Communications in Mathematics and Applications

Vol. 11, No. 1, pp. [BTHT71} 2020 RGN

ISSN 0975-8607 (online); 0976-5905 (print)

Published by RGN Publications http://www.rgnpublications.com

DOI:110.26713/cma.v11i1.1349

| Research Article |

A Uniformly Convergent Numerical Study
on Bakhvalov-Shishkin Mesh for Singularly
Perturbed Problem

Derya Arslan

Department of Mathematics, Faculty of Art and Science, Bitlis Eren University, 13200, Bitlis, Turkey
ayredlanu@gmail.com

Abstract. In this paper, singularly perturbed multipoint boundary value problem with a right
boundary layer is considered. This problem is discretized using finite difference method on Bakhvalov-
Shishkin type mesh. We give uniform error estimate in a discrete maximum norm. The first-order of
accuracy difference schemes for the approximate solutions of the problem are presented. The obtained
numerical results demonstrate that the convergence rate of difference scheme is in accord with the
theoretical analysis which means that the theoretical results are fairly sharp.

Keywords. Singular perturbation; Finite difference scheme; Bakhvalov-Shishkin mesh; Uniformly
convergence; Multipoint boundary condition; Discrete maximum norm

MSC. 65L10; 65L.11; 65L.12; 65L.15; 651.20; 65L70; 34B10

Received: January 9, 2020 Accepted: March 19, 2020

Copyright © 2020 Derya Arslan. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work
is properly cited.

1. Introduction

In this study, we solve the following singularly perturbed equation, which has a boundary layer
at x = 1, with help of finite difference method based on Bakhvalov-Shishkin mesh:

—eu' (x) +a(@)u'(x) + b(x)u(x) = f(x), 0<x<1, (1)
equipped with the multipoint boundary conditions
u(0)=A, (2)
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m—2
u()- Y c;u(s;) =B, (3)
i=1
where 0 < € < 1 is a very small perturbation parameter, B and c¢; are given constants;
0<si<so<..<sp9o<1l,i=12,....m-2; a(x)=a >0, b(x) and f(x) are assumed to be
continuous functions in [0, 1].

Singularly perturbed equations belong to class of ordinary differential equations in
which the highest derivative is multiplied by a small parameter. Also, singularly perturbed
differential equations see usually in fluid mechanics and other branches of applied mathematics
[2,14,9,10,17,(18,26,27] and the references cited therein. The first time, nonlocal boundary
value problems have been defined as different cases by Bitsadze and Samarskii [[10].
Nonlocal boundary value problems have also been examined seriously in the literature
[11,3,5~8,11-16,18,19] such as Amiraliyev and Cakir [3] studied to solve reaction-diffusion
singularly perturbed problem with nonlocal boundary condition, Cakir and Amiraliyev [15]]
gave uniform finite difference method on piecewise uniform Shishkin type mesh for solving
singularly perturbed three-point boundary value problem. Cakir [5] proposed hybrid scheme on
Shishkin mesh for solving singularly perturbed boundary value problem with nonlocal boundary
condition. The study of existence and uniqueness of these problems can be seen in [[21-23]].

Because of the e-perturbation parameter, standard discretization methods for these
singularly perturbed problems create instability. Therefore, we can propose suitable numerical
methods such as finite difference method, finite element method, etc. We solve singularly
perturbed convection-diffusion problem with multi-point condition using finite difference method
in this study as well. Bakhvalov-Shishkin mesh is a modification of the Shishkin mesh described
that incorporates idea by Bakhvalov. But the original Bakhvalov mesh requires the solution of
a nonlinear equation to determine the transition point where the mesh switches from coarse to
fine. Instead, the transition points are as in the Shishkin mesh [24]. There are many studies on
the B-S (Bakhvalov-Shishkin) mesh [20],24,25]28|29].

This study is prepared as follows: Properties of the exact solution and its derivation will
be determined in Section [2| In Section |3| the finite difference method will be presented. The
reminder terms will be evaluated in Section 4] In Section [5| the results of numerical experiment
will be presented. These will be shown by table and figures.

Henceforth, in the paper, C and C\ will mean a positive constant independent of £ and the
mesh parameter.

2. Properties of the Exact Solution

Herein we will give important properties of the solution of (I)-(3), which are needed in next
sections for the examination of numerical solution.

Lemma 1. If a(x), b(x) and f(x) be sufficiently smooth functions on interval [0,1] and

w(1) —[ciw(s1) + cow(s2) + csw (s3)] # 0, (4)
where w(x) is the solution of the following problem:

—ew" +a(x)w'(x)+ b(x)w(x) =0,

w(0)=0, w(1l)=1.
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Then, for the solution u(x) of the problem (1)-(3) the following estimates hold:

lw(®)lcro,11 < Co, (5)

and
a(l-x)

Iu'(x)ISC{1+%(e_ € )}, O<x<1. (6)

Proof. We take u(1) = A and u(x) solution of () as u(x) = v(x) + Aw(x), where
-2
b-o)+ ¥ civls)
1= i=1
- m—2 ’
w(l)- '21 ciw(s;)
1=

and, the functions v(x) and w(x) is the solution of the following problems:

Lv = f(x),
v(0)=A, v'(0)=0,
Lw=0,

w(0)=0, w'(0)=1.
After using the Maximum Principle for the above problems, we deduce the evaluations as

o) = [+ ' O) + &~ I F®)llcro1 < C, (7
and

lw(x)| = [w(0)| +w'(0)] < 1. (8)
Ultimately, from (7) and (8), we have

lu(x)| = lv(x)| + A |wx) < C+1<Cy.
This result show us the estimation (5).

Let us prove (6) as follows:

Initially, we take as u/(x) = v(x) and G(x) = f(x) — b(x)u(x) in equation (1)), then rewrite (1)) for
proving (6) as

—ev' (%) + a(x)v(x) = G(x),

and we give solution of this equation

X X 1
v(x) = u/(x) = e Jo 4O u'(O)_f G(r)e® Jiamdn g,
0

After this equation is integrated over (0,x) and some arrangements, it is obtained that

a(l

e 1 ik
|u,(QC)|SC+§(e_ 5 ))SC{1+E(8_ (18 ))}

Finally, the proof of Lemma [1]is obtained. O

3. Mesh and Generating of the Difference Scheme

In this section, we will define the well-known Bakhvalov mesh and then construct difference
scheme for the problem (I)-(3).

Bakhvalov-Shishkin Mesh. For the positive even integer discretization parameter N, we
divide the interval [0, 1] into the two subintervals [0,1 - o] and [1— o, 1]. In practice, we usually
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has 0 << 1. Here 0 is transition point which is called as following:
1
U:min{i,a_lslnN}. 9

We define a set of the mesh points (I)N:{x}N o as
ih, h=2329 x;€[0,1-0),i=1,...,5;
xi=1{ 1+a” sln[l 2(1- Nl)(l——)] 0<%

xi€[l-o0,1], 1 —§+1,...,N.

Difference Scheme. In what follows, we denote by wy nonuniform mesh and define the

following finite difference for any mesh function g; = g(x;) given on @y

oy ={0<x1<x2<...<any-1<1}, dy=wnyU{xo=0,xy =1},
and
_8i—8i-1 _8i+1— & _ 8x,it8x,i
ga‘c,z—h—i, gx,l—ﬁ, gg,i_T’
g = Sir1T8L . Bxi8xi poohithin o
x,1 hi » 8x%i hi ’ 1 9 ’ i i i—1>

8lloo = 18llcoay = Orélii)ﬁ]|gi|-
To obtain difference approximation for (1)), we integrate (1) over (x;_1,x;11):

Xit1 Xi+1
h Lu(x)pi(x)dx = hi_lf fei(x)dx, i=1,...,N—-1.
Xi-1

Xi-1
The relation (10) can be rewritten as

Xi+1 Xi+1
eh;t u' ()@l (x)dx +a;h; 't f u'(x)p;(x)dx +bju; = f; +Ra i + Ry,
Xi-1

xi-1
which yields relation

—€0juzz,; +niuz; +bju;=fi+Ry;+Rp;=R;, 1=1,...,N-1,

where R; = fi + R, ; + Rp;, and the functions {(pi(x)}?i_ll have the form

a;(x=x;_1)
(p(il)(x) = %—4, xi-1<x <X,
e ¢ -1
l(x le)
(x) = a;(x=%i11)
(pl( ) (2)(36)— l-e — hH_l , X <X <Xj41l,
1-e™
0, XE(Xi-1,%i+1),
where
aihi
0i= - ajhi’
l-e "¢
o —-a;h; a;
i = ajh; + ajhip
hizi[ll—-e "¢ ] 1-e =
With the local truncation error
Xi+1 Xi+1 Xi+1
R;=h;" f[az(xi)—at(x)]u’(x)goi(x)dx+h{1 f[b(xi)—b(x)]u(x)q)i(x)dx+ﬁ{1
Xi-1 Xi-1 Xi-1
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Thus, by neglecting R; in the equation (12), we suggest the following difference scheme for
approximating (I)-(3):

—&0,yzz,i+Nniyzi +biyi=fi, i=1,...,N-1, (16)

Yo=A4, a7
m-2

yN = ciyn, (xn;)+B, (18)
i=1

where xp, are the mesh points nearest to s;, and also 6; and 7; are given by and (14),
respectively.

4. Convergence Analysis

Let z; =y, —u;, 1 =0,1,...,N. Then, the error in the numerical solution satisfies where the
truncation error R; is given by (15)

_Egizja?,i"‘nizf,i"‘bizi:_Ri, i=1,...,N—1, (19)

z0=0, (20)
m—2

ZN = Z CiZN;. (21)

=1

Lemma 2. Let z; be the solution of problem (19)-(21). Then, the estimate

lzlloo,ax < C IR loo,wy » (22)
holds.
Proof. According to the maximum principle, we have the following inequalities:

w(x)=+2; + & R lowy (23)

w(0) =420+ " |R ooy =0, (24)
and

w(1)=+zN + @ IR loowy = 0. (25)

From (23)-(25), we obtain that
Izill < @ IR loowy < ClIR lloowy

which proves Lemma m

Lemma 3. If a(x),b(x), f(x) € C1[0,1], then for the truncation error R; we have
IR;|<CN™L. (26)

Proof. We can rewrite for the truncation error R; as

Xi+1 Xi+1

Ril <1 f @ (i) — a(lu'pi(0)dx + iy f 16 (xc;) — b(x)[u(x)g;(x)dx
it Xi-1
Xi+1
+h; ! f If () = f (x) |pi(x)dx. @7)
xi-1
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Using the mean value theorem for |a (x;) — a(x)l, |6 (x;) — b(x)| and |f(x) - f (x;)| in 27), we get

la(x) — ax;)| = la'(€)|lx —x;| < Chy,
1b(x;) — b(x)| = [b"(E)| | — x;] < Ch;,
If )= Fa)l = If (Ol —x;| < Ch;i, ¢€lxi,x], i=0,...,N,
and also we evaluate (6) as follows:
_a-x;47) _a(-x;_7)

|u'(x)|$C{h,~+e e  —e € }sChi, i=1,...,N-1,

where

_a-xi4q) _a-x;_q) _al-xiiq) _alriy1—x-1)

e ¢ —e ¢ <e ¢ (l-e e )<Ch,.
From here with (6) and (27), we have
|Ri|SChL‘, 1=0,...,N.

(28)

Now, we can begin to evaluate for on the intervals [0,1 - 0] and [1 —0,1], respectively.

In the first case x; €[0,1—-0o]:

. N . N
xi=o0+|i——|h, 1=0,...,—,
2 2
where
1 2(1-a lelnN)

alelnN<=, h= <CNL.
2 N
It then follows from and (29), we have
hi=h, [R{|sCh<CN'.

In the second case x; €[1—-0,1]:

Fora<%,

xi-1=1+ aleln

_o1_N-1f1_i71
1-2(1-N )(1 N)]

h;=aleln —aleln

_o1-NHl1- L
1-2(1-N )(1 N)

N
Applying the mean value theorem in (32), we obtain that

21-N"HN1
€ <
1-2i1(1-N-1H)N-1
Thus, from (27) and (33), we can write

N
IR;|<CN1, i:5+1,...,N.

h;=a? CN~ L

According to all these situations, we have
IR;/I<CN~', i=0,...,N.

Now, we can formulate the main convergence result:

1—2(1—N—1)(1—E

)

(29)

(30)

(31)

(32)

(33)

Theorem 1. Let u(x) be the solution of the problem (1)-(3) and y; be the solution of the difference

scheme (16)-(18). Then, the following uniform error estimate satisfies
ly—tllogy <CN .
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5. Numerical Results

In this section we will solve a convection-diffusion problem with the Bakhvalov-Shishkin mesh.
Firstly, we construct an algorithm and then using a computer program, we obtain numarical
results, table and figures.

Example 2. Consider a convection-diffusion problem:

—eu"()+u'(x)=1, 0<x<1,

1

u(0)=0, u(l)=u(0.25)+2u (5) +3u(0.5)+d.
The exact solution is
ool 2] ern(22)

1
1+exp (— ﬁ)

The corresponding e-uniform convergence rates are computed using the formula

PN _ In (eN/e2N)

In2

The error estimates are denoted by

N N N
e’ =maxe,, € =ly—ulogy-

— cos? (mx).

u(x) =

Table 1. The computed maximum pointwise errors eV and rates of convergence p?¥ of Example.

e N=24 N =48 N =96 N =192 N =384 N =768

2710 0.04166666 0.02083333 0.01041667 0.00520785 0.00255726 0.00098445
0.99 0.99 1.00 1.00 1.31

2712 0.04166665 0.02083334 0.01041667 0.00520832 0.00260416 0.00130196
0.99 1.00 1.00 0.99 1.00

2714 0.04166667 0.02083338 0.01041666 0.00520832 0.00260417 0.00130207
0.99 1.00 1.00 0.99 1.00

2716 0.04166626 0.02083325 0.01041647 0.00520834 0.00260414 0.00130207
0.99 1.00 0.99 1.00 0.99

2718 0.04166681 0.02083366 0.01041777 0.00520797 0.00260409 0.00130199
0.99 1.00 0.99 0.99 1.00

2720 0.04166353 0.02083475 0.01041231 0.00520910 0.00260409 0.00130169
0.99 1.00 0.99 1.00 1.00

eV 0.04166681 0.02083475 0.01041777 0.00520910 0.00260409 0.00130207

Y 099 0.99 0.99 0.99 0.99

The resulting errors and the corresponding numbers for ¢ =272, { =5,6,7,8,9,10 are listed
in Table (1, Table [1| verifies first-order the e-uniform convergence of the numerical solution
on both subintervals and computed rates are essentially in agreement with our theoretical
analysis.
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Figure 1. Comparison of approximate solution and exact solution of Example for N =96, £ = 2714,
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Figure 2. Error distribution of Example for £ = 2716,

The exact solution and approximate solution curves are almost identical as shown in Figure
In Figure |2, the errors in boundary layer region are maximum because of the irregularity caused
by the sudden and rapid change of the solution in the layer region around x =1 for different ¢
and N values.
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6. Conclusion

In this work, the finite difference scheme is proposed to compute the solution of singularly
perturbed problems with multipoint boundary condition. It is proved that the error estimate
of numerical solution is first-order on Bakhvalov-Shishkin mesh. The errors and rates of
convergence are tabulated in Table (1| for the considered example in support of the theoretical
results. The figures of the exact and the numerical solution of the problem for different values of
e-perturbation parameter were plotted in Figure (1l In Figure [2| error distributions of Example
for e =216 N =24,48,96,192,384, 768 are plotted. Thus, we say that this study can solve the
singularly perturbed problems with more complicated multipoint boundary condition.

Acknowledgement

The author is grateful of the anonymous referees for their comments which substantially
improved the quality of this paper.

Competing Interests
The author declares that she has no competing interests.

Authors’ Contributions
The author wrote, read and approved the final manuscript.

References

[1] N. Adzic, Spectral approximation and nonlocal boundary value problems, Novi. Sad. J. Math. 30
(2000), 1 - 10.

[2] G. M. Amiraliyev and M. Cakir, A uniformly convergent difference scheme for singularly perturbed
problem with convective term and zeroth order reduced equation, International Journal of Applied
Mathematics 2 (2000), 1407 — 1419.

[8] G. M. Amiraliyev and M. Cakir, Numerical solution of the singularly perturbed problem with
nonlocal condition, Applied Mathematics and Mechanics (English edition) 23 (2002), 755 — 764.

[4] G. M. Amiraliyev, Difference method for a singularly perturbed initial value problem, Turkish
Journal of Mathematics 22 (1998), 283 — 294, http://journals.tubitak.gov.tr/math/issues/
mat-98-22-3/mat-22-3-3-97032. pdf.

[5] D. Arslan, A new second-order difference approximation for nonlocal boundary value
problem with boundary layers, Mathematical Modelling and Analysis 25 (2020), 257 — 270,
DOI: 10.3846/mma.2020.9824.

[6] D. Arslan, A numerical solution for singularly perturbed multi-point boundary value problems
with the numerical integration method, BEU Journal of Science 9 (2020), 157 — 167,
DOI:10.17798/bitlisfen.662732.

[7]1 Y. Altun, A note on the asymptotic stability of solutions of non-linear neutral systems with
variable delay, Mathematics in Engineering, Science & Aerospace (MESA) 10 (2019), 587 — 600,
http://nonlinearstudies.com/index.php/mesa/issue/view/179.

Commaunications in Mathematics and Applications, Vol. 11, No. 1, pp. , 2020


http://journals.tubitak.gov.tr/math/issues/mat-98-22-3/mat-22-3-3-97032.pdf
http://journals.tubitak.gov.tr/math/issues/mat-98-22-3/mat-22-3-3-97032.pdf
http://doi.org/10.3846/mma.2020.9824
http://doi.org/10.17798/bitlisfen.662732
http://nonlinearstudies.com/index.php/mesa/issue/view/179

170

A Uniformly Convergent Numerical Study on Bakhvalov-Shishkin Mesh...: D. Arslan

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

D. Arslan, Stability and convergence analysis on Shishkin mesh for a nonlinear singularly
perturbed problem with three-point boundary condition, Quaestiones Mathematicae 2019 (2019), 1
— 14, DOI:(10.2989/16073606.2019.1636894.

N. S. Bakhvalov, On optimization of methods for solving boundary value problems in the presence
of a boundary layer, Zhurnal Vychislitel’noi Matematikii Matematicheskoi Fiziki 9 (1969), 841 —
859, DOI:/10.1016/0041-5553(69)90038-X.

A. V. Bitsadze and A. A. Samarskii, On some simpler generalization of linear elliptic boundary
value problems, Doklady Akademii Nauk SSSR 185 (1969), 739 — 740.

M. Cakir and G. M. Amiraliyev, A numerical method for a singularly perturbed three-point boundary
value problem, Journal of Applied Mathematics 2010 (2010), 17 pages, https://projecteuclid)
org/euclid. jam/1288619688.

M. Cakir and D. Arslan, A numerical method for nonlinear singularly perturbed multi-point
boundary value problem, Journal of Applied Mathematics and Physics 4 (2016), 1143 — 1156,
DOI:/10.4236/jamp.2016.46119.

M. Cakir and D. Arslan, Finite difference method for nonlocal singularly perturbed problem, Int.
Journal of Modern Research in Engineering and Technology 1 (2016), 25 — 39.

M. Cakir and D. Arslan, Numerical solution of the nonlocal singularly perturbed problem, Int.
Journal of Modern Research in Engineering and Technology 1 (2016), 13 — 24.

M. Cakir and G. M. Amiraliyev, Numerical solution of the singularly perturbed three-point
boundary value problem, International Journal of Computer Mathematics 84 (2007), 1465 — 1481,
DOI:/10.1080/00207160701296462.

R. Chegis, The numerical solution of problems with small parameter at higher derivatives
and nonlocal conditions, Lietuvas Matematica Rinkinys, (in Russian) 28 (1988), 144 — 152,
DOI:/10.1007/BF00972255.

P. A. Farell, J. J. H. Miller, E. O'Riordan and G. I. Shishkin, A uniformly convergent finite difference
scheme for a singularly perturbed semilinear equation, SIAM Journal on Numerical Analysis 33
(1996), 1135 — 1149.

C. P. Gupta and S. I. Trofimchuk, A sharper condition for the solvability of a three-point second
order boundary value problem, Journal of Mathematical Analysis and Applications 205 (1997), 586
- 597, DOI1:/10.1006/jmaa.1997.5252.

D. Herceg and K. Surla, Solving a nonlocal singularly perturbed nonlocal problem by splines in
tension, Univ. u Novom Sadu Zb. Rad. Prirod.-Mat. Fak. Ser. Math. 21 (1991), 119 — 132.

P. Zhou, Y. Yin and Y. Yang., Finite element superconvergence on Bakhvalov-Shishkin mesh for
singularly perturbed problems, Journal on Numerical Methods and Computer Applications 34
(2013), 257 — 265.

T. Jankowski, Existence of solutions of differential equations with nonlinear multipoint
boundary conditions, Computers & Mathematics with Applications 47 (2004), 1095 — 1103,
DOI:/10.1016/S0898-1221(04)90089-2.

T. Jankowski, Multipoint boundary value problems for ODEs, Part I, Applicable Analysis 80 (2001),
395 — 407, DOI:/10.1080/00036810108841001.

T. Jankowski, Multipoint boundary value problems for ODEs, Part II, Czechoslovak Mathematical
Journal 54 (2004), 843 — 854, DOI:/10.1007/s10587-004-6434-4.

Commaunications in Mathematics and Applications, Vol. 11, No. 1, pp. , 2020


http://doi.org/10.2989/16073606.2019.1636894
http://doi.org/10.1016/0041-5553(69)90038-X
https://projecteuclid.org/euclid.jam/1288619688
https://projecteuclid.org/euclid.jam/1288619688
http://doi.org/10.4236/jamp.2016.46119
http://doi.org/10.1080/00207160701296462
http://doi.org/10.1007/BF00972255
http://doi.org/10.1006/jmaa.1997.5252
http://doi.org/10.1016/S0898-1221(04)90089-2
http://doi.org/10.1080/00036810108841001
http://doi.org/10.1007/s10587-004-6434-4

A Uniformly Convergent Numerical Study on Bakhvalov-Shishkin Mesh...: D. Arslan 171

[24]

[25]

[26]

[27]
[28]

[29]

T. Linss, An upwind difference scheme on a novel Shishkin-type mesh for a linear convection-
diffusion problem, Journal of Computational and Applied Mathematics 110 (1999), 93 — 104,
DOI:/10.1016/S0377-0427(99)00198-3.

T. Linss, Analysis of a Galerkin finite element method on a Bakhvalov-Shishkin mesh for a
linear convection-diffusion problem, IMA Journal of Numerical Analysis 20 (2000), 621 — 632,
DOI:110.1093/imanum/20.4.621.

d. dJ. H. Miller, E. O'Riordan and G. I. Shishkin, Fitted Numerical Methods for Singular Perturbation
Problems, World Scientific, Singapore (1996), DOI: 10.1142/2933.

A. H. Nayfeh, Introduction to Perturbation Techniques, Wiley, New York (1993).

Q. Zheng, X. Li and Y. Gao, Uniformly convergent hybrid schemes for solutions and derivatives
in quasilinear singularly perturbed BVPs, Applied Numerical Mathematics 871 (2015), 46 — 59,
DOI:/10.1016/j.apnum.2014.12.010.

Q. Zheng, X. Li and Y. Liu, Uniform second-order hybrid schemes on Bakhvalov-Shishkin mesh for
quasi-linear convection-diffusion problems, Advanced Materials Research 871 (2014), 135 — 140,
DOI: 10.4028/www.scientic.net/AMR.871.135.

Commaunications in Mathematics and Applications, Vol. 11, No. 1, pp. , 2020


http://doi.org/10.1016/S0377-0427(99)00198-3
http://doi.org/10.1093/imanum/20.4.621
http://doi.org/10.1142/2933
http://doi.org/10.1016/j.apnum.2014.12.010
http://doi.org/10.4028/www.scientic.net/AMR.871.135

	Introduction
	Properties of the Exact Solution
	Mesh and Generating of the Difference Scheme
	Convergence Analysis
	Numerical Results
	Conclusion
	References

