(O). Hence, ẽ is an open map. Taking this into

account, ẽ is a topological isomorphism from A into
∏

λ∈Λ Ãλ.

To show that ẽ(A) is dense in lim
←−

Ãλ, let (ãλ)λ∈Λ ∈ lim
←−

Ãλ be an arbitrary

element and O an arbitrary neighbourhood of (ãλ)λ∈Λ in lim
←−

Ãλ. Then there is

a neighbourhood U of (ãλ)λ∈Λ in
∏

λ∈Λ Ãλ such that O = U ∩ lim
←−

Ãλ. Now, there is

a finite subset H ⊂ Λ such that
∏

λ∈Λ Uλ ⊂ U , where Uλ is a neighbourhood of ãλ
in Ãλ, if λ ∈ H, and Uλ = Ãλ, if λ ∈ Λ \ H. Let µ ∈ Λ be such that λ ≺ µ for every

λ ∈ H and

V =
⋂

λ∈H

h̃−1
λµ(Uλ).

Then V is a neighbourhood of ãµ in Ãµ. Take an element a ∈ (νµ ◦πµ)
−1(V ). Then

νµ ◦πµ(a) ∈ V . Therefore, νλ ◦πλ(a) = h̃λµ(νµ ◦ πµ(a)) ∈ Uλ for each λ ∈ H. It

means that ẽ(a) ∈ U ∩ ẽ(A). Consequently, ẽ(A) is dense in lim
←−

Ãλ.

If now A is a locally pseudoconvex (in particular locally convex) Hausdorff

algebra with jointly continuous multiplication, then every Ãλ is a locally pseudo-

convex (respectively, locally convex) Fréchet algebra with jointly continuous

multiplication. Therefore, in the present case, A is topologically isomorphic

to a dense subalgebra of the projective limit lim
←−

Ãλ of locally pseudoconvex

(respectively, locally convex) Fréchet algebras.

Moreover, A and lim
←−

Ãλ are topologically isomorphic, if A is complete. �
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