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1. Introduction
In mathematics, the Cauchy-Schwarz inequality is an important inequality which can be applied
in many fields, e.g. operator theory, linear algebra, analysis, probability and statistics. This
inequality states that for vectors (a1, . . . ,ak) and (b1, . . . ,bk) of real numbers, we have(

k∑
i=1

aibi

)2

6

(
k∑

i=1
a2

i

)(
k∑

i=1
b2

i

)
. (1)
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In 1965, Callebaut [4] published a refinement of the Cauchy-Schwarz inequality (1). For each
α ∈ [0,1] and for any tuples x = (x1, . . . , xk) and y = (y1, . . . , yk) of positive real numbers, let us

denote Ik
α(x, y)=

k∑
i=1

xi]αyi , where ]α is the α-weighted geometric mean. For either 06β6α6 1
2

or 1
2 6α6β6 1, the classical Callebaut inequality [4] can be stated as(

Ik
1/2(x, y)

)2
6 Ik

α(x, y) ·Ik
1−α(x, y) 6 Ik

β(x, y) ·Ik
1−β(x, y) 6 Ik

0(x, y) ·Ik
1(x, y). (2)

There have been several investigations and generalizations on the Callebaut inequality; see
[1,2,6,7,13] and references therein. Hiai and Zhan [6] gave a matrix analogue of the Callebaut
inequality (2) by considering the convexity of a certain norm function. The paper [7] presented
a matrix version of (2) associated to the tensor product, the Hadamard product, weighted
geometric means and a Kubo-Ando mean. Wada [13] provided a simple form of (2) for positive
operators involving an operator mean and its dual. Some refinements and reverses of (2) for
operators concerning the Hadamard product and weighted geometric means were presented
in [1,2]. Recently in [12], the authors established integral versions of the Callebaut inequality
and its refinements for bounded continuous fields of Hilbert space operators concerning the
Tracy-Singh product, the Khatri-Rao product and weighted geometric means.

In this paper, we investigate refinements and reverses of the operator Callebaut inequalities
for bounded continuous fields of positive operators parametrized by a locally compact Hausdorff
space endowed with a finite Radon measure. Such integral inequalities involves Tracy-Singh
products, Khatri-Rao products, tensor products, Hadamard products and weighted geometric
means. In particular, our results are refinements and reverses of Callebaut-type inequalities
obtained in the previous works [4,7,12].

This paper is organized as follows. In Section 2, we give preliminaries on operator products
and Bochner integration of continuous fields of operators on a locally compact Hausdorff space.
In Section 3, we provide certain refinements of integral Callebaut inequalities for bounded
continuous fields of operators involving some kind of operator products and weighted geometric
means. Some reversed Callebaut-type inequalities for bounded continuous fields of operators
are presented in Section 4. The conclusion is given in the last section.

2. Preliminaries
Throughout this paper, let H be a complex Hilbert space. When X and Y are Hilbert spaces,
denote by B(X,Y) the Banach space of bounded linear operators from X into Y, and abbreviate
B(X,X) to B(X). For self-adjoint operators A,B ∈B(X), the notation A>B means that A−B is
a positive operator. The set of all positive invertible operators on X is denoted by B(X)+.

The projection theorem for Hilbert spaces allows us to decompose

H =
n⊕

i=1
Hi (3)

where all Hi are Hilbert spaces. For each i = 1, . . . ,n, let Pi be the natural projection from H

onto Hi and E i the canonical embedding from Hi into H. Note that P∗
i = E i . Each operator
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A ∈B(H) can be uniquely determined by an operator matrix

A = [
A i j

]n,n
i, j=1 ,

where A i j ∈B(H j,Hi) is defined by A i j = Pi AE j for each i, j = 1, . . . ,n.

2.1 Operator Products
Recall that the tensor product of A,B ∈B(H) is a unique bounded linear operator from H⊗H
into itself such that for all x, y ∈H,

(A⊗B)(x⊗ y)= Ax⊗By.

Fix a countable orthonormal basis E on H. Recall that the Hadamard product of A,B ∈B(H) is
defined to be bounded linear operator A¯B from H into itself such that for all e ∈ E,

〈(A¯B)e, e〉 = 〈Ae, e〉〈Be, e〉.
Following [5], the Hadamard product can be expressed as

A¯B = U∗(A⊗B)U , (4)

where U :H→H⊗H is the isometry defined by Ue = e⊗ e for all e ∈ E. In the case of matrices,
the Hadamard product of A = [ai j]

n,n
i, j=1 and B = [bi j]

n,n
i, j=1 reduces to the entrywise product

A¯B = [ai jbi j], which is a principal submatrix of the Kronecker (tensor) product A⊗B = [ai jB]i j .

Definition 1. Let A = [A i j]
n,n
i, j=1 and B = [Bi j]

n,n
i, j=1 be operator matrices in B(H). The Tracy-

Singh product of A and B is defined to be the operator matrix

A�B = [[
A i j ⊗Bkl

]
kl

]
i j , (5)

which is a bounded linear operator from
n,n⊕

i, j=1
Hi ⊗H j into itself. The Khatri-Rao product of A

and B is defined to be the operator matrix

A�B = [
A i j ⊗Bi j

]
i, j (6)

which is a bounded linear operator from
n⊕

i=1
Hi ⊗Hi into itself.

Lemma 1 ([8,9]). Let A,B,C,D ∈B(H).

(1) α(A�B)= (αA)�B = A� (αB) for any α ∈C.

(2) (A+B)� (C+D)= A�C+ A�D+B�C+B�D.

(3) (A�B)∗ = A∗�B∗.

(4) If A>C> 0 and B>D> 0, then A�B > C�D> 0.

(5) (A�B)(C�D) = AC�BD.

(6) If A,B ∈B(H)+, then (A�B)α = Aα�Bα for any α ∈R.

Lemma 2 ([11]). There is a unital positive linear map

Φ :B
( n⊕

i=1

n⊕
j=1
Hi ⊗H j

)
→ B

( n⊕
i=1
Hi ⊗Hi

)
(7)

such that Φ(A�B)= A�B for any A,B ∈B(H).
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2.2 Bochner Integration
Let Ω be a locally compact Hausdorff space endowed with a finite Radon measure µ. A family
(At)t∈Ω of operators in B(H) is said to be a continuous field if the parametrization t 7→ At is
norm-continuous on Ω. If, in addition, the function t 7→ ‖At‖ is Lebesgue integrable on Ω, then
we can form the Bochner integral

∫
Ω Atdµ(t) as a unique element in B(H) such that

T
(∫
Ω

Atdµ(t)
)
=

∫
Ω

T (At)dµ(t) (8)

for every T in the dual of B(H). A field (At)t∈Ω is said to be bounded if there is a positive
constant M such that ‖At‖6M for all t ∈Ω. In particular, every bounded continuous field of
operators on Ω is always Bochner integrable.

Lemma 3 ([10]). Let (At)t∈Ω be a bounded continuous field of operators in B(H). Then for any
X ∈B(H), we have(∫

Ω
Atdµ(t)

)
�X =

∫
Ω

(At�X )dµ(t). (9)

3. Refined Callebaut-type Inequalities for Operators
In this section, we establish certain refined Callebaut-type inequalities for continuous fields of
Hilbert space operators defined on a locally compact Hausdorff space Ω endowed with a finite
Radon measure µ.

We start with recalling some auxiliary inequalities.

Lemma 4 ([2]). Let x, y> 0 and r ∈ (0,1). Then

xr y1−r + x1−r yr +2p
(p

x−p
y
)2 + q

(
2
p

xy+ x+ y−2x
1
4 y

3
4 −2x

3
4 y

1
4

)
6 x+ y, (10)

where p =min{r,1− r} and q =min{2p,1−2p}.

Lemma 5. Decompose H as in (3). Let A,B ∈B(H)+. If either 06 β6 α < 1
2 or 1

2 < α6 β6 1,
then

Aβ�B1−β+ A1−β�Bβ

> Aα�B1−α+ A1−α�Bα+δ
(
Aβ�B1−β+ A1−β�Bβ−2A

1
2 �B

1
2

)
+η

(
Aβ�B1−β+ A1−β�Bβ+2A

1
2 �B

1
2 −2Aγ�B1−γ−2A1−γ�Bγ

)
, (11)

where γ= 1+2β
4 , δ= β−α

β−1/2 and η=min{δ,1−δ}.

Proof. If we replace y by x−1 and r by 1−u
2 in (10), then we get

xu + x−u +2p
(
x+ x−1 −2

)+ q
(
x+ x−1 +2−2x

1
2 −2x−

1
2

)
6 x+ x−1, (12)

where p =min
{1−u

2 , 1+u
2

}
and q =min{2p,1−2p}. Consider v,w ∈R such that v6w. Applying

the functional calculus on the spectrum of A�B with u := v
w in (12), then we get

Aw�B−w + A−w�Bw

> Av�B−v + A−v�Bv +
(w−v

w

)(
Aw�B−w + A−w�Bw −2I� I

)
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+η
(
Aw�B−w + A−w�Bw +2I� I −2A

w
2 �B−w

2 −2A−w
2 �B

w
2

)
, (13)

where η=min
{w−v

w , v
w

}
. Multiplying both sides of (13) by A

1
2 �B

1
2 we reach

A1+w�B1−w + A1−w�B1+w

> A1+v�B1−v + A1−v�B1+v +
( w−v
w−1/2

)(
A1+w�B1−w + A1−w�B1+w −2A�B

)
+η

(
A1+w�B1−w + A1−w�B1+w +2A�B−2A1+w

2 �B1−w
2 −2A1−w

2 �B1+w
2

)
.

Now, we have only to replace v,w, A,B by 2α−1,2β−1, A
1
2 ,B

1
2 , respectively.

Definition 2. For any bounded continuous fields X= (X t)t∈Ω and W= (Wt)t∈Ω of operators in
B(H), we set

FW(X) =
∫
Ω

W∗
t X tWt dµ(t).

For any bounded continuous field X = (X t)t∈Ω of operators in B(H)+ and α ∈ [0,1], we set
Xα = (

Xα
t
)
t∈Ω.

Lemma 6. Decompose H as in (3). Let X= (X t)t∈Ω and W= (Wt)t∈Ω be bounded continuous fields
of operators in B(H)+ and B(H), respectively. If either 06β6α< 1

2 or 1
2 <α6β6 1, then

FW(Xβ)�FW(X1−β)+FW(X1−β)�FW(Xβ)

> FW(X)α�FW(X1−α)+FW(X1−α)�FW(Xα)

+δ
[
FW(Xβ)�FW(X1−β)+FW(X1−β)�FW(Xβ)−2FW(X

1
2 )�FW(X

1
2 )

]
+η

[
FW(Xβ)�FW(X1−β)+FW(X1−β)�FW(Xβ)+2FW(X

1
2 )�FW(X

1
2 )

−2FW(Xγ)�FW(X1−γ)−2FW(X1−γ)�FW(Xγ)
]
, (14)

where γ= 1+2β
4 , δ= β−α

β−1/2 and η=min{δ,1−δ}.

Proof. By using Lemmas 1 and 3, and Fubini’s theorem for Bochner integrals [3], we get

FW(X)α�FW(X1−α)=
∫
Ω

W∗
t Aα

t Wtdµ(t)�
∫
Ω

W∗
s X1−α

s Wsdµ(s)

=
Ï
Ω2

(
W∗

t Xα
t Wt

)
�

(
W∗

s X1−α
s Ws

)
dµ(t)µ(s)

=
Ï
Ω2

(Wt�Ws)∗
(
Xα

t �X1−α
s

)
(Wt�Ws) dµ(t)µ(s).

We have by applying Lemma 5 that

FW(Xβ)�FW(X1−β)+FW(X1−β)�FW(Xβ)

=
Ï
Ω2

(Wt�Ws)∗
(
Xβ

t �X1−β
s + X1−β

t �Xβ
s

)
(Wt�Ws) dµ(t)µ(s)

>
Ï
Ω2

(Wt�Ws)∗
[
Xα

t �X1−α
s + X1−α

t �Xα
s +δ

(
Xβ

t �X1−β
s + X1−β

t �Xβ
s −2X

1
2
t �X

1
2
s

)
+η

(
Xβ

t �X1−β
s + X1−β

t �Xβ
s +2X

1
2
t �X

1
2
s −2Xγ

t �X1−γ
t −2X1−γ

t �Xγ
t

)]
(Wt�Ws) dµ(t)µ(s)
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=FW(X)α�FW(X1−α)+FW(X1−α)�FW(Xα)

+δ
[
FW(Xβ)�FW(X1−β)+FW(X1−β)�FW(Xβ)−2FW(X

1
2 )�FW(X

1
2 )

]
+η

[
FW(Xβ)�FW(X1−β)+FW(X1−β)�FW(Xβ)+2FW(X

1
2 )�FW(X

1
2 )

−2FW(Xγ)�FW(X1−γ)−2FW(X1−γ)�FW(Xγ)
]
.

Recall that, for each α ∈ [0,1], the α-weighted geometric mean of operators X ,Y ∈B(H)+ is
defined as

X]αY = X
1
2
(
X− 1

2 Y X− 1
2
)αX

1
2 .

Definition 3. For two continuous fields A= (At)t∈Ω, B= (Bt)t∈Ω of operators in B(H)+ and any
α ∈ [0,1], we set

Iα(A,B) =
∫
Ω

At ]αBtdµ(t).

In particular, we have

I0(A,B) =
∫
Ω

Atdµ(t), I1(A,B) =
∫
Ω

Btdµ(t).

Consider bounded continuous fields A= (At)t∈Ω and B= (Bt)t∈Ω of operators in B(H)+. An
integral Callebaut inequality [12] states that for either 06β6α6 1

2 or 1
2 6α6β6 1, we have

2I1/2(A,B)�I1/2(A,B) 6 Iα(A,B)�I1−α(A,B)+I1−α(A,B)�Iα(A,B)

6 Iβ(A,B)�I1−β(A,B)+I1−β(A,B)�Iβ(A,B)

6 I0(A,B)�I1(A,B)+I1(A,B)�I0(A,B). (15)

Now, we provide a refinement of the integral Callebaut inequality (15) and as a consequence
give an operator Callebaut type inequality for Khatri-Rao products.

Theorem 1. Decompose H as in (3). Let A= (At)t∈Ω and B= (Bt)t∈Ω be two bounded continuous
fields of operators in B(H)+. If either 06β6α< 1

2 or 1
2 <α6β6 1, then

Iβ(A,B)�I1−β(A,B)+I1−β(A,B)�Iβ(A,B)

> Iα(A,B)�I1−α(A,B)+I1−α(A,B)�Iα(A,B)

+δ
[
Iβ(A,B)�I1−β(A,B)+I1−β(A,B)�Iβ(A,B)−2I1/2(A,B)�I1/2(A,B)

]
+η

[
Iβ(A,B)�I1−β(A,B)+I1−β(A,B)�Iβ(A,B)+2I1/2(A,B)�I1/2(A,B)

−2Iγ(A,B)�I1−γ(A,B)−2I1−γ(A,B)�Iγ(A,B)
]
, (16)

where γ= 1+2β
4 , δ= β−α

β−1/2 and η=min{δ,1−δ}.

Proof. Setting X t = A
− 1

2
t Bt A

− 1
2

t and Wt = A
1
2
t for all t ∈Ω, we have that for any α ∈ [0,1],

FW(Xα) =
∫
Ω

A
1
2
t

(
A

− 1
2

t Bt A
− 1

2
t

)α
A

1
2
t dµ(t) =

∫
Ω

At]αBtdµ(t) = Iα(A,B).

By using Lemma 6, we obtain the result.

Communications in Mathematics and Applications, Vol. 9, No. 4, pp. 529–540, 2018



Refinements and Reverses of Operator Callebaut Inequality . . . : A. Ploymukda and P. Chansangiam 535

Corollary 1. Decompose H as in (3). Let A= (At)t∈Ω and B= (Bt)t∈Ω be two bounded continuous
fields of operators in B(H)+. If either 06β6α< 1

2 or 1
2 <α6β6 1, then

Iβ(A,B)�I1−β(A,B)+I1−β(A,B)�Iβ(A,B)

> Iα(A,B)�I1−α(A,B)+I1−α(A,B)�Iα(A,B)

+δ
[
Iβ(A,B)�I1−β(A,B)+I1−β(A,B)�Iβ(A,B)−2I1/2(A,B)�I1/2(A,B)

]
+η

[
Iβ(A,B)�I1−β(A,B)+I1−β(A,B)�Iβ(A,B)+2I1/2(A,B)�I1/2(A,B)

−2Iγ(A,B)�I1−γ(A,B)−2I1−γ(A,B)�Iγ(A,B)
]
, (17)

where γ= 1+2β
4 , δ= β−α

β−1/2 and η=min{δ,1−δ}.

Proof. Let Φ be the linear map described in Lemma 2. We have that for any α ∈ [0,1],

Φ (Iα(A,B)�I1−α(A,B)) = Iα(A,B)�I1−α(A,B).

The proof is done by using Theorem 1 and the fact that the map Φ is a positive unital linear
map.

The next result is an integral inequality involving tensor products which is a special case of
Theorem 1 when n = 1.

Corollary 2. Let H be a Hilbert space (not decomposed as in (3)). Let A= (At)t∈Ω and B= (Bt)t∈Ω
be two bounded continuous fields of operators in B(H)+. If either 06β6α< 1

2 or 1
2 <α6β6 1,

then

Iβ(A,B)⊗I1−β(A,B)+I1−β(A,B)⊗Iβ(A,B)

> Iα(A,B)⊗I1−α(A,B)+I1−α(A,B)⊗Iα(A,B)

+δ
[
Iβ(A,B)⊗I1−β(A,B)+I1−β(A,B)⊗Iβ(A,B)−2I1/2(A,B)⊗I1/2(A,B)

]
+η

[
Iβ(A,B)⊗I1−β(A,B)+I1−β(A,B)⊗Iβ(A,B)+2I1/2(A,B)⊗I1/2(A,B)

−2Iγ(A,B)⊗I1−γ(A,B)−2I1−γ(A,B)⊗Iγ(A,B)
]
, (18)

where γ= 1+2β
4 , δ= β−α

β−1/2 and η=min{δ,1−δ}.

As a consequence, we obtain the following integral inequality concerning Hadamard
products.

Corollary 3. Let H be a Hilbert space. Let A = (At)t∈Ω and B = (Bt)t∈Ω be two bounded
continuous fields of operators in B(H)+. If either 06β6α< 1

2 or 1
2 <α6β6 1, then

Iβ(A,B)¯I1−β(A,B)

> Iα(A,B)¯I1−α(A,B)+δ
[
Iβ(A,B)¯I1−β(A,B)−I1/2(A,B)¯I1/2(A,B)

]
+η

[
Iβ(A,B)¯I1−β(A,B)+I1/2(A,B)¯I1/2(A,B)−2Iγ(A,B)¯I1−γ(A,B)

]
, (19)

where γ= 1+2β
4 , δ= β−α

β−1/2 and η=min{δ,1−δ}.
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Proof. Using the fact that the Hadamard product is expressed as the deformation of the tensor
product via the isometry U defined in (4), we get the result.

Remark 1. When we set Ω = {1, . . . ,k} equipped with the counting measure, we have that

Iα(A,B) =
k∑

i=1
A i]αBi . From previous theorem and previous corollaries, we obtain discrete

versions of refined Callebaut-type inequalities for Tracy-Singh products, Khatri-Rao products,
tensor products and Hadamard products, respectively.

Remark 2. For a particular case of Theorem 1 when H= Cn and Ω= {1, . . . ,k} equipped with
the counting measure, we get a matrix inequality concerning Tracy-Singh products. In the
same way, we get matrix versions of (17)-(19) for Khatri-Rao products, Kronecker products and
Hadamard products, respectively. The matrix versions of Kronecker products and Hadamard
products are refinements of matrix Callebaut inequalities in [7, Theorem 3.4 and Corollary 3.5].

In the next corollary, we get a refined Callebaut-type inequality for real numbers.

Corollary 4. Let x = (xt)t∈Ω and y = (yt)t∈Ω be two fields of positive real numbers. If either
06β6α< 1

2 or 1
2 <α6β6 1, then

Iβ(x, y) ·I1−β(x, y)> Iα(x, y) ·I1−α(x, y)+δ
[
Iβ(x, y) ·I1−β(x, y)− (

I1/2(x, y)
)2

]
+η

[
Iβ(x, y) ·I1−β(x, y)+ (

I1/2(x, y)
)2 −2Iγ(x, y) ·I1−γ(x, y)

]
,

where γ= 1+2β
4 , δ= β−α

β−1/2 and η=min{δ,1−δ}.

Proof. Putting At = xtI and Bt = ytI for all t ∈Ω in Theorem 1, we obtain the result.

We mention that if Ω is the finite set {1, . . . ,k} equiped with the counting measure, we get a
discrete version of (20) which is a refinement of the classical Callebaut inequality (2).

4. Reversed Callebaut-type Inequalities for Operators
In this section, we present reversed inequalities of Callebaut-type inequalities. We begin with
recalling the following scalar inequality.

Lemma 7 ([14]). Let x, y> 0 and r ∈ (0,1).

x+ y 6 x1−r yr + xr y1−r +2s(
p

x−p
y)2 − q

(
x+ y+2

p
xy−2x

1
4 y

3
4 −2x

3
4 y

1
4

)
,

where p =min{r,1− r}, q =min{2p,1−2p} and s =max{r,1− r}.

This lemma is used to derive the following operator inequality.

Lemma 8. Decompose H as in (3). Let A,B ∈B(H)+ and either 06 β6α< 1
2 or 1

2 <α6 β6 1.
Then

Aβ�B1−β+ A1−β�Bβ

6 Aα�B1−α+ A1−α�Bα+ (2−δ)
(
Aβ�B1−β+ A1−β�Bβ−2A

1
2 �B

1
2

)
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−η
(
Aβ�B1−β+ A1−β�Bβ+2A

1
2 �B

1
2 −2Aγ�B1−γ−2A1−γ�Bγ

)
, (20)

where γ= 1+2β
4 , δ= β−α

β−1/2 and η=min{δ,1−δ}.

Proof. In Lemma 7, we have by replacing y with x−1 that

x+ x−1 6 x1−2r + x2r−1 +2s(x+ x−1 −2)− q(x+ x−1 +2−2x−
1
2 −2x

1
2 ).

Let u ∈ (0,1]. Taking r = 1−u
2 , we obtain

x+ x−1 6 xu + x−u + (1+u)
(
x+ x−1 −2

)− q
(
x+ x−1 +2−2x

1
2 −2x−

1
2

)
.

Consider real numbers v,w such that v
w ∈ (0,1]. Using the functional calculus on the spectrum

of A�B and Lemma 1, and putting u = v
w , we get

Aw�B−w + A−w�Bw

6 Av�B−v + A−v�Bv +
(
1+ v

w

)(
Aw�B−w + A−w�Bw −2I� I

)
−η

(
Aw�B−w + A−w�Bw +2I� I −2A

w
2 �B−w

2 −2A−w
2 �B

w
2

)
.

Multiplying both sides by A
1
2 �B

1
2 and applying Lemma 1, we have

A1+w�B1−w + A1−w�B1+w

6 A1+v�B1−v + A1−v�B1+v +
(
1+ v

w

)(
A1+w�B1−w + A1−w�B1+w −2A�B

)
−η

(
A1+w�B1−w + A1−w�B1+w +2A�B−2A1+w

2 �B1−w
2 −2A1−w

2 �B1+w
2

)
,

where γ = min
{ v

w ,1− v
w

}
. We reach the result by replace v,w, A,B with 2α−1,2β−1, A

1
2 ,B

1
2 ,

respectively.

Lemma 9. Decompose H as in (3). Let X= (X t)t∈Ω and W= (Wt)t∈Ω be bounded continuous fields
of operators in B(H)+ and B(H), respectively. If either 06β6α< 1

2 or 1
2 <α6β6 1, then

FW(Xβ)�FW(X1−β
t )+FW(X1−β

t )�FW(Xβ)

6 FW(Xα
t )�FW(X1−α)+FW(X1−α)�FW(Xα)

+ (2−δ)
[
FW(Xβ)�FW(X1−β)+FW(X1−β)�FW(Xβ)−2FW(X

1
2 )�FW(X

1
2 )

]
−η

[
FW(Xβ)�FW(X1−β)+FW(X1−β)�FW(Xβ)+2FW(X

1
2 )�FW(X

1
2 )

−2FW(Xγ)�FW(X1−γ)−2FW(X1−γ)�FW(Xγ)
]
, (21)

where γ= 1+2β
4 , δ= β−α

β−1/2 and η=min{δ,1−δ}.

Proof. The proof is similar to that of Lemma 6. Instead of using Lemma 5, we apply
Lemma 8.

The next theorem is a reverse of the second inequality of (15) involving Tracy-Singh products.
As a consequence, we get a reversed Callebaut-type inequality for Khatri-Rao products by using
the unital positive linear map Φ in Lemma 2.
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Theorem 2. Decompose H as in (3). Let A= (At)t∈Ω and B= (Bt)t∈Ω be two bounded continuous
fields of operators in B(H)+. If either 06β6α< 1

2 or 1
2 <α6β6 1, then

Iβ(A,B)�I1−β(A,B)+I1−β(A,B)�Iβ(A,B)

6 Iα(A,B)�I1−α(A,B)+I1−α(A,B)�Iα(A,B)

+ (2−δ)
[
Iβ(A,B)�I1−β(A,B)+I1−β(A,B)�Iβ(A,B)−2I1/2(A,B)�I1/2(A,B)

]
−η

[
Iβ(A,B)�I1−β(A,B)+I1−β(A,B)�Iβ(A,B)+2I1/2(A,B)�I1/2(A,B)

−2Iγ(A,B)�I1−γ(A,B)−2I1−γ(A,B)�Iγ(A,B)
]
,

where γ= 1+2β
4 , δ= β−α

β−1/2 and η=min{δ,1−δ}.

Proof. The proof is similar to that of Theorem 1. Instead of using Lemma 6, we apply
Lemma 9.

Corollary 5. Under the same hypothesis and notation as in Theorem (2), we have

Iβ(A,B)�I1−β(A,B)+I1−β(A,B)�Iβ(A,B)

6 Iα(A,B)�I1−α(A,B)+I1−α(A,B)�Iα(A,B)

+ (2−δ)
[
Iβ(A,B)�I1−β(A,B)+I1−β(A,B)�Iβ(A,B)−2I1/2(A,B)�I1/2(A,B)

]
−η

[
Iβ(A,B)�I1−β(A,B)+I1−β(A,B)�Iβ(A,B)+2I1/2(A,B)�I1/2(A,B)

−2Iγ(A,B)�I1−γ(A,B)−2I1−γ(A,B)�Iγ(A,B)
]
.

For the case n = 1 (i.e. H is not decomposed), Theorem 2 reduces to the reversed Callebaut-
type inequality for tensor products and consequently applies to Hadamard products as follows.

Corollary 6. Under the same hypothesis and notation as in Theorem 2 except that the Hilbert
space H is not decomposed, we have

Iβ(A,B)⊗I1−β(A,B)+I1−β(A,B)⊗Iβ(A,B)

6 Iα(A,B)⊗I1−α(A,B)+I1−α(A,B)⊗Iα(A,B)

+ (2−δ)
[
Iβ(A,B)⊗I1−β(A,B)+I1−β(A,B)⊗Iβ(A,B)−2I1/2(A,B)⊗I1/2(A,B)

]
−η

[
Iβ(A,B)⊗I1−β(A,B)+I1−β(A,B)⊗Iβ(A,B)+2I1/2(A,B)⊗I1/2(A,B)

−2Iγ(A,B)⊗I1−γ(A,B)−2I1−γ(A,B)⊗Iγ(A,B)
]
,

Iβ(A,B)¯I1−β(A,B)

6 Iα(A,B)¯I1−α(A,B)+ (2−δ)
[
Iβ(A,B)¯I1−β(A,B)−I1/2(A,B)¯I1/2(A,B)

]
−η

[
Iβ(A,B)¯I1−β(A,B)+I1/2(A,B)¯I1/2(A,B)−2Iγ(A,B)¯I1−γ(A,B)

]
.

Remark 3. From previous results, we obtain discrete versions of reversed Callebaut-type
inequalities for Tracy-Singh products, Khatri-Rao products, tensor products and Hadamard
products, respectively, by setting Ω = {1, . . . ,k} equiped with the counting measure. Matrix
analogues of our results can be obtained particularly by setting H=Cn. Such matrix results of
Kronecker products and Hadamard products are reverses of the matrix Callebaut inequalities
in [7, Theorem 3.4 and Corollary 3.5].
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The following corollary is a reverse of the integral Callebaut inequality for real numbers.
In particular, when Ω is the finite set {1, . . . ,k} equiped with the counting measure, we get a
reversed inequality of the second inequality of (2).

Corollary 7. Let x = (xt)t∈Ω and y = (yt)t∈Ω be two fields of positive real numbers. If either
06β6α< 1

2 or 1
2 <α6β6 1, then

Iβ(x, y) ·I1−β(x, y)6 Iα(x, y) ·I1−α(x, y)+ (2−δ)
[
Iβ(x, y) ·I1−β(x, y)− (

I1/2(x, y)
)2]

−η
[
Iβ(x, y) ·I1−β(x, y)+ (

I1/2(x, y)
)2 −2Iγ(x, y) ·I1−γ(x, y)

]
,

where γ= 1+2β
4 , δ= β−α

β−1/2 and η=min{δ,1−δ}.

5. Conclusion
We establish certain refinements and reverses of Callebaut-type inequalities for bounded
continuous fields of operators which are parametrized by a locally compact Hausdorff space
Ω equipped with a finite Radon measure. These inequalities involve Tracy-Singh products,
Khatri-Rao products, tensor products, Hadamard products and weighted geometric means.
When Ω is a finite space equipped with the counting measure, such integral inequalities reduce
to discrete inequalities. Our results include matrix results concerning the Tracy-Singh product,
the Khatri-Rao product, the Kronecker product, and the Hadamard product. In particular, we
get a refinement and a reverse of the classical Callebaut inequality for real numbers.

Acknowledgement
The first author would like to thank the Royal Golden Jubilee Ph.D. Scholarship from
Thailand Research Fund. The second author was supported by Thailand Research Fund, grant
no. MRG6080102.

Competing Interests
The authors declare that they have no competing interests.

Authors’ Contributions
All the authors contributed significantly in writing this article. The authors read and approved
the final manuscript.

References
[1] M. Bakherad and M.S. Moslehian, Complementary and refined inequalities of Callebaut

inequality for operators, Linear Multilinear Algebra 63(8) (2015), 1678 – 1692, DOI:
10.1080/03081087.2014.967234.

[2] M. Bakherad, Some reversed and refined Callebaut inequalities via Kantorovich constant, Bull.
Malays. Math. Sci. Soc. 41 (2018), 765 – 777, DOI: 10.1007/s40840-016-0364-9.

[3] W.M. Bogdanowicz, Fubini theorems for generalized Lebesgue-Bochner-Stieltjes integral, Proc.
Japan Acad. 41(10) (1966), 979 – 983, DOI: 10.3792/pja/1195526750.

Communications in Mathematics and Applications, Vol. 9, No. 4, pp. 529–540, 2018

http://dx.doi.org/10.1080/03081087.2014.967234
http://dx.doi.org/10.1007/s40840-016-0364-9
http://dx.doi.org/10.3792/pja/1195526750


540 Refinements and Reverses of Operator Callebaut Inequality . . . : A. Ploymukda and P. Chansangiam

[4] D.K. Callebaut, Generalization of the Cauchy-Schwarz inequality, J. Math. Anal. Appl. 12(3) (1965),
491 – 494, DOI: 10.1016/0022-247X(65)90016-8.

[5] J.I. Fujii, The Marcus-Khan theorem for Hilbert space operators, Mathematica Japonica 41(3)
(1995), 531 – 535.

[6] F. Hiai and X. Zhan, Inequalities involving unitarily invariant norms and operator monotone
functions, Linear Algebra Appl. 341(1-3) (2002), 151 – 169, DOI: 10.1016/S0024-3795(01)00353-6.

[7] M.S. Moslehian, J.S. Matharu and J.S. Aujla, Non-commutative Callebaut inequality, Linear
Algebra Appl. 436(3) (2012), 3347 – 3353, DOI: 10.1016/j.laa.2011.11.024.

[8] A. Ploymukda, P. Chansangiam and W. Lewkeeratiyutkul, Algebraic and order properties of
Tracy-Singh products for operator matrices, J. Comput. Anal. Appl. 24(4) (2018), 656 – 664.

[9] A. Ploymukda, P. Chansangiam and W. Lewkeeratiyutkul, Analytic properties of Tracy-Singh
products for operator matrices, J. Comput. Anal. Appl. 24(4) (2018), 665 – 674.

[10] A. Ploymukda and P. Chansangiam, Integral inequalities of Chebyshev type for continuous fields
of Hermitian operators involving Tracy-Singh products and means, J. Math. Inequal. submitted.

[11] A. Ploymukda and P. Chansangiam, Khatri-Rao products of operator matrices acting on the direct
sum of Hilbert spaces, Journal of Mathematics (2016), 7 pages, DOI: 10.1155/2016/8301709.

[12] A. Ploymukda and P. Chansangiam, Monotonicity of certain maps and Callebaut-type integral
inequalities for continuous fields of operators, Annals of the Alexandru Ioan Cuza University -
Mathematics, submitted.

[13] S. Wada, On some refinement of the Cauchy-Schwarz inequality, Linear Algebra Appl. 420(2-3)
(2007), 433–440, DOI: 10.1016/j.laa.2006.07.019.

[14] J. Zhao and J. Wu, Operator inequalities involving improved Young and its reverse inequalities,
J. Math. Anal. Appl. 421(2) (2015), 1779–1789, DOI: 10.1016/j.jmaa.2014.08.032.

Communications in Mathematics and Applications, Vol. 9, No. 4, pp. 529–540, 2018

http://dx.doi.org/10.1016/0022-247X(65)90016-8
http://dx.doi.org/10.1016/S0024-3795(01)00353-6
http://dx.doi.org/10.1016/j.laa.2011.11.024
http://dx.doi.org/10.1155/2016/8301709
http://dx.doi.org/10.1016/j.laa.2006.07.019
http://dx.doi.org/10.1016/j.jmaa.2014.08.032

	Introduction
	Preliminaries
	Operator Products
	Bochner Integration

	Refined Callebaut-type Inequalities for Operators
	Reversed Callebaut-type Inequalities for Operators
	Conclusion
	References

