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Five Mappings in Connection to Hadamard’s Inequality

W.T. Sulaiman

Abstract. In this paper we point out five new inequalities of the Hadamard’s type
and use a simple new technique in the proof.

1. Introduction

Let f : I C ® — R be a convex mapping of the interval I of real numbers and
a,b €1 with a < b. The following double inequality

a+b 1 b fla)+f(b)
f( 3 )SEL f(x)dxsT (1.1)

is known in the literature as Hadamard’s inequality. In [1], Fejer generalized the
inequality (1.1) by proving that if g : [a,b] — R is nonnegative, integrable and

symmetric to x = %, and if f is convex on [a, b], then
a+b b b
(532 [ st < | soogtaen
b
. f@ ;f(b) f . 19

A positive function f is said to be r-convex on [a, b] if for all x,y € [a, b], and
A€[0,1],

TG+ =2f ), 1 #0,

RO ), r=0.

The 0-convex functions are simply the log-convex functions and 1-convex functions
are the ordinary convex functions.

We define the following mappings:

1 b a+b
m(t)= —— fr(tx-l-(l—t)—)dx, r#0,

f()\x+(1—?\)y)5{

b—a 2
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1 b a+b
n(t)=——->1 f (tx +(1- t)—)dx,
b—a|], 2

1 b prb
M(t) = mL J;l fr(tx+(1—t)y)dxdy, r;éO,

1
(b—a)

b prb
N(t) = J f flex + (1= t)y)dxdy,

b b 1
1 v
L(t) = (—J f frtx+(1- t)y)dxdy) .
(b—a) ), J,
Recently, Dragomir [3], proved the following results

Theorem 1.1. Let f : [a,b] — R be convex and let H : [0,1] — R be defined by

1 b a+b
H(t)z mf f(CX‘f‘(l—t)T)dX

Then,

(1) H is convexin [0,1].
(ii) We have

inf H(t)=H(0)= atb
nf H()= ()—f( . )

1 b
sup H(t)zH(l)zmj f()dx.

te[0,1]

(iii) H is convexin [0,1].

Theorem 1.2. Let f : [a,b] — R be convex and let F : [0,1] — R be defined by

b b
F(t)= ﬁfa L fltx+ (1 —t)y)dxdy.
Then,
_ 1 1 . 1
6] F(E-l-t) =F(§—t)foralltln [0’5]'
(i) F is convexon [0,1].

(iii) We have

1 b
sup F(t)zF(O)zF(l)sz £ (o),

te[0,1]

. 1 1 Pt orx+y
aro=r(3) =gap ), | (5 )ue

(iv) The following inequality is valid
(a +b 1

<F| -
2 2
(v) F decreases monotonically on [0,1/2] and increases monotonically on [1/2,1].
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(vi) We have the inequality
H(t) < F(t) forall te[0,1].

2. Main Result

We prove the following

Theorem 2.1. If f is r-convex (r # 0), then m(t) has the following properties:
@A) m(t) is convex on [0,1].
a+b

(ii) fei[%,fl] m(t) =m(0) = f" (T)

1 b
sup m(t)=m(1) = —a f fT(c)dx.

te[0,1]

(iii) m increases on [0,1].
Proof. (i) Let t1,t,€[0,1], @, >0, a+ B =1. Then
m(at; + fty)

1 b
=3 ffr((af1+ﬁf2)x+(1_af1_ﬁfz)

a
a

+b
a )dx
2

1 b a+b a+b
= b—a_[lfr(a(tlx+(1_tl) 5 )+[5(t2x+(1—t2) 2 Ddx

< 1 b . a+b . a+b
=%-a) (af (tlx—i-(l—tl) 3 )+/5f (t2x+(1—t2) 3 Ddx
= am(ty) + m(ty).
tx+(1+ )L
a+b 1 [’ +t(a+b—x)+(1- )4t
w r(53) =5k ] ; Je

IA
o
| |~
Q
s} ?
o
~
N

! (fr(tx+(1 — t)#D

17 . a+b
+E(f (t(a+b—x)+(l—t)T)))dx
1 o1, LAY
- b_a(afaf (”“ _t)T)
b
+%Lfr(tx+(1_t)#)dx)

= m(t).
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By the r-convexity of f, we have

1 b a+b
m(t) < —f f(tfr(X)+(1—t)fr(—Ddx
b—a a 2
1 b
< —(tf fr(x)dx—i-(l—t)m(l))
b—a B
1 b b
< b_(tf fr(x)dx+(1—t)J fr(X)dX)
_a a a
1 b
= EL fr(x)dx
= m(1).

Therefore, we have

e —m(0) = T a+b
tel[%,um(t)_m( )=f (T)

b
sup m(t)=m(1) = blTaJ fT(x)dx.

te[0,1]
(iii) Let tq, t, € (0,1) with t, > t;. By the convexity of m, we have
t — —
m(ty) —m(t) S m(t;) —m(0) N

tz_tl t1—0

=Y

which implies that m(t,) > m(t;). O

Theorem 2.2. If f is log-convex, then n(t) has the following properties:
(1) logn(t) is convex on [0, 1].

. a+b
(i) inf logn(t)=1logn(0)=1logf (—),
te[0,1] 2

b
sup logn(t)=1logn(1) =log (b%aJ. f(x)dx).

te[0,1]
(iii) logn(t) increases on [0, 1].

Proof. (i) In this case we have to show that log n is convex. For this let t;,t, €
[0,1], @, >0, a+ B =1. Then

1 b a+b
n(at, + Bty) EJ f ((atl + Bty)x + (1 —at; — Bty) )d’f

2
1 b a+b
= b—aJa f(a(tlx—i-(l—tl) 5 )

a+b
+/3’(t2x+(1—t2) 5 ))dx
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b
biaJ (fa(tlx-i-(l—tl)a;b)fﬁ(tzx-i-(l—tz)a;b))dx
1 b b @
E(L f(t1x+(1—t1)a-; )dX)
b a+b b
X(J f(t2x+(1—t2) 2 )dx)
1 b a a+b ¢
(EL f(tl.X"‘r(].—tl) 5 )dx)
1 b a+b b
x(b—aL f(t2x+(1—t2) 5 )dx) .

1 b a+b
alog(m ) f(t1x+(1—t1) 5 )dx)
1 b a+b
+ﬁ10g(mj f(t2x+(1—t2) 5 )dx)

alogn(t,)+ Blogn(t,y)

IA

IA

This implies

logn(at;, + fty)

IA

(ii) We have

dx

tx+(1—t)e
a+b 1 (P +t(a+b—x)+(1— )4t
f(57) = o) A )

b— 2

< 1 b 1 a+b 1
=b—a) (fz(tx—i-(l—t)T)fz

a+b
x(t(a+b—x)+(1—t)T))dx
1 b 1 a+b i 2
b—a( . f(tx+( —t)T) )
b a+b 2
X(J f(t(a+b—x)+(1—t)7)dx)

1 b 1 a+b e
= m ) f(tx+( —C)T) =n(t),

IA

which implies

log f (#) <logn(t).
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n(t) < —f FOOf ‘(“H’)

Also,

1-t
< s o) ([ (552
= ff(X)dx fr f( )
< t(l)nl ‘M
= n(1),

and this implies
logn(t) <logn(1).

Therefore, we have

a+b
mf log n(t) =1logn(0) = log f ( )
sup logn(t)=1logn(1) = log f f(x)dx
te[0,1]

(iii) This follows exactly as in the case of Theorem 2.1.

Theorem 2.3. If f is r-convex (r # 0), then M(t) has the following properties:
(i) M(t)is convex on [0,1].

W JR,Mo=M (E (b—a)2 f f dXdy’
sup M(t)zM(l)zM(0)=LJ fT(x)dx.
te[0,1] b—-a a

i M 1 Y 1 0 1

(iii) (E_t)_ (E+t)’t€|:’§]'

1 1
(iv) M decreases on [0, 5} and increases on [5’ 1].

Lf(a+b - U 1
w (57)2m(3)
(vi) m(t) < M(t).

Proof. (i) It is similar to that given in Theorem 2.1.

. 1
(ii) M(z (b—a)zf f dxd
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1 borb (tx+A-t)y+(A-t)x+ty
® a)ZLLf( 2 )d"dy

1 borhr 1
< mf J —fr(tx+(1—t)y)+—fr((1—t)x+ty))dxdy

_(b f f Frex+ (1 - Oy)dedy = M(0).

Also, we have

M(t)

IA

b prb
mf j (ef () + (1 = 0)f "(y))dxdy

1 b b
= m(tf fr(X)dX+(1—t)f fr(y)dy)

1 b

Therefore, we get

teu(l)f1 M0 = M 2 - (b—a)zf J dxdy,
sup M(t)=M(1)=M(0)= be fT(x)dx.
tef0,1] al,

1 1 Yot 1
(iii) M(E—t) = (b—a)ZL L f ((E—t)x+(5+t)y)dxdy
1 b 1 1
(b—a)ZLLfr((i_t)”(i“)x)dydx
1
:M(§+t).

(iv) Let t1,t, € [%, 1], ty > t;. Then, we have, by the convexity of M

M(t) - M(t) _ M) -M(3) -
tZ_tl - tl_% -

Therefore M(t,) > M(t;). That M(t) decreases on [0, %] follows from (iii).

. a+b x+y a+b—x+a+b—y
© (%5 : DES

(b_a)sz. x+y L (a+b—x—;—a+b—y))dxdy
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f J -(3)

= dxd = — 1.
2

. _ 1 . 1 a+b ded

(i) m(t) = m f fx+( —t)T) ly

B f J tx+(1—t)y+tx+(1—t)(a+b—y))dxdy

(b—a)2 2
< z(b—f f £7(ex + (1 - Oy)dedy
. ;(b—fff(tx+(1—t)(a+b ¥)dxdy
= G- J J Fr(tx + (1= t)y)dxedy = M(t).

Theorem 2.4. If f is log-convex, then N(t) has the following properties
(i) N(t)is convex on [0,1].

2 (b—a)zf J ¥

sup N(t)zN(l)zN(O)sz £ (x)dx.

te[0,1]

i) N[ 2 =N 1+ 0,2
(iii) (z—t)— (2 t),te[,z].

1 1
(iv) N decreases on [0, E] and increases on [E’ 1] .

W) f(#) SNG).

(vi) n(t) <N(t).

(>ii) 1nf N(t) N

Proof. (i) This is similar to that given in Theorem 2.2.

1 1 b rb
w v(3) = o) | (F

1 borb tx+(1-t)y+(1-t)x+ty
- (b—a)ZJ J i Jeo

2

IA

b rb
mf f (fi(fx‘*‘(l—f)}’)f;((l—t)x+ty))dxdy
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(b J f f(tx+(1—t)y)dxdy)

X fff(ty+(1—lr)x)dydx)2

1 b prb
- mf f f(tx(1—t)y)dxdy = N(t).

IA

Also, we have

1 b pb
N(t) < (_—2J J FrOOf I ()dxdy

b b 1-t
:(b— JJf(x)dxdy (J f f(y)dxdy)
= G=ap f f f(x)dxdy

Therefore, we get

1 bt +y
A NO=N E):(b—a)ZLLf(

b
sup N(t)=N(1)=N(0)= ﬁf f(x)dx.

te[0,1]

(iii) and (iv) Similar cases are proved before.

b bre b— b—
&) f(a—; ): (b_a)sz x+y a+ x—;—a+ y))dxdy
x+y 1 a+b—x+a+b—y
2
x+y 2
(b—a)2 fJf 2 dXdy
b b 1
X(JJf(a+b—x-;—a+b—y)dxdy)z
- 1 b bf(X+y)dxd —N(l)
CEDS A 2 Y=Y\2)

IA

)dxdy

A
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. _ 1 borb 1 a+b ded
(vi) n(t)—m ) af(fx+( —t)T) ly

IA

1 b o rex+ -ty +tx+(1—6)(a+b—y)
—(b_a)zf f f 5 )dxd

IA

b prb
(b_a)ZJ J Frltx+(1—0y)f(ex+ (1 —t)a+b—y))dedy

(b J f f(tx+(1—t)y)dxdy)

f f flx+QAQ—-t)(a+b—- y))dxdy)

IA

1

= (b—J J f(tx+ (1 —t)y)dxdy = N(¢t).

Theorem 2.5. If f : [a,b] — R is convex, then for r > 1, L(t) has the following
properties:
(i) L(t)is convexon [0,1].

. :
Gi) inf L(t)=1L (— JJ X y dxdy),
te[0,1]

sup L(t)=L(1)=L(0) = EJ fr(x)dx '

te[0,1]

(iii) L 1 L 1 + 1 1
——t|=Ll=-+t|, te|1,=|.
iii 5 2 , 5
) 1 . 1
(iv) L decreases on [1, 5] and increases on [5, 1].

a+b 1
o r(757)=:(3)

(vi) 1(t) < L(t), where I(t) is defined by

I(6) = 1 b . 1 a+b q :
(t)_((b—a)_[l f (tx—i—( —t)T) x) .

Proof. (i) Letty,t, €[0,1], andleta, 8 > 0, with a+ = 1. Then via Minkowski’s
inequality we have

Lati+pt) = (= f f Fr(Cats + B+ (1 - aty = p)y)ivdy |

1

((b _ff fra(t;+(1—t)y)+p(tyx+(1— tz)y)dxdy)
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1

IA

((b J f(af(t1x+(1 E)O+BF (trx+(1— tz)y))’dxdy)

< ((b f Jf(rlxm tl)y)dxdy)

+8(=ap f f e+ (1= ey )iy )
= aL(t1)+[5L(t2)

iy 1 1 (b x+y .
(i) L(E): m”f T dxdy)

B (b—a)zfj tx+(1_t)y;(1_t)x+ty)dxdy)r
((b f f fr (tx+(1—t)y)dxdy)l
+1((b Jff(tx+(1—t)y)dxdy)

1

((b Jff(tx+(1—t)y)dxdy)—L(t)

Therefore, we have

1
i, u0=1(3)

Also, we have, by convexity of L

1

IA

1

1

1 b b ;
L) = (m f f fr(tX+(1—t)y)dxdy)

b b %
(—(b a)ZJ J fr(x)dde')

1 b b 1
+(1-1) —ZJ j f’(y)dxdy)

f J fr (Xdedy

J fr (X)dx

IA

(b)

Therefore,

sup L(t)=L(1)=L(0).
te[0,1]
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(iii) and (iv) may be achieved as before.

0 (139 (e [ (5 o)
(b—a)ZJf = dXdy)l
%J J fr a+b_x;a+b_y)dxdy)
(b—a)sz =3 d"de:LG)‘

S e

wi) (b)) = ( J J tx+(1—t)—)dxdy)
_( jJ tx+(1-t)y+tx+(1—-t)(a+b— y)) )
B 2
_% J f f(tx+(1—t)y)dxdy)
1 1 ;
+§(mJ j f’(tx+(1—t)(a+b—y))dxdy)
1 b ab ’ 1
= (mj f fr(tx+(1—t)y)dxdy) = L(t).
References

[1] L.Fejer, Uber die Fourierreihen, I, Math. Naturwiss. Anz. Ungar. Akad. Wiss. 24 (1906),
369-390 (in Hungarian).

[2] BM. Gill, C.E. Pearce and J. Pecaric, Hadamards inequality for r-Convex Functions,
J. Math. Anal. Appl. 215 (1997), 461-470.

[3] S.S. Dragomir, Two mappings in connection to Hadamard’s inequality, J. Math. Anal.
Appl. 167 (1992), 49-56.

W.T. SurLAMAN, Department of Computer Engineering, College of Engineering,
University of Mosul, Mosul, Iraq
E-mail: waadsulaiman@hotmail . com

Received August 28, 2009
Accepted November 20, 2009



